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QUANTUM MECHANICS AS A THEORY BASED ON THE
GENERAL THEORY OF RELATIVITY

Eliade STEFANESCU!

Rezumat. In aceastd lucrare, obtinem dinamica cuanticd In cadrul teoriei generale a
relativitatii, unde o particuld cuantica este descrisd de o distributie de materie, prin functii
de amplitudine ale densitatii materiei, in cele doud spatii conjugate ale coordonatelor
Spatiale si impulsului, numite functii de undd. Pentru o particuld liberd, aceste functii de
unda sunt pachete de unde conjugate in spatiile coordonatelor si impulsului, cu faze
dependente de timp proportionale cu Lagrangeanul relativist, in timp ce vitezele undelor in
spatiul coordonatelor sunt egale cu viteza distributiei descrise de pachetul de unde din acest
spatiu. Din vitezele undelor functiilor de unda ale unei particule, obtinem forta Lorentz si
ecuatiile lui Maxwell. Pentru o particuld cuantica Tn cdmp electromagnetic, obtinem ecuatii
dinamice in spatiile coordonatelor si impulsului, si functii de unda pentru particule si
antiparticule. Obtinem rata de imprdstiere intr-un camp electromagnetic, pentru cazurile
posibile, cu conservarea, sau inversarea spinului.

Abstract. In this paper, we obtain the quantum dynamics in the framework of the general
theory of relativity, where a quantum particle is described by a distribution of matter, with
amplitude functions of the matter density, in the two conjugate spaces of the spatial
coordinates and of the momentum, called wave functions. For a free particle, these wave
functions are conjugate wave packets in the coordinate and momentum spaces, with time
dependent phases proportional to the relativistic lagrangian, as the wave velocities in the
coordinate space are equal to the distribution velocity described by the wave packet in this
space. From the wave velocities of the particle wave functions, we obtain lorentz’s force and
the maxwell equations. For a quantum particle in electromagnetic field, we obtain dynamic
equations in the coordinate and momentum spaces, and the particle and antiparticle wave
functions. We obtain the scattering or tunneling rate in an electromagnetic field, for the two
possible cases, with the spin conservation, or inversion.
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1. Introduction

The theory of relativity describes a continuous distribution of matter [1], ina 4 -
dimensional physical system with the time-space coordinates,

x“ =x(ct),x', x*,x* =x°(ct),x', i=123. (1)

! Prof. PhD, Advanced Studies in Physics Centre of the Romanian Academy, Academy of
Romanian Scientists, Bucharest, Romania (e-mail: eliadestefanescu@yahoo.fr).



https://doi.org/10.56082/annalsarsciphyschem.2022.1.7
mailto:eliadestefanescu@yahoo.fr

Eliade Stefanescu 8

Following Dirac [2], we consider a larger N -dimensional universe with the
coordinates

2", n=12...N, (2)
as a flat one, with any time-space interval ds ,
ds? =h_ dz"dz", @)

determined by a constant metric tensorh
defined by N —4 equations,

where our universe is a hypersurface

mn !

" =2"(x"), n=12..,N-4. )

In this universe, our physical hypersurface is curved by the presence of matter,
according to the equivalence of the inertial and gravitational forces, as the time-
space interval,

ds*=h, z" 2" dx“dx” =g dx“dx”,  nm=12,...,N-4, ®)
depends on the metric tensor, as a symmetric function of the coordinates,

0y =G = ()27 () =20, ()2, (). ©

Essentially, this theory is based on the invariance of the time-space interval for

any coordinate transformation, which, for the proper timez defined by this
interval

ds=cdr = \/gaﬂdx“dxﬂ = c\/gaﬂv“v”dr, a,8=0,i(1,2,3), gy >0, g; <0, Q)
as a function of the velocities

Ve = dx“ _ X (8)

leads to the fundamental equation:

O,V v =1, ©)
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For a quantum particle, we consider a distribution of matter in the space of the
coordinates x = (xl, x*,x*), and in the space of the momentum p =(p', p*, p°),

(10)
Pwm ( p’t) =M, ‘go( pvt)‘z )
with the amplitude functions, which we call the wave functions [3-6],
i 1 j i[pjxj e )e] g
X' 1)=— Vr)en d
l//( ) (27[?1)3/2 I?’(p ) p (11)
' 1 i ‘i[pjxj"-(pj’xj)’} 3
r)=——— X',r)e" d°x,
o(phe) =il v (Xor)
satisfying the normalization conditions
Jlv (0 d*x= Jlo(p.t) d*p=1. (42

For a free quantum particle, these wave functions depend on the relativistic

Lagrangian
L( pj,x"):—Mchgaﬂv“vﬂ , (13)

and the momentum

j_ob_ oL _ M 0 (g_vjvﬂ+g ‘Vavi)
ox! a(cvi) 2\/gaﬁvavﬂ a(vj) iB aj (14)
=—Mcg v/,

with mass M as a characteristic of continuous matter dynamics. We note that, the
velocity of any wave of the wave packet (11) in space, is equal to the velocity of
the wave function defined by this wave packet,
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(ixij _o ¢ 0 (g;v'v* +9,,vv')
dr wave apj 21, VaVﬂ 0 0; % : “
\ gaﬂ ( Ju ) (15)
2v! i S i
=C =CcV’'=X",

2,9,V

as the time variation of any wave of the wave packet (11) in the momentum space
takes the form of the gradient of a potential:

2 ay,p
( d jj oL _8(—Mc VeV V )_ -Mc?vev? 0

a4z p eV ox) - 2\/gaﬂvavﬁ ﬁgaﬂ
(16)
= _% Mc*vvig,, .
For a non-relativistic velocity, with the Kinetic energy
MP?  p°
T(P)="0- =5 (17)
and a potential energyU (), with the Hamiltonian
H(p.F)=T(p)+U(r), (18)
as the Lagrangian is
L(P,F)=pF—H (p.F)=T(p)-U(F), (19)

the wave functions (11) take the form
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(2zn)"*
e CERCULE
=(2;;‘1)3’ZI T e(poes (20)
o (P, )—(Zﬂ;)g,zf platy (F.)dF
-Gl e
:(27;, - I T ()-u ()] (7. 1)

In this case, the wave/group velocities of these wave packets are of the form of the
Hamilton equations:

[i}wavezaT(ﬁ)zﬁpzr;ziH(ﬁ’r)

dt op p (21)
dp u(r) o ., ...

- == =~ 2 H(p,F).
[dt jw oF oF (pT)

We conclude that the distribution functions (10), with the amplitude functions of
the form (11), represent distributions of matter, as amplitude functions of the mass
density, with the total mass M, , obtained from the integrals of these functions,

equal to the mass M as the dynamic characteristic of matter density described by
these functions — the matter quantization rule:

dcp=M, =M. (2

‘2

IpM (Xi,r)d3x= Mo_ﬂt//(xi,r)‘2 d*x = Moﬂgo( pi,r)

2. Quantum particle as a distribution of matter with finite density

In the conventional quantum mechanics, a quantum particle is a punctual entity,
randomly occupying position coordinates with probabilities given by the particle
wave function. This model raises two fundamental problems. The first problem is
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that of the wave function interference/diffraction: for instance in a two slit system,
although a punctual particle can pass only through one slit, it reaches the screen
according to interference model (see Figure 1), like as the particle knew somehow

Fig. 1. Quantum particles, hitting a screen with a probability given by a wave function describing a
two-slit interference.

In this way, the conventional quantum mechanics is a science of probabilities, not
a science of the physical entities. The second problem is that the state of a
conventional quantum particle, as a punctual entity, can be described by a system

of time-space coordinates(t, x). According to the general theory of relativity any
differential element of the time-space

ds = /c?dt? —dx? (23)

is invariant for any change of coordinates. An interaction with an external/non-
gravitational field leads to a time-space variation, which, for the simplicity of our
inference, we suppose as a small one, ot << dt, dx << cdt. This means a variation

of the time-space interval 6s of the form:

ds+5s = \/cz (dt+6t)" —(dx+6x)° = \/czdtz —dx? +2c’dtst — 2dxSx

ds?
2 —_—
— \Jds? + 2c7dtSt — 2dxox = ds\/1+ 2 dw; — 200
S
c’dtot —dxox
=0s+——
- ds (24)
Lo oX_ o ds S, 0 0¢ 5s ox
t ot dt ot c’dt®> ox ot
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Thus, by this interaction, we obtain a velocity increase

6t dx s axz (25)
7+7 S —
cdt  ox c’dt?

induced by the field to a particle with the velocityz—i( . For a particle at rest,

dx

oax _ oX _C5X (26)
dt

0—>—=c—,
ot oS

we obtain a time-space additional time variation
ot

With this expression, equation (24) takes the form

ds+6s = cdt +cot = \/cz (dt +5t)2 — 5x% =+/c2dt? + 2¢2dtSt + C25t2 — 5X2

2 2
=cdt 1+ﬂ+i2—% )
dt 2dt° 2c°dt

leading to a velocity equal to the light velocity,

X _ c (28)
ot

which means a null mass. This result is in agreement with the Standard Model,
where the quantum particle mass is only obtained by coupling with a field of
Higgs Bosons [7, 8]. However, here we notice that this null mass for any quantum
particle is only a result of the general theory of relativity for a punctual particle,
characterized only by a system of coordinates. A quantum particle as a
distribution of matter described by wave functions of the form (11), or (20), has a
non-null mass, according to the general theory of relativity. In this framework, the
matter of a quantum particle in a two slit system, as it is represented in Figure 1,
propagates through both slits, naturally leading to an interference of the wave
components corresponding to these slits. A point in this figure does not represent
a particle reaching the screen, but a localized molecular system interacting with
the quantum particle matter, comprising all these systems.
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3. Matter density and conservation

We consider the quantum matter in an arbitrary time-space volumeQ, as an
integral of the matter density in this volume, for two arbitrary systems of time-
space coordinatesS andS’:

.[Q p(x*) 3 dxdxdx’dx’ = IQ /(X )dx”dx"dx”dx” (29)
depending on the Jacobian
J =det(x4). (30)
From the tensorial transformation of the metric tensor
Oop = Xo X500 (31)

we obtain the Jacobian as a function of the metric tensor determinantsg and g’,

=

- (32)

Taking into account that the matter density is scalar,
p(x)=p(x).

the relation (29) takes the form of the invariance relation
.[Q p(x){-g ddxdx’dx’ = _[Q p(x)J-g'dx dx dxdx® (33)

as an integral of the scalar density o (x“)/~g .

We consider the matter flow density

3=yt (34)

as the product of the matter density p with the velocity in the local time,v*, with
the null covariant divergence:

J4 =0. (35)
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From this covariant divergence
J#, =344 =30 +T4J", (36)

as a function of the Christoffel symbol [2, 3]

1 1

rfxly = E gM (giv,y + g/w.v o g/zv,/l ) = E gMgly,v

(37)
1

i -
=299 75009 (9). ===

we obtain the ordinary divergence of the scalar density of the matter flow density,
as the scalar density of the covariant divergence of the matter flow density, which
according to (35) is null,

(374g) =349 =0. (38)

By integrating this equation with the expression (34) over the three-dimensional,
spatial volumeV , with the Gauss theorem, we obtain the conservation equation

& o s
\Y% Zy

of the time variation of the matter density integral over this volume, by the matter
flow through the surface of this volume. In the non-relativistic case, v" <<v° 1,

—

3 =pV° 0 p, Jm:pvapX, (40)
c
we obtain the classical form of the matter conservation,
o _ o (41)
— | pd®F = —[{] pVd°r .
= Jp Q?p

4. Quantum dynamics, density function, and density operator

We consider the general wave functions (20), with the Lagrangian (19) as a
function of the Hamiltonian,
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. (42)

i i
of the form of the propagation operators e , e o applied to the time dependent

wave functionsy, (F,t) and ¢, (P,t), as solutions of the dynamic equations

21 (12)=[8-H (B 10

2 (5.0 =-[ - H (5.1 ] (P.), “

From the first expression (10) with the first wave function (42), we obtain the
matter density

pu (FO)=Mly (F1) =My (Ft)e ety (T 1)
:My/t*(f,t)t//t(F,t):Mp(F,t), (44)
depending on the density function

p(F )=y (PO, (1Y) =y, (FO)w (F.1) = (F[w) (v |T)
=(F|p(t)[r), (45)

as the diagonal element of the density operator

p(t)=|v)(w |- (46)

At the same time, for the first dynamic equation (43), with operators applied to the
wave functions,

ST () =3[0 =R (el (1) “

we consider the form with operators applied to state vectors,

(112 ()=~ ¢ [ BF=H (.Y 1) “)
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Thus, for the time dependent state vectors we obtain the dynamic equation

L) == LB ) =[P -H (B Jwi (). @)
With this equation, we derive the dynamic equation for the density operator (46),
2 (=2l () )]+ v (0) = (1) .
OO OOl
We obtain the dynamic equation of the density operator
ol =——[|_ (B.7).p ]_——[pr H(p.F).o(t)]. (51)

5. Quantum dynamics and matter conservation

We consider the first dynamic equation (43) of a quantum particle with an
energy H (D, r') = E, with the explicit momentum operator,

o . i 0 (52)
—y, (Tt inf ——E
()= 2 ().
which, with its complex conjugate form
— rit)=—|1ar ——E r,t),

leads to the dynamic equation of the density function (45),

%p(r,t)=§w (M) (7 1)+y (m)%‘//t (F:t)
S E e row e ey S E Jnr e
=7 6%,0(? t).

Thus, for the density function, we obtain the conservation equation
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d _9 . 0 _ (55)
dtp(?,t)— 8tp<r,t)+r6f'p(r't) 0,

with the integral form
= [ p(rt)dr =[] p(F.t)Fd?r =—[f) I (¥, F.t)d%F (56)
> Iy

of the time variation of the matter densityp(F‘,t) in an arbitrary volumeV , as a
flow with a flux density

J(F.7.t)=p(F.t)F (57)

through the surface X, of this volume. The null total time derivative of the density

function (55) describes a quantum particle propagating in space as a
constant/invariant distribution of matter.

In the case of a non-relativistic velocity, for a particle in a potential of
energyU (F) the first dynamic equation (43) and its complex conjugate equation

take the form
o o0 ih & i
Ou(rt)=|F 2" T VG v (Fit
A {rar oM o h (r)}%(r ) (58)
P o in & i
Our(rt)=| L+ TGy s (r o).
v (0Y { "Foavmar 7 (r)}"”‘ (n.1)

By multiplying the first equation with the complex conjugate wave function, and
the second equation with the wave function, and integrating over an arbitrary
spatial volumeV , we obtain
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0

or or

J, (F.F.t)= ?p(?,t)+£{wt* (r,t)ﬁyxt (F,0) -y, (F.)=w (F,t)} ,

(59)

(60)

which, besides the drift term (57) proportional to the velocity, contains a diffusion

term, proportional to the gradient of the time dependent wave function.

6. Fermi’s golden rule for a quantum particle as a distribution of matter

For a quantum particle with a Hamiltonian HO(D,F'), we consider a scattering
/tunneling process described by a perturbing potential &V with a strength

coefficient & [9], described by the dynamic equation (51),

2 p() =1 P Hy(B.1) -V p(0)| =L [L(B.T) -V, p(1)].

For the interaction picture operators

(61)



Eliade Stefanescu 20

Li(pry Lipry
(t)=e""""p(t)e?

D

i i (62)
\7 (t) _ e;L(p,r)tVefgL(p,r)t’
this equation takes the interaction picture form
O ~oov_dr 70 = 63
=A==V (1), ()] (63)
With a series expansion of the density operator
p(t)=p" 1)+ () +£25? () +..., (64)
this equation takes the form
or -~ - -
g[p@) (t)+ &8 (t)+ &% (1) +...|
- %[5\7 (1), (1) +&p% () +&5% (1) +...|
with the components
0 =)
_ t) =
=7 ()
0 . I M ~
52" =310 (0]
(65)

As solutions of the first two equations, we consider the time independent zeroth
order tem

7 (6)=10)(0]. (66)

and the time dependent first order term
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#0=3 [V 0).5" Jar. )

O..'r—*

as the third equation takes the form

B .

S0 0 VOV @ T @

From these equations we obtain the decay rate of the particle, by a
scattering/tunneling process from the initial state|0) to the final state|i),

r =240l = - i[\zo (O (V) 4V, (Vo ()] (69

From the expression (62) of the scattering/tunneling operator, we obtain the
matrix elements of the form

Vi ()= (N (0)]0) =" Ny, V(1) = (0N ()] = 7",

i (70)
N T fer LN = s vy (kL)
Vio (1) =(i[V (1)|0) =" " "V, Vi, (t)=(OV (t)]iY=e " " V.
With the notation
o-b"b (71)
h
the decay rate (69) takes the explicit form
F 0 0 —Ia),(t—t’) dt’
8tp"() IIV|O| ( ) t
0
2 t
=— cos t t dt’
2 _!.|\/|0| I:a) :I (72)

2 2sin[a)i(t—t’)] 2sm( )
Ly plalOl 2y,

i 0
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Fermi’s golden rule refers to the scattering/tunneling rate of a particle from an
initial state|0) to a final state of a channel(i)=(|i,).|i,),... [iy)), with a

density g(@,),
F(i)=§zi:[)“( h2 IV|0| ( )I-waiz?wi0|zg(wi)- (73)

A non-relativistic particle in a potentialU (f') in an initial time dependent
statey,,, (F,t), of energy E,, under the action of a scattering/tunneling operatorV
[9], reaching the final state y, (r,t) , is described by the dynamic equations

(74)

From the difference of these equations multiplied withy,"(F,t) andy,,(F.t),

integrated over the volume Q2 mainly occupied by the initial state, we obtain the
matrix element

. 0?2 02 .
ViO 2M ) th ( )8_.2 ‘//to(r t) l//to(r t)a_.z lr//tl ( ) d

=l (0 S () v 0 G (0o

(75)

7. The Maxwell-Lorentz equations as characteristics of a field interacting
with a quantum particle

We consider a quantum particle with the wave functions of the form (20),

F 1 eriri)] s
‘/’(r’t)zij(P t)e d°p
o(P.t)= ;3/2IW(F,t)e_’l'[ﬁ'r_L(r‘r;ﬂd3r, (76)

(27h)
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with a Lagrangian which, besides the relativistic term includes additional terms
for the interaction with a field, with a vector potential A(F,t) conjugated to the

coordinates, as in the Aharonov-Bohm effect [10], and a scalar potentialU (F)
conjugated to time, that we call the electric potential [3-6],

L(F’,f’,t)z—Mcz‘/l—i—j—eU (F)+eA(F,t)F . )

Here we considered only the vector potential as a function of time, as the electric
potential is only a function of the spatial coordinates, as in the problems of
interest of the atom field interaction [11-14]. From this expression, we obtain the
canonical momentum

% = Mi +eA(T,t)= p+eA(r,t), (78)
or e

C2

as a sum of the mechanical momentum

_ MF
ot (79)
-

with the electromagnetic momentum eA(r,t). With these expressions, we obtain
the Hamiltonian

- MU eA(rt) F=[-Mc* [T —eU (F)+eA(F.t) |
e (80)
2
= ME U (F)=cE,
- F
T

as constant of motion cE, which includes the mechanical energy of the particle
and the potential energy of this particle in the electromagnetic field. With (78),
(79) and the algebraic relation
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2.2 222
Mee M M2et = p? 4 M7, (81)
4 F
- 1
one obtains the Hamiltonian
H (I3, F) =cyM?c* +p* +eU (1) = c\/M 2c? +[F3—eﬂ(f,t)}2 +eU (1) )

=CE,

as the wave functions (76), with this Hamiltonian as a constant of motion E , take
a form

(83)

From the first wave function, we obtain wave velocities in the coordinate space,
(d_fj -9 (Pr-E)=F, (84)
dt Jyme OP

equal to velocity T of the matter distribution described by this wave function.
From the second wave function (76) with the Lagrangian (77), we obtain the time
variation of the momentum (78), as the velocity of this wave in the momentum
space

d- d_ d- o . 0 Orsi el (85)
—P=— — A(F,t)=—L(F,F,t)=—e—U (T — | A(T,t)Tr |.
i a5 (F.Ft) * ()+ear[ (r.0)7 ]

With the second term of this expression from algebraic relation
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Fx| —xA(F,t) |==| FA(F,t) |-| F= |A(TF,1), (86)
{arx ( )} or LAY ( ar] (7.1)
depending on the magnetic induction
B’(r,t):ix,&(r,t), (87)
or
we obtain Lorentz’s force
d 0 d - = 0\ =
—p=—-e—U(F)—-e—A(It)+rxB(r,t)+| r— |A(T,1
S P=e U)o g AR+ PxB(r) 412 AR
= e LU (r)-e L A(Ft)+FxB(.1) (88)
or ot
=eE(F,t)+7xB(Ft),
as a function of the magnetic induction B(T,t), and the electric field
= (7 9 u(r\-S A(r (89)
E(r,t)=——U(r)——A(T,t
(Fit) ==V (1) -2 A(T.)
From (87), we obtain the Gauss-Maxwell law of the magnetic flux
2 B(F,t)=0. (%0)
or
From the divergence of the electric field (89), with the gouge condition
i,&(r,t)ZO, (91)
or
we obtain the Gauss-Maxwell law of the electric flux,
2
- r
2 erny=-2 o)=Ll (92)
or or &

with the electric charge density as a source of the electric field,
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0 = o°
F)=g,—E(F,t)=-¢,—U(F), (93)
p(7) =2 E(F 1) =-5,—U (1)
depending on the universal constante, called electric permittivity. From the curl

of the electric field (89) with (87), we obtain the Faraday-Maxwell law of the
electromagnetic induction,

9 E(rt)=-28 (94)
p E(F.t) atB(r't)'

From (87), we obtain the curl of the magnetic field

2 e P Aol 2l Aol A
CaB(r=2 [ar A(r,t)} 6f{arA(r,t)} oA
__ % A (95)
- 8F2 A(r’t)’

as a function of the Laplacian of the vector potential A(f,t). We consider this

vector potential, interacting with a quantum particle, as a wave propagating with
the maximum matter velocity ¢, in a dissipative environment with a decay rate y ,

0" . 1|10 <, 0 =/ 96

?A(r,t):C—2|:?A(r,t)+]/aA(r,t):| ( )
From the expression (95) with this Laplacian,

0 s/o 10 =,. 0w/

§><B(r,t):c—2{aE(r,t)—yaA(r,t)}, (97)

we obtain the Ampere-Maxwell law of the magnetic circuit,

L OB =Tre

= (7 (98)
o E(F.1),

depending on the electric permittivity ,, the magnetic permeability x4,
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1
EO,UOZC—Z, (%9)
and the current density
f=-s 72A(r,t)=gy{é(r,miu(r)}. (100)
ot ° or
With the electric field E (,t), and the magnetic field
o 1 -
H(F,t)=—B(Ft), (101)
Hy
the Maxwell equations (94), (98), (92), and (90), take the form
0 =/. 0 5/
ExE(r,t)_—,uoaH(r,t)
%xl—](?,t):](F,t)+go—E(f,t)
- (102)
2 g(r-20Y)
or &
0
—H(r,t)=0
or (7.1)

8. Dynamics of a quantum particle in electromagnetic field

We consider a quantum particle in electromagnetic fieldU (), A(T,t), described

by the wave functions (83),

with a Hamiltonian of the form (82)

(103)
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H(P.r)=cyM?c?+ p* +eU ( \/M [F-eA(r.t)] +eu(r). (104
For the first term of this Hamiltonian, we consider Dirac’s form
1 1(#
aOMC+al[P —eA (r,t)]
=C +eU (F)
+a, | P? —eA’ (T,t) |+ P —eA’(T 1) |
. : (105)
= a,Mc* +eU (7)+ca; [ P) —eAl (T 1) ],
depending on Dirac’s operators
10 0 o
aO:( AJJ ai:( GIJ! i:11213! (106)
0 -1 o 0
as functions of the Pauli spin operators
01 0 -i 10
O, = v O, =] . y O3 = ) (107)
10 i 0 0 -1
with the algebra
0,0, =g 0y, (108)
where ¢, is the Levi-Civita symbol, the anticommutation relations
. ~ (1 0
{ono}=201 1= , (109)
J ) 0 1
and the normalization relations
_i (110)
With these relations, we obtain a similar algebra for the Dirac operators,
(111)

aa; =lg;a,

with the anticommutation relations
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A » (1 0
(@,.a,1 =251, 15( J 10v=0123, (112)
0
and the normalization relations
a?=1 (113)

U

With the Hamiltonian (105), the wave function (103) in the coordinate space,

I//(F,t) _ 1 _ J-eh{ﬁf[ls?(aOMcz+eU(f)+caj(PjeAj(f,t))”t}w(p.,t)d?’p.

(27Z'h)
_ e%{ﬁf{feu(F)+ecajAJ(F,t)]t} 1 _ Ie;[f’ F(ao'\"czﬂajpj)]tqo( ﬁ,t)d"'ﬁ
I P.r— —eU(?)+ecajAj(F,t) t N _
_ el N (7.0 =Py (721),
takes the form of the time dependent wave function
- 1 _i Pr— aOMcz+ca]-Pj t — — 115
V/t(rvt): 312 Ie h[ ( )J(D(P,t)(ﬁp, ()

(27rh)
with the propagation operator of the quantum particle in the electromagnetic field,

P [U(r), A (T.1)]= RO E O (116)
which, besides the coordinate dependent phase% P.t for a free particle, where P
is an operator and TFis a variable, also includes a time dependent
phase—%[—eu (f)+e0aj Al (F,t)]t , depending on the electromagnetic potentials.

With these expressions, andP as a variable andF as an operator, the wave
function (103) in the momentum space,
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_ e—gﬁ.rj.eg[ﬁ?—H(ﬁ,r,t)]tW(F,t)d3r

(27zh

~—

% P ?—[aoMcz +eU (F)+Caj(Pj —eAl (F,t))}}t

1 lerele
=—— e’ I . ) y d’F
(271-71) 7{P<r—[—eu(r)+eCajA (r,t)}t}l//t (f",t)

1 Apr e Upre apMc®+ca ;P! Isr _ -
:—(27[71)3/2 e h Ieh[ ( )}1 |:ef7 l//t(r,t):|d3r

(117)

= e_gp'rqot (Is,t) =P g, (IS,t),
takes the form of the inverse propagation operator
pigi’ (118)

applied to a time dependent wave function in the momentum space, as an integral
over the coordinate space,

_ 1 U apMc?+caPT) t I5r _ .
e L D]

27h)

- eé[ﬁf—(aoMW‘ﬂt{e;{ﬁ'f—[ﬁ'f—<aoMc2+ca,w>Jt}¢(f»',t)}dwr

(27[?1)3
l‘.r I Pr—(coMc?+ca P im[ﬁ’?(%Mcz-‘—cajP’jﬂt]
:(27ih)3-ehpf gl "o eh{*”‘@’ﬁ) &P
¢(I5',t)

(119)

_ e;P-r Jce;[ﬁ?(aoMczﬂaijﬂt |:e;’[IS'I%(GOMCZJFCQjP'j)Jt(D( F‘)’,,t):| 5( |3; _ lS) d3 lSr

15

=g’ (/)(Is,t)zfp(p(f’,t).

With (114), the two coupled wave functions (103) with the Hamiltonian (104), of
a quantum particle in an electromagnetic fieldU (), A(F,t), take the form
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i[eu(r)—econgi(f),t)]

= Pet Py, (T,t
1 1P E/?( <‘)>J} i -
ﬁ ——IP-r-| PFr-H(P,r) It - ~ ~ —
@(P,t)zwje h V/(r,t)dsr:?l¢t(P,t),
as functions of the propagation operators in vacuum,
P (121)
and in the electromagnetic field,
P [U (7), A (F t)] _ Te%[eu(?)—ecajAj(F,t)Jt :e%{ﬁ- | eu(r)recay Al (r) ] (122)
and the two coupled time dependent wave functions,
~ 1 ey apMc®+ca;PI) It e . _
t//t(r,t)=—(2 h)s,zje o s o, (P.t)d°P
d (123)

_ 1 l]ﬁr‘—(aOMchrcaij)t +Pr _ -
cﬂt(P,t):WJe"[ Jo v (F)dr,

with contravariant components of the momentum. However, to solve these
equations it is more convenient to use also the similar equations with the covariant
components of the momentum. In this case, the Hamiltonian (104)-(105) is of the
form

_c\/M c’+p?(Ft)+eU ( \/M I5 +eU(F)
{aoMc+a1[PeA& (7 t) }
=c

+a,| P, —eA, (T,t) |+, | P,—eA (Tt
= a,Mc? +eU(r)+cwj[P —eA, (Tt ]

(124)
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In this case, the first wave function (103) of a particle in the electromagnetic field
is of the form

v (Ft)=— en[ﬁ-f—(ﬁf—{%meu<r>+cajm—eAj«nJ}Mgp(ﬁ,t)dSﬁ

(27h)
:e%{ﬁ.F—[—eU(F)+ecajAj(F,t)]t} 1 J-e—;[ﬁr'_(aomhcajpj)}t@(ﬁ t)d3|5
(27[77)3/2 (125)
_ eZ{P.F—[—eU(F)+ecajAj(F,t)]t}V/t (f,t),
of the propagation operator of the particle in electromagnetic field
PIU(F) A (F.1)]= %{ﬁ-r—[—eu(F)+ecajAj(|’,t)]t} (126)
[U(F).A(FD)]=e ’
applied to the time dependent wave function
= 1 ,i[ﬁ?—(aoMchrcaij )]t _ 3= (127)
(//I’,t:—eh qDP,th,
t( ) (27[?1)3/2'[ ( )
which, with (119), is
- 1 AT (agMc?rcap )t —Rr _ 128
pAr)= e o e g (B (02

(272'71)

We obtain a time dependent wave function in the coordinate space similar (123),
but with covariant momentum components,

_ 1 ATpi agMc? +ca;P; pr . -
x//t(r,t):—m_[e L7 e (pt(P,t)d3P
(27h) (129)

- 1 ll ﬁﬁ—(aOMc2+cajPJ) t illir _ _
(pt(P,t):WJ.er[ }ef l//t(r,t)dsr.

From these time dependent wave functions, we obtain the two coupled equations
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ih%wt(?,t):[ﬁ?—(aOMcz +ca;P, )}!//t(F,t)

n (27[]7;1)3/2 A_L eh[ﬁr*(aoMchrcaij)}tehﬁ-rihg(pt (ﬁ,t)d3l3
i, (Bit) =~ P - (aMe” +ca,P) |y (Brt)

1 J< %[5?—(050M02+Cajpjﬂt (130)

+—== | € in
(Zﬁh)s/z A% ot

where A®P and A°F are the particle dimensions in the two spaces, of the
momentum and of the coordinates. Due to the translational symmetry of these
equations in the coordinate and momentum spaces, the integral terms with the

g ip
exponential factorse * "ande’  reduce to null, as this system of equations takes
the form

ih%lyt (F,t) = [5?—(0(0MC2 +ca;P, )]% (?,t)

5 (131)
ihagot(P,t):—[Pf—(aoMcz+CajP‘)](pt(P,t).
With the momentum operators
_ po_iy O .. 0O i i .. 0 132
F{)_gooPO_Po_lhﬁzlhay R=g;,P =-P =Ih&, (132)
these equations take the form
in-Ly (7.t)=| BF Mc? +ihca, -2 rt
Lay/t(r, )=| PF —| a,Mc® +i Caj@ v, (F.t)
(133)

ih%(pt (5,t):—[5r*—(aoMc2 —ca;P, )}(pt(ﬁ,t).

Multiplying these equations with &, , we obtain the dynamic equations
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. 0 g
in| y* —+Mc—y°P— r,t)=0
(7 T y CJVG( )
“F) = (134)
“P —Mc+7°P— | (P,t)=0,
(75 -wes 2l Ja o)
as functions of the Dirac matrices
0 i0) | 10 [o a,j [0 (135)
V=0 = AV TG = A =
0 -1 0 -1)\0o; 0 —0;
which satisfy the relations
7Y = e =
Yy’ = OO0y = —Qy OO = — (136)
Yy = e = —aagaga; = —igy o
For a flat space,
00 _ 1 _ 42 _ 43 _ w|  _ (137)
g =1 g"=90"=¢ 1,9##0,
these matrices are elements of the Clifford algebra
{yﬂlyv}zzgpv’ gyv =0, 900:1’ gii :_1’ (138)
HEV
with the normalization relations
> A 2 A 139
=1y =-1. (139)
With the conventional notations of the quantum field theory [7],
Z =",
— 140
P =y"P, (140)

the dynamic equations (134) are of the form
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[4hﬁ14n@—y%ﬂ]w4r¢)=o
[F—m(l—yon)](pt(f’,t)=0,

depending on the rest momentum

(141)

m=Mc. (142)

These equations, for the particle dynamics in the conjugate spaces of the
coordinates and momentum, can be compared with the similar equations for a free
quantum particle in [7],

(iﬁ(—m)w:(iy”pﬂ—m)z//zo (2.2) in [7]

(/p/_m)l//:(ﬂ py_m)‘lfzo (2.1) in [7] (143)

describing the wave function of a quantum particley/(r, ﬁ,t) in the two spaces of

the coordinates and of the momentum. Unlike these equations, our dynamic
equations (134) or (141) describe the two conjugate time dependent wave

functionswt(f,t) and got(l5,t), in the two conjugate spaces, of the coordinates,

and of the momentum. In our dynamic equations (141), the interaction with the
electromagnetic field is described by the dynamic function

.. _Pr_Pp r? Pp
,t == —_— =
77(" ) me M 2c2 2 MC\/M "+ 2
P| P—eA(T,t
= I: ( )] , (144)

m\/m2 +[I5—e,5\(F,t)]2

where P is a constant of motion. We notice that, for a free particle, A(F,t) =0,
this dynamic function takes the value

p? 145
770: p I} ( )
m4/m

depending on the particle momentum
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. MF 146
5= (146)

BN
N

-

o
N

We note that for the ultra-relativistic case, F2 — c?, this dynamic function takes
very large values, 7, >>1.

9. Wave function of a quantum particle in electromagnetic field
We consider the algebraic dynamic equation (134), with a solution of the form

i(P p
o (P)1u(P)= u(ﬁ) = uz(ﬁ) (147)
7(P)) |u(P)
u, (P)
We obtain the dynamic equation
u(P)
0 1 2 3 0 UZ(IS)
|:]/P0+}/P1+}/ P2+7P3—m(1—7/77)] . |=0, (148)
us (P)
u (P)
depending on the Dirac matrices (135) with (107),
10 0 O 0 0 01
o |01 0 0 , |0 0 10
"Zloo 10| "Tlo 100
00 0 -1 -1 0 00 (149)
0 0 0 —i 01 0
, |0 0 i 0 . |0 00 -1
"Zlo ioo| 7“T]c100 of
- 00 0 0 10 O
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We consider a coordinate system with the x*-axis in the direction of the
momentum P, which is a constant of motion, P, =‘I5‘, B =P,=0. In this case,
the dynamic equation (148) takes the explicit form

B, +mn—-m 0 P 0 U

0 P,+mp—m 0 —P. u
0 g 21_0. (150)

-P, 0 —(Py+mn+m) 0 u,

0 P, 0 —(Ry+mp+m) lu,

This homogeneous system of equations has a nontrivial solution for a null
determinant,

P, +mn—-m 0 P, 0
0 P, +mn—-m 0 -PR
-P, 0 —(Py+mzp+m) 0
0 P, 0 —(Py+mzp+m)
-[P, —m(1—77)]{[P0 —m(1-n) ][R +m(1+n) ] —P2[P+ m(1+77)]}
151
+B,| PP =[P +m(L+7) ][R -m(1-7)]R,] (151)
=[(R+my) ~P2-m? | =o.
In this way, we obtain the expression
P0+m77=ili(5), (152)

as a function of the particle-photon energy

E(F)=Jm*+[A[ . (153)

For a particle, with a positive energy (152), and a wave function of the form

i (F) , (154)
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the dynamic equation (150) is

P i P

We obtain the two dimensional equations

[et]

(E-m)d, (P)+o,Rv. (P)=0
o,Pg, (P)+(E+m)v, (PF)=0. (156)
From the second equation we obtain the solution

(157)

which is also obtained from the first equation multiplied with o,

e .

E+m

With this relation, the wave function (154) is of the form

w(ﬁ){ ;(5) J (159)

E+ma*(5)

For an antiparticle, with a negative energy (152), and a wave function of the form

)} ! (160)

the dynamic equation (150) is
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-{E+m) E% @(@ ey (161)
~Po, E-m)| v (P)

We obtain the two-dimensional equations

—(E+m)a_(ﬁ)+53p3\7_(§):0
—Uspsl]_(P)+(I§—m)\7_(F3)=o_ (162)
From the first equation, we obtain the solution
1 (F)=2v (P P (F)=—-2P_ (p 163
o)-En () (). O

which can be also obtained from the second equation multiplied with o, ,

1 (F)=E=Mog (5) - (EZAEST) v ()= (p). 0

With this expression, we obtain the wave function (160) of an antiparticle

£ (?)

u(P)=| E+m (165)

The two wave functions (159) of a particle and (165) of an antiparticle, depend on
the matter-field momentum (78),

= p(F,t)+eA(r,t), (166)

vl

(167)



Eliade Stefanescu 40

as constants of motion, including the particle momentum p(F,t) and the

electromagnetic vector potential A(F,t) as correlated variables. We note that
(159) and (165) are orthogonal wave functions:

5 (168)
0.

With the spin eigenfunctions of a particle,

3w
+ 0 ! 1 ! + T+ ’

we obtain the normalization relation of a particle wave function (159),

a. (P)
E+m
e s s PG B (170)
=u+*(P)u+(P)+u+ (P)Efm Ea+m +(P)
2 e ) E-m) oy sy 2E
_ “(EHT)Z i, (p)m(p){uEﬁu;(p)m(p):E+m

0 1

we obtain the same normalization relation of an antiparticle wave function (165),
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ey PGP o iy (s (172)
U (P n g m (F)+ 7 (F)7.(P)
E?-m? v sy [E-mo )i sy =y 2E
{(Em)z +1}VT(P)V(P)(E+m+1] (p)y (F)= 25
We consider the wave function of a particle-antiparticle system
a, (P) 6P (s
u(l3)= (I5)+,Bu_(F7):a 56 |8 E+mi/_(P) (173)
E+m +(P) V(P

S\ (5 2E E 174
|a|2u+T(P)u+(P)=|O‘|2E+m=a’ (174)

and an antiparticle
B 5 2E E 175
fu (Plu (P)=|Af = —=—. (175)

We obtain the normalization conditions

E+m (176)
2m

o =|f =

For the wave function (173) of a particle-antiparticle system, we obtain the
normalization condition
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u*(ﬁ)u(ﬁ) =|af u,' (I5)u+ (I5)+~|,6’|2 u’ (~I5)u(l5)

a77)
:(H |ﬁ|)E+m m E+m

2=,
m

We consider the wave function (147), as a solution of the dynamic equation (134)
in the momentum space, of the form

¢7t([_j)= 1 U(IS), (178)

with the normalization length L . We determine this length from the
normalization condition of the particle-antiparticle wave function (117) or (119),

(p(ﬁ,t):e‘gﬁﬁ%(F;)zie—;wu(ﬁ):(p(ﬁ)’ (179)

as a constant distribution function in the momentum space P. With this
distribution function, we obtain the time dependent wave function of the particle
(127), or (128),

oo 1 );[ﬁ? (oM oty J 7Pr 5\g°p (180)
F.t)= —(2 LY _[e e u(P)d

with the F sign, the —sign for a positive energy (particle), and the +sign for a

negative energy (antiparticle), as an integral over the momentum domainA®P,
giving the finite particle dimensions in the coordinate space. With this time
dependent wave function, the particle wave function (125) in the coordinate space
IS

i{ﬁﬁ[feu(r)wm A(

w(F,t)=e ( t)

_ e I{P’fz+[ eU(F +ecajAj( J- ; aOMc +ca ;P )]te—;lﬁr/u(p.)dsp,
(2 )™

_ etge[U(F)—cajAj(F,t)]t 1 _ J- o h[,s' (aOMc +cat;P; )} u<|5.)d3|5. (181)

(27nL,)
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The upper signs in this expression is for a particle, u(5)=u+(F3), as the lower

sign is for an antiparticle, u(ﬁ): uf(l5) . With the wave function (173) and the

normalization condition (176), we obtain the wave function of a particle-
antiparticle system in an electromagnetic field,

e%e[u(?)—CajAj(F,t)]t
AN E+m _ g (P
4 ( r\ t) B 2m 1 J. e—%[ﬁ?—(aoMczwaij )]t ) _f ( ) d3|3
(ZﬂhLP)yz A%P ~O-P U+(|3)
L E+m a8

S CGRE

. 5P . /=
1 J-e—;l[ﬁf#(aoMczwaij)]t _LV,(P) ds_. :
(27l )3/2 35 ] (|3)

From the normalization condition of a particle-antiparticle system,

[y (F.)w(r.t)dr =2, (183)
with the normalization relations (170) and (172), we obtain the normalization
length as a function of the particle domain in the momentum space, with the
relativistic factor depending on the amplitude of this momentum,

Le=if Exmy 2B w1 Egp
298P 2m E+m APm

52
=I H/1+P—2d3F3.
A°P m

10. Scattering/tunneling of a quantum particle in electromagnetic field

(184)

The scattering/tunneling rate (73) of a quantum particle essentially depends on the
matrix element of the scattering/tunneling operatorV . This operator for a particle
in an electromagnetic field, is defined as a Hamiltonian perturbation of the
dynamic equation (133) in the coordinate space, which determines a transition

from the initial state y,, (,t) to the final statey, (F,t) ,
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{‘h%”j"%}%wzww—ﬁr"}wt()(r,t):o Iy (F 0
0 0 . (185)

From the difference between the first equation multiplied with ;" (F,t)«, to left,
and the second equation multiplied with ez, (T, t) to right

: - 0 . : b fo 0 .
|hl//tiT(r,t)0[Oal//to(r,t)-i-thl//ti (r,t)aoaijm(r,t)

+ My, (F.t) o (Fo 1)+ (Fot) gy Vi, (F 1)

1

—Pry,’ (T, 1) gy, (F,1) =0

oy = ~ ., 0 " -
—|ha%+(“t)ao‘//to(r’t)_'hcﬁ‘//tﬁ(r't)“j%‘/’to(r’t)

+ My, (T, ) apagwy (1) — Pl (T, ) agwy (T11) =0,

we obtain the expression

l//ﬁ“r (F,t)vl//to (F,t) - _ihg[%T (F,t)j/ol//to (F,t):l
(186)

.. 0 - - =
—|hc§[z//tj(r,t)y‘l//to(r,t)],
depending on the Dirac operators y° =a,, 7’ = a,a; . For the first term of this
equation, with the wave function (180) for a particle,

F,t) _ 1 J‘e ﬁ[ﬁ?—(aoMchrCaij )}te—%ﬁru ( p.)dsp. ’ (187)

(27, )

we obtain the expression
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';Vtif (Fat)ﬂ/ol//to (f,t)

M5 2 , i5,.
—E[P r—(aoMc +caij)]t ——P'T

_ (2 ;_L )3 J-u,r(p»)ehlsfeh[ﬁ?(aOMchrcaij)]t]/Oe o p U(IS')
mhl,
d*Pd*P’
:(2 ;L )3 JUT(ﬁ) e%ﬁfeé[ﬁ?—c\/—M2(;2+|5_2}t}/oe—%[ﬁ’?—c«\l_m2_02+l5_’2}te7%ﬁ7u (|5’) (188)
zThip
d*Pd*P’
_ (2 ;L )3 J-e;(ﬁ—ﬁ’)re;[(ﬁ—ﬁ’)?—c(«/M2c2+52—x/M2c2+5’2”tuT(5)70u(5’)d3ﬁd3p'
T P
depending on the spinor (173) with the coefficient (176) for a particle,
. a(P)
—~ E+m
u(P)= | &p o(F) . (189)
E+m

We note that in the coefficient|§(|3)+m:\/m2+|32 +m, the small momentum

variation AP <<m=Mc, which gives finite dimensions of the particle in the
coordinate space, is negligible. We obtain the expression

1 3 E-+rn.[e;(ﬁ-ﬁjre;ﬂﬁﬁj#qdmz&+ﬁzJMza+ﬁa)}
(2znL,)” 2m

N2 u(ﬁ')
CIGIRTG TSy R e
TIAD A E+mu(P,)

1  E+m Ie;(ﬁ_a)re;[(ﬁﬁ')fc(JMZCZmZJM ) |

WtiT(F,t)yoy/m(f,t)=




Eliade Stefanescu 46

which, with the formula
(&A)(& ):Aé+i&(Ax I§), (190)

is

r r E+m I P-P)f—c IM22 B2 M2 +B72 | |t
w0 ()= el el ]

= eh

2m(2znL,
[ ﬁmia(ﬁxﬁ')} __ o (191)
1- .

For the second term of (186), we consider the expression
v (T.1) 7wy (T.1)
1 juT ( IS) e%ﬁfeé[ﬁ?—(aoMcz+caij )}t

M5 2 , 5
. 7[P F—(aoMe +caij)}t Lpr

_ j " u(P')d*Pd’P’
(27L, )’ - ot lP)
(2 ;L y J v [l I T (F)yiu(P')d*Pd’F,
mhly

which, with the particle spinor (189), is

E+m je;(ﬁﬁ')r 1 (B9 W77 7757 |

v R0 ()= e e
=P
(=N - i(=\ GP 0 o U+(F3') N
CHORECE:) B PPN T
E+m
__ E+m Ie;@ﬁ’)re;{@—ﬁ')ﬁ-c(mzczmz_mzczmz o (192
2m(2zL, )’
_ o.o, P _
[Uj(ﬁ) o, (P) ~6Pj 'ijm ) PP’
E+m _
—aju+(P’)

With the expression
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o, =gy 0,0, (193)
where ¢;, is the Levi-Civita symbol, we obtain
" i = E+m i(ﬁfﬁ)r [(P P)i- c(JM +P2—\/MZCZ+I5'2”t
TP )y, (F 1) =—— | e” e’
l//tl ( )7/ WtO( ) 2m(27[hLP )3 _[
_ GGKP"‘ _ _\ o,.0;P" ,
0! (F) e (F)-0 () 0 (P eRee g,
_ 1 J~e;(ﬁ_ﬁ')re;[(ﬁ—ﬁ’)?—c(«/M 2c2+P'2—x.iM2c2+|5’2ﬂt
2m(2zhL, )’
i¢;y (P"+P*)a."(P)oya, (P')d’Pd’P,
From (186) with (191) and (194), and the algebraic formula
5(B-F)=——[e'" err, (195)

(Zﬂh)

for a momentum conservation, P—P’=0, when, in fact, no scattering/tunneling
exists, we obtain a null matrix element of the scattering/tunneling operator,

Vio = J‘l//t'% (Fit)VWto (f”,t)d3f

:—lhj[ [ (F.1) 7wy (F 1) ]+ 85 v, (F.1)) l//to(ft)}d r

%IQ)

1

S it
2m(27hL,)
{(E+m)|:(P_P’)F_C(\/M2C2+F32—\/M2c2+§'2)] (196
1— PP’+~i5'(P:< P') a%(p’)a(ls’)
(E+m)

tiguc(PI-PT)(P*+ Pk)a*(ﬁ)ala(ﬁ')}d3r =0.
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In a scattering/tunneling process, with a momentum variation P, — P’, the matrix
element takes the form

SO S et (ot A (e o A U
° (2L, )
f(P.P)dr
:—f e Lt A Pwmzcaﬁ'z)]tf(ﬁ,ﬁr)

= ~ 197
o[(p-r)-(r-r)] O
—J.d3 Por‘0 B —c \/M ¢ +I502—\/M202+I5i2)}tf ( "

ei[Po rO—P,ri—c(\/M 22 p2 —\/M 2c2+F5,2”t f ( _

: i (198)

where‘ﬁ‘o_ is the mean value of the amplitude of the canonical momentum P,
|

considered approximately constant in a collision process. From Fermi’s golden
rule, we obtain the scattering/tunneling rate in a channel (i)=([i,).]i,).... |iy)),

(199)



Quantum Mechanics as a Theory Based on the General
Theory of Realitivity 49

In a collisional process with the spin conservation,
e wrEs 5\ ~(an_ (1 200
o(R)>o(%).  o(%)=0(%)-[ g -
with the spin factor of the first term
el (= 1 (201)
"(B)a(P)=(1 0)| . |=1+0=1,
o (R)a(F)=(2 0y |2+

and the spin factor of the second term
£jq0" (Iso)oﬁa(ﬁi') =0 (ﬁo)(gjklo'l 1 E520 +€jk30_3l]+)(|5i’)
£ £, —lE, 1
_ 1 O jk-3 jk1 jk2 ( j
( )L‘c"jkl +1&, —Ei3 0 (202)
. 1

:(‘9jk3 gjkl_lgjkz) 0 =&z

this transition function (198) is

{(BR)-— £ +m)

A,
2my[1+ o
m

!

(203)

a(R,

with the spin factor of the first term

(F)- @ (204)
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(205)

and the spin factor of the second term,

e, 0 (I30)0',U(|5i’) =ig* (If’o)(gjkla1 +£;,0, +gjk303)l](l5i')

£ g —lE. 0
:i 1 0 Jk-3 jk1 jk2 [ J
( )[gjkl +1E5, €3 1 (206)

= |(gjkl —|gjk2) =&, TiE,

the transition function (198) is

(B B) = (g0 i) (B =P )(R +P) (207)

,

m

Conclusions

In this paper, we described a quantum particle as a distribution of matter in a
motion according to the general theory of relativity. Compared to the conventional
guantum mechanics, where a quantum particle is described by a single wave
function depending on coordinates and momentum, we described a quantum
particle by two conjugate wave functions, in the two conjugate spaces of the
coordinates and of the momentum. It is remarkable that, in this framework, the
velocities of the waves in the coordinate space are equal to the velocity of the total
distribution described by these waves — such a wave function in the coordinate
space can be considered as a Fourier series expansion of a distribution moving in
space, as the density amplitude of an entity called matter. In this framework, the
continuous matter dynamics is described by a an inertial quantity of the time
dependent phases of the Fourier components of the matter density, called mass,
which, we take equal with the mass of the quantum particle given by the integral
of this density in the coordinate space, or in the momentum space, as a
guantization rule. We showed that, in the framework of the general relativity, a
quantum particle described only by coordinates and momentum has no mass, in
agreement with the Standard Model, and with the simple fact that such a particle
has no volume — no volume, no mass. Thus, according to the general theory of
relativity, we avoid the mass description of the Standard Model, as a coupling of
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the quantum particle with the Higgs field. By the coupling of a quantum particle
with a field described by a scalar potential conjugated to time, called electric
potential, and a vector potential conjugated to the coordinates, we obtain the
Lorentz force and the Maxwell equations. With the Dirac Hamiltonian, we derived
the dynamic equations for the two wave functions in the two conjugated spaces, of
the coordinates and of the momentum, which, compared to the similar equations
in the quantum field theory, includes an additional term, depending on velocity
and the electromagnetic potentials. We obtained the wave function for a particle-
antiparticle system in an electromagnetic field, depending on spinors, the
electromagnetic potentials, and the canonical momentum as a constant of motion
coupling the mechanical momentum of the particle with the momentum of the
electromagnetic  field. With these wave functions we obtain the
scattering/tunneling rate in a collision process for the two possible cases, with the
spin conservation, or with the spin inversion.
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