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EXISTENCE AND APPROXIMATION
FOR A STEADY FLUID-STRUCTURE
INTERACTION PROBLEM USING
FICTITIOUS DOMAIN APPROACH
WITH PENALIZATION~

Andrei Halanay' Cornel Mureat Dan Tiba?

Abstract

In the present paper, we use a penalization of the Stokes equation
in order to obtain approximate solutions in a larger domain including
the domain occupied by the structure. The coefficients of the fluid
problem, excepting the penalizing term, are constant and independent
of the deformation of the structure, which represents an advantage of
this approach. Subtracting the structure equations from the fictitious
fluid equations in the structure domain and using the Green’s formula,
we obtain a weak formulation where the continuity of the stress at the
interface does not appear explicitly. This is a second advantage of this
model, because the computation of the stress at the fluid-structure in-
terface is not easy from the theoretical point of view as well as for the
numerical approximation. This problem is a free boundary problem
and a fundamental difficulty is to find the free interface between the
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fluid and the structure, which is unknown and has to be identified to-
gether with the solution of the given system of equations.
MSC: 74F10, 65N85

keywords: fluid-structure interaction, fictitious domain

1 Introduction

The interaction of structures and fluids is the object of intense research
due both to mathematical challenging problems and important practical
applications. The present paper is devoted to the study of the behavior of an
elastic structure immersed in a viscous incompressible fluid. We suppose that
the Reynolds number is suitably small so we use Stokes equation to model
the flow motion. The displacement of the structure under the flow motion
will be modeled by linear elasticity equations, under the small deformations
assumption. In this paper, we study the steady case.

Existence for steady interaction between an incompressible fluid and an
elastic structure was proved in: [22], [13], [14], [3], [23], [10]. In these pa-
pers, the fluid equations are reformulated in a reference configuration. Con-
sequently, the coefficients of the fluid problem are non-constant and depend
on the structure deformation.

In the present paper, we use a penalization of the Stokes equation in or-
der to obtain approximate solutions in a larger domain including the domain
occupied by the structure. The coefficients of the fluid problem, excepting
the penalizing term, are constant and independent of the deformation of
the structure, which represents an advantage of this approach. Subtracting
the structure equations from the fictitious fluid equations in the structure
domain and using the Green’s formula, we obtain a weak formulation where
the continuity of the stress at the interface does not appear explicitly. This
is a second advantage of this model, because the computation of the stress
at the fluid-structure interface is not easy from the theoretical point of view
as well as for the numerical approximation. We underline that this prob-
lem is a free boundary problem and a fundamental difficulty is to find the
free interface between the fluid and the structure, which is unknown and
has to be identified together with the solution of the given system of equa-
tions. In this respect, one of the main ingredients of our approach is similar
with the method developed in [25] for the identification of domains in shape
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optimization problems.

The fluid-structure interaction problems can be solved numerically by
the Arbitrary Lagrangian Eulerian method, where the fluid equations are
written over a moving mesh which follows the structure displacement. This
method was successfully employed in: [28], [8], [19], [24], [20].

The methods entering in the category of fixed domain are: fictitious do-
main with distributed Lagrange multiplier [12], immersed boundary method
[21], an approach using Lagrangian coordinates for the fluid as well as for
the structure equations [17] or Eulerian framework [7]. In the present paper,
we use the fictitious domain approach with penalization, not with Lagrange
multiplier.

2 A steady fluid-structure interaction problem

Let D C R? be a bounded open domain with boundary 0D = ¥;UX,. Let QOS
be the undeformed structure domain, and suppose that its boundary admits
the decomposition GQg = I'p UTy, where I'g is a relatively open subset of
the boundary. On I'p we impose zero displacement for the structure. We
assume that Qg CDandI'p C Xs.

Suppose that the structure is elastic and denote by u = (ug,us) : Q5 —
R? its displacement. A particle of the structure with initial position at the
point X will occupy the position

x=¢(X)=X+u(X)

in the deformed domain Q5 = ¢ (Qg ).

We assume that QF C D and the fluid occupies QF = D\ ﬁi . We set
'y = ¢ (T'y) and we suppose that I';, does not touch the container wall, i.e.
0D NT, = (. We recall that I'y is relatively open subset. We obtain that
Qj N ﬁf = I', which represents the fluid-structure interface. The boundary
of the deformed structure is 695 =I'p Ul and the boundary of the fluid
domain admits the decomposition dQF = ¥; U (82 \I'p) UT,. The fluid-
structure geometrical configuration is represented in Figure 1.

We introduce some notations. Generally, the fluid equations are de-
scribed using Eulerian coordinates, while for the structure equations, the
Lagrangian coordinates are employed. The gradients with respect to the
Eulerian coordinates x € 3 of a scalar field ¢ : D — R or a vector field
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Figure 1: Geometrical configuration.
w = (wy,ws) : D — R? are denoted by
9q. Owy  Owy
vo- () v &)
Ozo Or1  Ox2
The scalar product of two vectors v and w of R? is denoted as

2
VW= E V; W;.
i=1

If o = (Uij)1<ij<2 and 7 = (Tij)1<ij<2 are two tensors, we denote

2 2
o:T= E E 0ijTij-
i=1 j=1

The divergence operators with respect to the Eulerian coordinates of a vector
field w = (wy,ws) : D — R? and of a tensor o = (O’Z‘j)1<ij<2 are denoted by

0011 0012

V.W:8w1+8w2’ V.o— §w1+§x2
021 022 :

ox1 0x9 R + 1o

Similarly, when the derivatives are with respect to the Lagrangian coor-
dinates X = p~1(x) € Qf, we use the notations: Vxu, Vx - u, Vx - 0.
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If A is a square matrix, we denote by det A, A~!, AT its determi-
nant, the inverse and the transposed matrix, respectively. We write cof A =
(det A) (Afl)T the co-factor matrix of A. We write A=7 = (Afl)T.

We denote by F (X) = I+ Vxu (X) the gradient of the deformation and

by J (X) = det F (X) the Jacobian determinant, where I is the unit matrix.

Strong formulation

The problem is to find the structure displacement u : ﬁos — R?, the fluid
velocity v : ﬁf — R? and the fluid pressure p : ﬁf — R such that:

~Vx-0®(u) = % inQf (1)

u 0, onTp (2)

—V o' (v,p) 7, in QF (3)
V-v = 0, inQf (4)

v = 0, on (5)

v = 0, onXy\Ip (6)

v 0, onT, (7)

w(of (v,p)nf)op = —0% (u)n®, onTy (8)

where £9 : Qg — R2? are the applied volume forces on the structure and n®
is the structure unit outward vector normal to 895 . Similarly, we define
£ . QF — R? and n the fluid unit outward vector normal to 9Q5. We
have denoted by o (u) : QF — R* and of (v,p) : QF — R* the Cauchy
stress tensors of the structure and fluid, respectively. We point out that the
stress tensor of the structure is defined on the undeformed structure domain
Qg , while the Cauchy stress tensors of the fluid is defined in the deformed
domain QF. The constitutive relations will be precised later. We have used
the notation w (X) = H,]F_TnSHR2 = ||cof (F) nSHR2 for X on 993, which
is a kind of Jacobian determinant for the change of variable formula for
integral over surface.

The equations (1), (2) concern the structure, while (3)-(6) concern the
fluid. The equations (7), (8) represent the boundary conditions on the in-
terface.

Remark 1 The fluid and the structure domains QF, QF depend on the
structure displacement u which is unknown. Consequently, the system (1)-
(8) is a free boundary problem.
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3 Fictitious domain approach using penalization

In this section we present in an informal and intuitive manner the ideas
behind our approximation approach. We introduce two more equations con-
cerning the fluid fields, but written on the deformed structure domain:

1
—V-o'(v,p)+-P(v) = fF, Q] 9)
€
Vv = 0, inQ) (10)
where € > 0 is a penalization parameter,
P (v) = (lon]* " sgn (v1) [l sgn (v2)) (11)

where v = (vj,v2) and 1 < a < 2 is a real number. This choice of the
penalization term will be justified later.
Next, we define the characteristic functions x5 : D — Rand xZ : D — R

XS(X): 1 XEﬁj and Xle—XS.
v 0, xe D\ ¢ “

Combining (3) and (9), it follows that
—V .ol (v,p) + %xip (v)=ff, inD. (12)
Similarly, we have from (4) and (10)
V-v=0, inD. (13)

Remark 2 In view of the equation (9), the “fictitious” fluid velocity and
pressure defined on the structure domain QS depend on €. In the following,
we denote by ve and p. the fluid velocity and pressure defined all over the
domain D.

Weak formulation

Let w° : Qg — R? be such that w® = 0 on I'p. Using Green’s formula,
we obtain from equation (1):

fS~deX+/ 0% (u)n® - wodS. (14)

/ o (u) : Vxw? dX =
Qf To

S
Q0
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Let us define w° : QY — R? by w® = w¥ o o1, We get that w* = 0 on
I'p. Using Green’s formula, we obtain from equation (9):

~ 1 -
/ ol (ve,pe) : VW dx 4 = P (ve) - W dx
Qs €Jag

:/ fF-VNVSdX—/ o (ve,pe) n!" - w5 ds. (15)
Qs .

The previous equation is equivalent to the variational formulation written
in the undeformed domain QOS :

1
/ J(0F (Ve,p) o @) F 1. Vxw®dX + = [ JP(veoy) w'dX
0f € Jag
= / J(fF o ) widX — [ w (O'F (ve,pe)nt o ©) -w?dS. (16)
QF Lo

Details about this kind of transformation could be found in [6], Chapter 1.2.
Subtracting (16) from (14) and taking into account the interface condi-
tion (8), we obtain that

/ o (u) : Vxw® dX — 5w dX
ag QF

= / J (JF (Ve, pe) © cp) F 7. vxw®dX
a3

—i—} JP (veog) - wSdX — J (£5 o) -w¥ dX (17)

for all w* : Qg — R? such that w® =0 on I'p.
From (12), we get

/UF(Ve,pe):dex+1/ X;S;P(VE)-de—/fF-wdx (18)
D €JD D

for all w : D — R? such that w = 0 on 9D.
For ¢ : D — R, we obtain from (13) that

/ (V-v)qdx =0. (19)
D

The weak formulation is to find:
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e structure displacement u : ﬁg —R%2, u=0onTIp,
e fluid velocity v, : D — R?, v. = 0 on 0D,
e fluid pressure p. : D — R

such that (17), (18), (19) hold. The spaces where w and ¢ belong will be
introduced later on.

Remark 3 We have to point out that the boundary conditions on the inter-
face (7), (8) do not appear in the above weak formulation. The condition
(7) will be approached by the penalization term. The condition (8) can be
obtained in a weak sense from (17) and (18), if we impose some regularity
to the unknowns. This will be done after the introduction of the constitu-
tive relations. Notice that the equation (17) does not represent the structure
equation, but the difference of structure and fluid equations on the structure
domain. This technique employed in [4] permits us to eliminate (8).

4 Constitutive relations

For an arbitrary w : D — R?, we introduce the tensor
1 T
e(w) = 5 (VW—}-(VW) ) .

If o is a symmetric tensor, we have

1 1
a:VWzia:VW—I—iaT:(VW)T:a:e(W).

Now, we present the constitutive relations of the structure and of the
fluid. We assume that the structure verifies the linear elasticity equation,
under the assumption of small deformations. The stress tensor of the struc-
ture written in the Lagrangian framework is

MV -u)I+2u%€ (u)

where A%, ¥ > 0 are the Lamé coefficients and I is the unit matrix.
Let us introduce the bi-linear form

as (u,ws) :/QS ()\S(V-u) (V-WS)JrQ,uSe(u):e(ws)) dX.
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We assume that the fluid is Newtonian and the Cauchy stress tensor is
given by
o (v,p) = —pT+2ue(v)
where pf > 0 is the viscosity of the fluid. We have
o (v,p): Vw =o' (v,p) r e(w) = 2uF e (v) s e (W) = (V- w) p.

Introduce the notation
ap (v,w) = / 2ule(v) s e(w) dx
D

br(w,p) = —/D(V-W)de-

The functional spaces will be precised later.

5 Parametrization and regularization of the char-
acteristic function

Let j € W1(D) be a parametrization of Q5 C D, i.e. :
j(x) > 0, xeQg,
jx) < 0, x €D\,
j(x) = 0, x €.
The parametrization is 1120‘5 necessarily unique.
Let u € (W1°°(Q5))” be Lipschitz with constant less than 1. Denote, as

before, QF = (QF), where p(X) = X + u(X). u will be the displacement
of the structure and it will be shown to satisfy the condition Q2 C D. Then

©: ﬁg — ﬁf is bijective and bilipschitzian and

§(x), y = p(x) € QS
]u(y) = 0’ y € 895
—dist(y, ), y¢Q,

is a parametrization of Q, j, € WH(D).
If H is the Heaviside function H : R — {0, 1},

1, »>0
H(r):{o r<0
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and H is a Lipschitz regularization of H (to be precised later), then H(j,(-))
is the characteristic function of Q5 and H(j,(-)) is its approximation, with
Lipschitz properties in D. The approximation properties are to be explained
later. The technique of parametrization and regularization for the unknown
geometries was introduced in [18] and a thorough discussion may be found
in [26]. It was employed in [25] for shape optimization problems with elliptic
equations and in [15] for the steady Navier-Stokes equations. N

We specify now how to choose the Lipschitz regularization H of the
Heaviside mapping H.

If Qg is an open bounded set, for any € > 0 there exists 2§ CC Qg , such
that Qf — QOS in the Hausdorff-Pompeiu sense, for ¢ — 0. Since j : D — R
is Lipschitz continuous and Q§ CC QF, j > 0in Q3 there exists g, > 0 such
that j(x) > p > 0, for all x € Qf. Denote Q, = (id + u) (2f), where id is
the identity mapping. Consequently,

fe < min ju(y), Yue (Wh2(09)%.
YEQ,

Then we take H = H te the Yosida regularization of H

1, r> ue
HF<(r) = i 0<7r< e
0, <0

It follows that H*< (j,(x)) =1 for all x € Q.
Let us introduce the Hilbert spaces

we = {WSE(HI(Qg))Z;wS:()onFD},
= (H} (D))",
@ = B ={ac*D): [ qdz=0}
D

We assume for the moment that ff* € (LQ(D))Q, 9 ¢ (Lz(ﬂg))Q.

For a given u € (WLOO(QE?))Q, such that Hu||1,00798~ < 1and u=0 on
I'p, we define:

e fluid velocity v, € (Hé(D))Qa

e fluid pressure p. € Q,
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e structure displacement u, € W¥9,

as the solution of the following weakly coupled system of PDE’s:

arp (VE)W) +bF (WapE)
+1/ H(j)P (ve) -wdx = /fF~wdx, Ywe W (20)
D D

bF (VOQ) = 07 vq € Q (21)

as (ue,ws) = /QSfS-WSdX
0

+ / J(UF (Ve, Pe) ocp) F7.vxw’dX
Qg
1 -
+ / JH(jy 0 9)P (veop) - w® dX
a3

€

— / J (£F 0 p) - w? dX, Yw® € W° (22)
a4

where p(X) = X + u(X), F(X) =1+ Vxu(X), J(X) = det F(X).
From (18) and (17), using the constitutive relations and the regulariza-
tion of the characteristic function, we get (20) and (22), respectively.

Remark 4 The map u appears into the coefficient ﬁ(]u) in (20), as well
as into the terms of (22) coming from the fluid equations in the right hand
side. But the coefficients of ap, bp, ag are constants.

Define the nonlinear operator
2 2
T {u e (WH(9§))%; [lull 05 <1, u=0on FD} — (W)

by
Tc(u) = u..
We recall that we have assumed QE C D. In the following, we will prove

that T, is well defined and that it has at least one fixed point under some
additional hypotheses.
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6 The approximating problem

Denote by |||, s o the usual norm of the Sobolev space W™ (£2). When
s = 2, we use the well known notation H™ () = W™?2 (Q).
We denote by o/ the number a/(a — 1) so that 2 < o/ and 1 + 1 = 1.
Next, we show some estimations for the solutions of the fluid problem
(20)-(21) and, respectively, of the structure problem (22). Following for
example [11], the properties below hold:

Jap >0, Yw e W, ap|wli,p < ap(w,w) (23)

IMp >0, Vv,w e W, ‘CLF(V,W)’ < Mp HVHLQ,D HW 1,2,D (24)
b

38>0, inf  sup rwa) g (25)

1€Q.0#0 wew,w0 || W| 1,2,D H‘JHO,Q,D

INg >0, Vw e W, Vg€ Q, [bp(w,q)| < Np ||WH1,2,D HCI||0,2,D (26)

When u € (WLOO(Qg))Q, for every 0 < § < 1, there exists 0 < n5 < 1
such that
1-6<det(I+Vu) <144, ae xeQf (27)

for all u that satisfy Hqu,oo,Qg < ns.

Notice that the coefficient H(j,) is Lipschitz and 0 < H(j,(x)) < 1
for all x € D. Define ¢ : L2(D)? — R by ¢(v) = L (Ju1|* + [v2|*), where
1 <a<2andv=(v1,vz). This is a convex continuous function.

Let us define

V= {WE (H&(D))2; V-WzOOHD}
and let V' be its dual.
Lemma 1 The operator %fl(gu)acj)() : V — V' is maximal monotone.

Proof. Here d¢(-) is the subdifferential of ¢ defined above in L?(D)? x
L?(D)2. Tt exists in any point and the above operator is monotone since the
pairing in V' x V' extends the scalar product in L?(D)? and the coefficient
1H (ju) is positive.

To prove its maximality, we use Minty’s theorem, [2, p. 39]. We introduce
the regularization ¢s : L?(D)? — R of ¢, which is Fréchet differentiable and
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Vs C L?(D)? x L?(D)? is Lipschitzian. Then, the operator %f[(ju)V% is
monotone and Lipschitzian in L?(D)? x L?(D)?. Its restriction to V x V' is
monotone and continuous, consequently it is maximal monotone. By Minty’s
theorem, there is a unique solution vy € V' of the equation

Fvs + (1) V65 (vs) = w

for any w € V', where F': V — V' is the duality mapping.

Taking into account that 0 = Vs (0), we get immediately that {vs; § >
0} is bounded in V and W. On a subsequence, we have vs — v weakly in W
and strongly in L?(D)?. Since (Id 4 §8¢) ' is nonexpansive in L?(D)? and
(Id+ 60¢)"'v — ¥ for § — 0 in L2(D)2, we obtain that (Id + 60¢) " v5 —
v in L?(D)2.

Moreover, d¢ is defined everywhere in L?(D)? and it is locally bounded.
Then d¢ (Id + 60¢) ™" (vs) = Vs(vs) is bounded in L2(D)? and we may
assume that 9¢ (Id + 69¢) " (vs) — z weakly in L?(D)?, on a subsequence.
The demiclosedness of J¢ gives z € 0¢(V). Passing to the limit in the
approximating equation, we get

~ 1~ ~
Fv+ EH(ju)&;S(v) S w.
This ends the proof of the Lemma, again by Minty’s theorem. [

Proposition 1 There exists a unique solution of (20)-(21) such that ve €
(H&(D))2 and pe € Q.

Proof. The operator defined by the bilinear form ap(-,-) in V x V' is
maximal monotone continuous and coercive. Its sum with the operator
%ﬁ (ju)09(+) is, consequently maximal monotone onto V' due to its coerciv-
ity. Such properties are discussed in [2, ch. II]. Then, we get the existence
of a unique weak solution v, € V of

1 -
arp (Ve, W) + / H(ju)0¢ (ve) - wdx = / I wdx, Yw e V.
€JD D
We obtain that the element of W’ defined by

W'—>CLF(VE,W)+1/ f[(ju)aqb(ve)-wdx—/ 5 wdx
€JD D
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belongs to the polar set VY = {h € W’; (h,w) =0, Yw € V}.
Taking into account (25)-(26) and the Lemma 4.1, p. 58 from [11], there
exists a unique p. € @, such that (20) holds. From v, € V, we get (21).
The choice (11) of the penalization operator is justified by the expression
of 9¢(-), the subdifferential of ¢(v) = L (Ju1|* + |v2|®). In fact, we have

1 =P N P(v.) wdx
6/DH(Ju)c‘kp(ve)~vvdx— 6/DH(Ju) (ve) - wdx.
O

Proposition 2 Let D, Qg be open bounded sets of class C>. We assume that
! 2 / 2 !/ 2 !
£F ¢ (LO‘ (D)) £S5 e (La (Qg)) . Thenv. € (WM (D)) ,pe € Whe'(D)

) 2
and ue € <W2’a (Qg)) , where Ve, pe, ue are the solution of (20)-(22).

Proof. The existence of a weak solution v, € (H&(D))2 and p. € @ of

(20)-(21) has already been discussed in Proposition 1. From v, € (HI(D))2,

then v, € (L%(D))? since o < 2. Tt follows that

/ (\v€|°H)“ dx:/ ve|* dx < oo (28)
D D

, 2 ~
and consequently |v|*"! e (La (D)) . Since the coefficient H(j,) is Lips-
chitz and 0 < H(j,(x)) < 1 for all x € D, we obtain that
1~ PERY:
“H(j,)P (v) € (L (D)) .
Passing the penalization term of (20) in the right-hand side, we obtain that
ve and p, are solution of the Stokes problem:
1~
ap (Ve,W) +bp (W,p.) = / <fF — ;H(ju)P (ve)> -wdx, Y'we W
D
bF <V67Q) = 07 VQ S Q
/ 2 ! 2 !
and assuming %' € (La (D)) , we get v, € (WQ’O‘ (D)) and p. € Wh (D)
by the regularity results for the Stokes equations from [27, p. 35].

The existence and regularity of u, is a consequence of standard results
for elliptic systems. [
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Proposition 3 For every ¢ > 0, the nonlinear operator T, has at least one
fized point in

Bs = {u€ W(05)% |[ully 05 < 5. w=00nTp)

if fF, £ are “small” in their own norms.

Proof. We shall prove that T, (Bs) C By and that T, is continuous.
The regularity result from Proposition 2 can be completed by estimates
expressing the bounded dependence of the solutions v, pe, u. on the data

o re

1,a/,D <

oo+ < | HGIP ()

HV6H2,a’,D + [Ipe

o <HfF

el s <

Cs (el Il 18+ 1 ) - (30)

) (29)

Here € > is fixed and the constants C7, Cy are independent of € and u € By.
We have that

H(u)P (v)

o _ j—‘_j . a—1 o < (a—1)a/ _ «a
= (Ju) [Vel sgn(ve)| < |vel = |vel.

The mapping H (j.) has support in Q2 and we get

[ |aGoP | dx= [ |AGIP @[ dx< [ v ax
D Qs Qs
and then
1/a/
. _ afa -1
|aGaPeal,, < ( / 5 |v€|adx> = vell§s = Ivelldalos

Using (29) and (30), we finally get

1 _
HueHz,ar,Qg <cC <HfFHO,a’,D + HfSHo,a',Qg + p HV€H8[,0¢,1Q§> :
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Now, we put w = v, € W in (20), it follows that
1 ~
ar (Ve,ve) + / H(j,)P (ve) - vedx = / £ vedx. (31)
€JD D
Since H(j,) > 0 and P (v¢) - ve > 0, we have

/ H(ju)P (ve) - vedx > 0.
D

Using (23) and the Cauchy inequality, we get

ap ”VEH?,Q,D S HfFHQQ,D HVEHO,Q,D S HfFHOQ,D HVE |1,2,D .

But a < 2, we get finally

1 a—1
Il < € (1 0+ 18 g + + (1) )

For € > 0 fixed, if f¥, f9 are “small” in their own norms, then T, (B;) C Bs.
Here, we also use the Sobolev embedding theorem that gives, in particular,
that u. is Lipschitzian in each component.

As the Sobolev theorem ensures compactness as well, we just have to
show that the operator T; is continuous in Bs.

We study first the coefficient H(-) = H"<(j,(-)) (e is fixed here), with i
defined in section 5.

Let u,, — u strongly in Wh*(Q8)%, u,,u € Bs. We show that QF —
Qf in the Hausdorff-Pompeiu sense. By the compactness of the Hausdorft-
Pompeiu metric, the limit exists on a sub-sequence (again denoted by n)
and we have

lim Q;fn ={yeR% 3z, €, y= lim (x, 4+ up(zn))}.

n—oo n—oo
We may assume z, — xg, then y = z¢ + nhqngo un (o) + 7}1_{20@"@”) -
un(x0)) = xo + u(xg), by the uniform Lipschitz property of u, € Bs. Then

lim an C QF. The converse inclusion is obvious:

n—oo

Vye Q= y=z+u(z) = Tim (2 + un(2)),
for some z € Qg . As the limit is unique, the convergence is valid without

taking sub-sequences. Due to the regularity properties of Q2 an, the above
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convergence is equivalent with the convergence of the open sets Q1 — QF
in the Hausdorff-Pompeiu complementary sense, [26, p. 469].

Let K C € be some compact subset. Then K C an for n “big enough”
by the I'-property of the Hausdorff-Pompeiu complementary convergence of
open sets, [26, p. 465].

If y € K is arbitrary, then there exist z, € an, r e Q) oz, =
(I 4+ up) Yy), x = (I +u)" 'y and we may assume x,, — 2 (a limit of a
subsequence). Clearly, by the uniform Lipschitz property of w,, (I +uy)(z)—
(I + up)(zy) — 0, therefore

y = +un)(zn) = I +u)(x) = +u)(2)

and z =z as I + u is one-to-one.

It follows that z, — z so (I +u,)"ly — (I +u)"ly Vy € K and
Jun (Y) = Ju(y), Vy € K.

As K may be “extended” to €, the definition of j,(-) shows that j,, —
Ju a.e. in D. Consequently H*<(j,, ) — H"<(j,) a.e. in D and the bound-
edness of H, gives H"<(j,,) — H"(j,) strongly in L"(D), ¥r > 1.

As uy, u € By, the corresponding solutions of (20), (21) and (22), denoted
shortly vy, v, pn, p and Ty, Teu (€ is fixed) are bounded in their spaces, uni-
formly in n. One can take weak convergent sub-sequences, denoted again by
n. In particular the penalization operator satisfies P(vy,) — P(v) uniformly
and it is possible to pass to the limit in the penalization integral due to the
above convergence property of H. This allows to pass to the limit in (20)-
(22) and to show that v, p are indeed the limits of vy, p, and Teu,, — Teu in
Bjs. The Schauder fixed point theorem achieves the proof. [

Remark 5 The solution of T.u = u is, in general, not unique due to the
nonlinear character of T.. The above argumentation may be compared with
the approach in [13], although the penalized equations, the geometric domains

and the functional spaces are different.

Proposition 4 We have {v.} bounded in (H" (D))2 and
1 ~ . a 1 F112
o ] G vl ax < 516 (32)

for all € > 0. Moreover, {u.} is bounded in (WLOO(Q(*?))Q.
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Proof. From (31), using (23), the inequalities Cauchy and ab < F5a® + 502,
we obtain

1 ~
ar vl o+ ¢ [ HGIP (v -vedx

< HfFHo,z,D [Vello,2,
1 2 «
< E ‘fFHO727D + 7}7 HV€||%,2,D

Relation (32) is a consequence of the definition of P.
The boundedness of {u.} is given by u. € Bs, according to the previous
proposition. I

Remark 6 One can infer weak convergence properties from Proposition 4.
The experiments from the next section show that our method has good nu-
merical convergence and stability properties, too. From a theoretical point of
view, it is necessary to clarify as well the hypothesis that the data ¥, f°
have to be “small”, which may induce same undesired dependence on € > 0.

Proposition 5 Ifu. — u*weakly in W (Q5), v. — v* weakly in W>*' (D),
pe — p* weakly in WH' (D), then v* and p* satisfy (3), (4) in QE., (7) on
Tyux, (5) and (6). The mapping u* satisfies (1) and (2).

Proof. We have that Qi — Q;j in the complementary Hausdorff-Pompeiu
metric, as in the proof of Proposition 3. And similarly Qfl — QF in the
same topology.

Notice that supp H(ju, (1)) = supp HH(j,.(-)) is contained in Qf by
the construction of H and Ju.- Let w and g be some test functions in W,
respectively ), with their support in Q.. By the I'-property, for e “small”,
supp w C Qf;, supp q C Qf;. Then, in particular, the penalization integral
in (20) vanishes due to supp H(ju,(-)) C QS . One can pass to the limit
e — 0, in (20), (21) and obtain (3), (4) in a weak form, satisfied by v* and
p*.

For the boundary condition (7), we use the estimate (32) and the relation
H(j,.)=1on Q. We get

1 1 2
. /QE [vel* dx < E HfFHO,Q,D'

Ue
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If X C Q;f* is some compact, then I C Q;i for € “small”. From the above
inequality, we get that ||v||o,ax — O, for € — 0. Then, v* = 0 a.e. on K.
Since K was arbitrary, we infer that v* = 0 a.e. in Qf*.

The domain Q7. is Lipschitzian and the trace theorem gives (7), i.e.
v* = 0 on I'y». By construction, v, verifies (5), (6), then these boundary
conditions hold for v* also.

Notice that H(j,, ) = 1 on Q. by the definition of H. Take K C Qf
to be any compactly embedded subdomain. Then K C €f for e sufficiently
small and H (j,, (z)) = 1 for any = € (I + uc)(K).

Let w° € (Hl(QOS))2 have compact support K in QOS. Since u €
(V[/LOO(Q(S;))2 is such that ||u|]1?oo’96g < 75, then w° = w* o ! belongs

to (Hl(ﬂg))2 with compact support in Q. We define w € (Hl(D))2 the
extension by 0 of w?.
We have the identities

af (VevVNV) +bp (VNVape) = / UF (Vevpe) : Vw dx
D
:/ (—V ot (vg,pg)) - Wdx :/ (—V ot (vs,pe)) - wodx
D QF

= [V [ (6 (vep) o) BT W

/QS [J (O’F (Ve,De) © gp) F_T] : Vxw?dX.

0

Also, we have

/fF.vT/dXZ/ fF.vTrSdXZ/ J (f 0 p) - w9 dX
D Qf Qs

and

/ AP (v) - wdx= | Pv)-wSdx= [ JP(veop) wSdX.
D Qg Qg

Puting the test function W in (20) and w* in (22) and adding the two
relations, the above argument yields the conclusion (e small):

as(u., wS) :/ £5 . wSdX, vwS e (H(K))?, VK c OF.
Q5
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Since u, € W2 (QF) and
as(ue, w¥) = —/ (Vx - 0% (u) - widX, yw® € (HY(K))?, VK C Qf
g
we get

—/ (Vx - 0% (u))-wiaX = [ £5.w¥dX, vw® e (H'(K))*, VK C Q.
Qg oF

By passing to the limit in the above relation, we obtain (1) in the sense of
L% (95). By construction u, € W9, so (2) holds for u* also. [

Let us discuss now the condition (8). Let u € (W (Qg))2 be such that
Hu||17007905 < 1land u=0on I'p, and let v. € W% (D), p. € Wh*' (D),

u, € W be a solution of (20)-(22) with o/ > 2.
We have proved at the end of the proof of Proposition 5 that

—Vx -0 (u) = £9, in L¥(QF).
It follows that

as(ue, w®) = /QS fS-deX+/ 0% (u)n? - wds (33)
0 Lo

for all wo € WS,
For w € W, we have

ap (Vaw) +bF (Wape) = / ot (Veva) : Vwdx
D
= / (—V-UF (Ve,p€>) -wdx
D
and taking into account the equality (20), we get
1~ /
Vot (ve,pe) + “H(ju)P (ve) = ££ in L¥(D).

The same equality holds also in L% (). Let us define for each w® € W*°
the function w* = w? o ¢! which belongs to (HI(QE))2 Using the Green
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formula, we obtain

- 1 ~ -
/ o (ve,pe) - wodx + = H(ju)P (v.) - wodx
Q3

6Q5

:/ fF-VNVde—/ o (ve,pe) nt" - wOds.
Qs T,

We rewrite the previous equation in the undeformed domain QOS :

/ J (O’F (Ve,Pe) © 9) FT:vVxw’dX
af

]_ ~
+/SJH(qu<p)7’(veo<p)-WSdX
Q

€
0

:/ J (fF o ) widX - [ w (JF (Ve,pe)nf o ) -w3dS. (34)
QF Lo

From (33), (34) and (22), we get

—/ w (oF (ve,pe) n* o ) -w3dS = | % (u)n® . wdS
To T'o

for all w® € W¥. This shows that the approximating solutions ve, pe, U,

satisfy (8) for any e.

7 Partitioned procedures based on the fixed point
iterations

We propose a partitioned procedures algorithm in order to approach the
solution of the penalized fluid-structure interaction problem.

The penalized term P (v) = (|v1|o‘_1 sgn (v1), [vg]®* "t sgn (v2)>, where
1 < a < 2 is non-linear in v, so the fluid problem (20)-(21) is non-linear.
But, if « is close to 2, we can approach P (v) by v. We can also replace
H (j,) by the characteristic function x5 in (20).

Under the assumption of small displacements for the structure, we can
approach the Jacobian determinant J by 1 and the gradient of the deforma-
tion F by the identity matrix I. Then, the right-hand side in (37) becomes
simpler than in (22).
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Algorithm 1

Step 1. Given the initial displacement of the structure u? € W*, compute
the characteristic function xfo, put k:=0

Step 2. Find the velocity v¥ € (H&(D))Q, and the pressure p* € Q by
solving the fluid problem

1
ap (Vf,W)‘f—bF (w,pf)—F/ Xikvf‘wdx:/ 1 wdx,Yw € W (35)
€Jp °° D

b <vf,q) = 0,Vq € Q (36)

Step 3. Find the new displacement of the structure u’:“ € W* by solving

as (uf“,ws) :/Qg (fS—fF) -Wde—i—/QgZuFe (vf) ZE(WS) dx
—/ (V-ws)pfdx—i—l/ (vfodj)-wsdx vw® e WS (37)
s € Jas

where ¥ (X) = X + u¥(X).
Step 4. Stopping test: if Hu’eC — u’ﬁ““o os < tol, then Stop
L)
Step 5. Compute the characteristic function Xf’““’ put k£ :=k+ 1 and Go
to Step 2. '

Remark 7 The fluid problem (35)-(36) is linear and, for a given u¥, it has

€
a unique solution. Also, the structure problem (37) is linear and, for given

Vf and pf, it has a unique solution. At the Step 5, an interpolation between
the deformed structure mesh and the fixed fluid mesh is necessary. We have
to point out that the map of the Step 5

utl e wd - XS’““ € L*>(D)
is non linear.
8 Numerical results. Deformation of a tall build-

ing under the action of wind

We have performed numerical simulations using a 2D model adapted from
[5] (see Figure 2).



142 Andrei Halanay, Cornel Murea, Dan Tiba
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Figure 2: Geometrical configuration for the numerical results

The dimensions of a rectangular tall building are: height H = 180 m,
length . = 30 m. The computational domain of the fluid D is a rectangle
of height Hy = 3H and length L; = L + 4H, its left bottom corner is at
(0,0). This does not satisfy the regularity assumptions on the geometry of
Proposition 2. It is possible to “smooth” the corners, but this does not affect
essentially our computations. We shall also allow nonhomogeneous Dirichlet
data in the numerical experiments.

The distance between the left side of the fluid and the left side of the
structure is H (see Figure 3). We denote by 31, X3 the left and the right
vertical boundaries and by >3, >4 the bottom and the top boundaries,
respectively.

The mechanical proprieties of the building assumed to be an elastic struc-
ture are: mass density p° 160 Kg/m?, Young modulus E° = 2.3 x
108 N/m?, Poisson’s ratio VS 0.25, the applied volume forces on the
structure f° : Q5 — R2, £9 = (0, -9.81p°) N/m?.

The ﬁuld is the air with: mass density pf = 1.25 Kg/m?3, dynamic
viscosity uf” = 7.03 x 1072 N - s/m?, the applied volume forces on the fluid
£9: D — R2 fF' = (0,-9.81p") N/m?. The inflow velocity profile is

g(x1,x2) =100 (H)019 m/s.

The considered boundary conditions for the fluid are more natural from the
point of view of applications and differ slightly compared with the previous
sections. We impose: v = g on 1 UXy, ve = 0 on ¥ and of (v,p)nf =0



Existence and approximation for fluid-structure interaction 143

on Y3. In this case, the space of fluid pressure is Q = L?(D).
The numerical tests have been produced using the software FreeFem++

[16].

Figure 3: The mesh of the structure domain and the boundary of the fluid
domain.

We use a fixed mesh for the fluid domain of 17054 triangles and 8703
vertices. The mesh of structure domain has 192 triangles and 125 vertices.
For the approximation of the fluid velocity and pressure we have employed
the triangular finite elements P;+bubble and Py respectively. The finite ele-
ment P; was used in order to solve the structure problem. The characteristic
function was approached by Py finite element.

Remark 8 The fluid and structure meshes are not compatible, for example,
a vertex on the structure boundary is not necessary a vertex on the fluid
mesh.

We have performed the simulation using the Algorithm 1 described in
the previous section. For the stopping criterion at the Step 4, we have used
the tolerance tol = 0.01.

First, we have used the initial displacement u’ = (0,0) at the Step 1.
The stopping criterion holds after 2 iterations Hué - ugH 0.05 < tol.

The maximal structural displacement is 0.12 m. We obs%rve in Figure 4
that the deformation is due to the fluid flow and under the action of gravity.
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The penalization parameter is € = 1073. We remark that in the de-
formed structure domain, the fluid velocity is almost zero (see Figure 5),
more precisely

[Vello.os. = \//D X5 Ve - vedx = 0.009443

|| | | &y
\ /N,
|
>

Figure 4: The initial and the deformed structure mesh (detail of the top of
the building). We have used a magnification factor 50 for visibility.

We can observe in the Table 1 that [[ve||; os decreasing when e goes to

0, but [[vellgos /€ is bounded.

€ IVelloos | IVellogs /e
0.00100 | 0.009443 | 9.44397
0.00050 | 0.004723 | 9.44766
0.00010 | 0.000949 | 9.49400
0.00005 | 0.000607 | 12.1533

Table 1: The fluid velocity in the fictitious domain.

We have also tested the initial displacement u® = (0.0003 - 23,0) at the
Step 1. We obtain the same solution, but after 4 iterations.
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Figure 5: The fluid velocity around the final position of the structure (detail).
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