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PERCOLATION PHENOMENA IN NETWORKS OF
SILICON NANOCRYSTALS AND CARBON NANOTUBES
Magdalena Lidia CIUREA1,2
Abstract. We discuss percolation phenomena in two nanostructures with percolative
properties, one being formed by Si nanocrystals embedded in amorphous SiO 2 matrix and the
second by a network of multi-walled C nanotubes embedded in amorphous Si3N4. This paper
focuses on voltage percolation thresholds evidenced in current-voltage characteristics taken
on both nanostructures. The shape of voltage percolation thresholds is common for both
nanostructures and consists in a saturation plateau region of the current, followed by an
abrupt increase.
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1. Introduction
The physical properties of nanostructures related to percolation phenomena are
intensively investigated in the last decade. The main investigated are the
nanostructures based on Si, Ge and C nanotubes (CNT), both single-walled
(SWCNT) and multi-walled (MWCNT). Among the three basic percolation
theories, the site percolation model describes well different characteristics,
particularly the electrical ones [1]. The transport characteristics in electronic
devices are also depicted by means of the bond percolation theory. If one
considers a box with an infinite linear size, filled with both metallic balls with
resistance R and plastic balls with infinite resistance, all of them having identical
diameters, then the linear dimension (χ) of the largest clusters formed by

interconnected metal balls is given by the formula    0 x  xc . By χ0 we
noted the size of the ball, which generally represents a fundamental scale factor,
by x and xc the fraction and the critical fraction of metallic balls respectively, and
ν = 0.88 is the universal critical index of the correlation radius for three
dimensional systems [1, 2]. The numerical value of the critical fraction xc depends
on the balls arrangement, i.e. xc has different values for a random or an ordered
distribution. Also, xc takes different numerical values for site percolation and bond
percolation, respectively [1, 3].
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The percolation phenomenon in a disordered system of nanocrystals embedded in
an amorphous matrix explains the carrier transport by choosing optimal
conduction paths which have minimum resistance. Thus, if the concentration of
nanocrystals is higher than a critical value xc , i.e. it is high enough to allow the
carrier tunnelling, a charge current will be measured and this system is a
percolative one. At a percolation site the electron chooses a path or another one,
this being determined by the met potential barrier, which can be tunnelled or
hopped. The dependence of percolation phenomena and conductance on
nanocrystal concentration is frequently studied in literature, in a wide range of
materials.
In this paper, two types of nanostructures are discussed, one consists of Si
nanocrystals (nc-Si) embedded in amorphous SiO2 (a-SiO2) matrix (Si-SiO2
system) and the second is formed by MWCNT network embedded in amorphous
Si3N4. The electrical, photoelectrical and optical properties of Si-SiO2 systems
obtained by magnetron sputtering related to their microstructure were intensively
investigated [4-7]. These films are formed by nc-Si or noncrystalline Si and SiO2
islands [4, 5, 8-12]. Electrical transport and photoluminescence properties of films
with different nc-Si volume concentration (x) were studied [5, 7]. The authors
found that the dominant transport mechanism is migration bellow xc, Coulomb
blockade at xc and tunnelling above xc, respectively [5]. The dark conductivity and
photoconductivity curves depend on nc-Si concentration after a power law
  x  xc t , with t ≈ 2, typical for percolation behaviour. The ultrafast carrier
conduction in films of nc-Si embedded in a SiO2 matrix with various nc-Si
contents was studied by using time-resolved terahertz spectroscopy [13]. The

conductivity at zero-frequency σ0 was found to follow the  0  x  xc  scaling
law, with xc ≈ 38 % and γ ≈ 1.
As in the case of Si-SiO2 system, the electrical conductivity σ of the CNT-based
composites depends on the CNT content, sizes and type (SWCNT, MWCNT) [1416]. Both SWCNTs and MWCNTs can have metallic or semiconductor behaviour,
MWCNTs being always electrically conductive even at low temperatures. The
MWCNT-based systems have a percolative behaviour, so that the conductivity
abruptly increases when the MWCNT volume concentration xMWCNT or mass
fraction - fMWCNT becomes close to xc or fc, respectively [15, 17, 18]. The
t
dependence of conductivity σ on xMWCNT follows a power law   x MWCNT  xc  ,
with t the critical exponent, which is typical for percolation behaviour [14, 15, 17,
19]. Various values for xc (fc) and σ were reported in literature, they depending on
CNT sizes, and also if CNTs are single, multi-walled or even bundles [15].
By investigating dc electrical conductivity and dielectric properties of the
MWCNT-alumina composites, a sharp increasing of the conductivity with eight
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orders of magnitude at the percolation threshold of 0.79 was observed [20, 21].
The critical exponent was found to have a value between the theoretical values
corresponding to 2D (1.33) and 3D (1.94). In MWCNT-Si3N4 composites sintered
by spark-plasma an increase of σ with about ten orders of magnitude was
observed, a power low of σ with xMWCNT was evidenced, with t ≈ 1.73 at xc ≈ 0.64
vol % [17].
This paper focuses on results and discussions concerning voltage percolation
thresholds in two nanostructures with percolative properties, one being formed by
nc-Si embedded in a-SiO2 matrix (Si-SiO2 system) and the second by MWCNT
network embedded in amorphous Si3N4. The voltage percolation thresholds were
evidenced in current-voltage (I − V) characteristics taken on both nanostructures.
2. Preparation and structure investigations
The Si-SiO2 films were prepared by co-sputtering Si and SiO2 on quartz substrates
[4, 8, 22], followed by an annealing in N2 at 1100 oC for nanostructuring. These
films are formed by nc-Si embedded in an amorphous SiO2 matrix. Thus, samples
with variable volume concentration (from x ≈ 0 % to x ≈ 100 %) from the one end
to the opposite one are obtained, while the mean nanocrystal diameter varies
slowly with x. For electrical measurements, 50 planar, parallel Al electrodes (2
mm width) were thermally deposited.
The measurements were performed on samples formed between any two
neighbour electrodes, these samples having different nc-Si concentrations. High
resolution transmission electron microscopy (HRTEM) investigations performed
in a region with the nc-Si concentration of x ≈ 50 % evidence nc-Si (Si nanodots)
embedded in an amorphous SiO2 matrix (Figure 1), tending to form chains
separated by a-SiO2. So, microstructure investigations reveal that the Si-SiO2
structure is a percolative system [23, 24] and therefore it is to be expected that
percolation processes govern the electrical transport.
The MWCNT-Si3N4 structures were prepared in a sandwich geometry
(quartz/Cr/Al/MWCNT-Si3N4/Cr/Al) [24-26], as it is shown in the sketch
illustrated in Figure 2. The MWCNTs were embedded in Si3N4 by the plasma
enhanced chemical vapour deposition. Then, the Si3N4 layer was etched in order
to uncover the ends of MWCNTs. The cross-sectional TEM made on MWCNTSi3N4 structures showed that this structure has a fibrous morphology. A similar
investigation made onto a carbon – copper TEM grid on which the nanotubes are
directly pipetted demonstrated that MWCNT network is uniformly and
homogeneously embedded in the amorphous Si3N4 matrix [26].
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Figure 1. HRTEM image of Si – SiO2 films (x ≈ 50 %). C1 to C3 are Si nanocrystals
and A is a-SiO2 matrix. The fringes show the relative orientation of the nanocrystals [27].

Figure 2. Quartz/Cr/Al/MWCNT-Si3N4/Cr/Al sandwich structure.

3. Results and discussions
The current–voltage (I – V) characteristics at room temperature (RT), taken on
samples with various nc-Si concentrations are presented in Figures 3, 4 and 5.
The insert in Figure 3 allows to determine the percolation threshold in
concentration being xt ≈ 34.7 % (the mean value of the two concentrations) [24,
27]. Indeed, at x ≈ 33.7 %, the noise is of the same order of magnitude (2·10-8 A)
as the current at 2 V bias, while at x ≈ 35.7 %, the current is one order of
magnitude greater. The 2 V bias was chosen as test value because the Coulomb
blockade energy in nanodots with diameters between 4 and 6 nm is 38 – 58 meV.
A previous investigation of the I – V characteristics, made at x  66 % [4, 24],
proved that the Coulomb blockade at RT is 1.75 V. As the Coulomb blockade
threshold is roughly proportional with the cubic root of the number of
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nanocrystals, it means that its value at x ≈ 34.7 % is about 1.4 V. Then the
limitation of the bias under 2 V in search of the percolation threshold is covering.

Figure 3. I – V characteristics around the percolation threshold (xt ≈ 34.7 %) [27].

Near xc the I – V curves present a linear behaviour [28]. Similar values of the
concentration percolation threshold in Si-SiO2 systems were reported in literature.
In the Refs. [5, 13] the reported value of the concentration percolation threshold is
xc ≈ 38 %.
The measurements made at two intermediate nc-Si concentrations are presented in
Figures 4 and 5. One can see that the current is two orders of magnitude greater
and the characteristics are no more linear, but they are dominated by the high field
assisted tunnelling mechanism [4, 24, 28, 29]:







I  I 0 sign U 1  U U 0 exp   1  U U 0  exp    ,

(1)

where U0 = Nφ/e, α = δχφ1/2 and χ = (8m*/ħ2)1/2 (m* is the effective carrier mass
inside the nanocrystal and N the mean number of tunnelled barriers of height φ
and width ). By fitting I – V curves measured on samples with different nc-Si
concentration with Equation 1, and taking for the potential barrier height the value
experimentally determined, φ = (2.2 ± 0.2) eV and for the mean barrier width 1.7
nm, one obtains the number N of tunnelled barriers in the range 64 and 126. This
number is small because, with the increase of x, the number of equivalent paths
having lower resistance sharply increases. In other words, one has to keep in mind
that the estimated number of tunnelled barriers does not represent the total number
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of barriers existing in the sample between the electrodes. Some of barriers are
short-circuited by the electrons that find less resistive paths.
If one analyses I – V curves from Figure 4 measured on samples with 39.8 % and
43.9 % nc-Si, several percolation thresholds (marked by arrows) appear at 16 and
18 V only for x  39.8 %, and at 17.2, 19.1, 20.6 and 22.1 V for both, x  39.8 %
and x  43.9 %. These thresholds are related to the possibility of tunnelling larger
barriers with the increase of the bias. It is remarkable that the higher voltage
thresholds are practically the same for the two concentrations. All these
percolation thresholds have a similar shape, namely a saturation plateau followed
by an abrupt increase of the current. Also, this shape is independent on the nc-Si
concentration as the curves in Figure 4 demonstrate.

Figure 4. I – V characteristics at nc-Si concentrations of 43.9 and 39.8%.
The arrows mark voltage percolation thresholds [27].

The voltage percolation thresholds, evidenced in the I – V curves in Figure 4 are
related to the random distribution of the Si nanocrystals [27], so that, at each
voltage percolation threshold, new (less resistive) paths are opened for the
carriers. Consequently, the increase of the applied voltage opens new paths by
tunnelling larger barriers and therefore the current abruptly increases. At high
enough nc-Si concentration, all available paths are opened and Equation 1
becomes rigorous. Thus, looking at the I – V characteristic in Figure 5, taken on a
sample with a nc-Si concentration of 94.89 %, one can observe the disappearance
of the percolation thresholds.
In general, in a percolative system with a linear I – V characteristic, the
conductance depends on the concentration by a power law. Si-SiO2 system
presents a superlinear I – V curve, so that the initial differential conductance (G0),
defined as G0  dI dV V 0 , has to be evaluated as function of the nc-Si
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concentration. It was found that G0 follows the power law G0  x  x c  , with
the critical exponent  = 0.88 [27]. It is remarkable that this dependence extends


Figure 5. I – V characteristic at high nc-Si concentration [27].

from the Ohmic to the high field assisted tunnelling behaviour. This proves that
the percolative behaviour does not depend on the local transport mechanism, but
only on the nanodots distribution. Titova et al. [13] showed that the zero
frequency conductivity σ0 also follows the  0  x  xc  scaling law with γ ≈ 1.
In the literature one finds G  x  x c  with t ≥ 2 ≠ γ [5]. The conductivity of an
t

infinite system in 3D is   x  x c  [1]. From Equation 1 one obtains for G0:
I  
G0  0   1 exp    .
(2)
U0  2 
One has to remark that exp(−α) is proportional with the tunnelling probability (Pt)
and this is proportional with the percolation probability (Pp), so that:

G0  Pt  Pp  x  xc 
(3)
Consequently, the critical exponent γ is related to the tunnelling probability and is
identified with the critical exponent for percolation probability (ν). In the
literature the exponent corresponding to a tunnelling process is reported to be ν ≈
0.88, in good agreement with γ ≈ 0.88. The value found for the critical exponent is
close to the critical exponent previously found for nanocrystalline porous silicon
( ≈ 0.88) [28].
2

In order to evidence the percolative behaviour of MWCNT-Si3N4 nanostructures,
they were electrically investigated by measuring I – V characteristics at both low
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and high temperatures, i.e. at 20 K and RT 298 K. As one can see in Figure 8, I –V
dependence is linear for both curves showing a metallic-like behaviour of these
structures. The linear dependence of the resistance-temperature curve was also
observed in the literature [25]. In the Ref. [17], I – V characteristics on MWCNTSi3N4 composites were measured at different temperatures between 323 and 573
K. The authors evidenced both semiconductor and metallic-like behaviours,
mainly depending on the MWCNTs content. Thus, for samples with low content
of MWCNT, I – V characteristics present a non-linear behaviour, σ increasing
with T, typical for a semiconductor behaviour. Also, the authors proposed a
hopping or tunnelling mechanism across/through potential barriers between
MWCNTs and across atomic defects formed within the nanotubes if they are
twisted and bended. For structures with high xMWCNT, the I – V dependence is
linear at relatively low temperatures (up to 423 K) and non-linear at higher
temperatures. A metallic-like conduction related to the charge transport along the
nanotube shells was also evidenced.

Figure 6. The G – V curves at 20 and 298 K.
In the insert are given I – V curves measured at 20 and 298 K.

As one can see from the insert in Figure 6, I – V characteristics are linear, presenting
small oscillations around the linear fit (G ≈ 0.31 S for T = 298 K, G ≈ 0.36 S for T =
20 K). The conductance-voltage (G − V) curves show maxima and minima at the
same voltages on both curves (Figure 6). These maxima and minima are symmetrical
in bias polarization, they are not periodic and do not depend on temperature.
Consequently, these oscillations can not be attributed to the Coulomb blockade effect.
In our opinion, in the disordered MWCNT network, they are related to percolation
processes which are due to the field-assisted tunnelling between adjacent MWCNTs
embedded in the amorphous Si3N4 matrix. The current oscillations can be explained
as follows: the current increases with the voltage increase up to a limit determined by
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the conduction quantification in the metallic nanotubes, and consequently, the I – V
curves become sublinear and a conductance minimum is reached. Then the electric
field will increase up to the voltage percolation threshold, the tunnelling probability
will increase and less resistive paths will be opened. Consequently the I – V
characteristic becomes superlinear and the conductance becomes maximum. The
voltage percolation thresholds of 20 and 30 mV corresponding to the conductance
minima on both bias polarities and temperatures (20 and 298 K) are evidenced
(Figure 6). In MWCNT-polymer composite, a conduction model consisting in
tunnelling of electrons through the polymer between the interconnected MWCNTs
was proposed [21].
Conclusions
In this paper, the voltage percolation thresholds with the same shape, meaning a
saturation plateau of the current, followed by an abrupt increase, were evidenced in
the I – V characteristics measured on two nanostructures, one being formed by nc-Si
embedded in a-SiO2 matrix and the second by MWCNT network embedded in
amorphous Si3N4.
In Si-SiO2 films, the voltage percolation thresholds are due to tunnelling through
potential barriers generated by SiO2 between neighbouring Si nanocrystals. The
critical exponent (0.88) for initial differential conductance was identified with the
exponent for tunnelling probability and the critical exponent for the percolation
probability, too. Consequently, the electrical transport in Si-SiO2 films with random
space distribution of Si nanocrystals is percolative.
Similarly with the Si-SiO2 films, MWCNT network embedded in Si3N4, displayed
oscillations (maxima and minima) in the G – V and I – V curves, which are
determined by percolation processes. These maxima and minima are symmetrical in
bias polarization, they are not periodic and do not depend on temperature. The
voltage percolation thresholds of 20 and 30 mV corresponding to the conductance
minima on both bias polarities and temperatures (20 and 298 K) are evidenced. The
analysis of the voltage percolation thresholds in the G – V and I – V curves represents
an original approach to the study of the percolation phenomena in Si-SiO2 and
MWCNT- Si3N4 nanostructures.
This model can be applied to any other nanostructure containing random distribution
of nanocrystals or nanotubes embedded in an insulating and/or amorphous matrix.
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