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Abstract

Let Q ¢ RY, N > 2, be a bounded open set with smooth bound-
ary. Consider in Q the equation —A,u — Aju = Au[P~?u subject
to a Robin-like boundary condition involving a positive constant o,
where p,q € (1,00), p # ¢, and A € IR. We show that there is no
eigenvalue A of the above problem in the interval (—oo, Ag], where
A = inf { [, [Vo|P dz+a [, |v[P ds; v € Whmax{pat (), [ [v[P do =
1}, while any A € (Ag,\*) is an eigenvalue of this problem, where
A= ampy—1(09)/mpy(Q). Note that the case p # ¢ investigated here
is complementary to the homogeneous case p = ¢ for which the set of
eigenvalues is completely known only if p = ¢ = 2.
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1 Introduction and main results

Let © ¢ IRY be a bounded open set with smooth boundary 9. Consider
the eigenvalue problem

Au = —Apu — Agu = AulP2u  in Q,
Qu 4 ofuP~2u =0 on 0N (1)
ova ?

where p,q € (1,00), p# ¢, a« > 0, A € R, and

o
vy

_ _o\ Ou
= (VP2 + [Vl 5L,

with v = v(x) being the unit outward normal to 92 at = € 9. The above
PDE (as well as problem (1)) is called nonhomogeneous since p # q.

The solutions u of problem (1) will be sought in a weak sense, in the
Sobolev space W := W1 max{P.a}(Q)), so that the above PDE is satisfied in
the distribution sense, and the generalized normal derivative 3‘9712 (associated
with operator A) exists in a trace sense (see [4]). Using a Green formula
(see [4, Corollary 2, p. 71]) one can define the eigenvalues of our problem
in terms of weak solutions u € W as follows:

Definition 1. A\ € IR is an eigenvalue of problem (1) if there exists u €
W\ {0} such that

/ (|Vu|P~2 4 |Vul|!?)Vu - Vo dz + a/ lulP~2uw ds
Q oN

= /\/ lulP?uv de YveW. (2)
Q

Indeed, it is easily seen that if u € W is a weak solution of (1) then u
satisfies (2). Note that all the terms of (2) are well defined. Conversely, by
virtue of the same Green formula it follows that if A € IR is an eigenvalue of
problem (1) then any eigenfunction u € W\ {0} corresponding to it satisfies
problem (1) in the distribution sense.

Our goal is to determine the set of eigenvalues of the Robin problem
(1). We cannot achieve completely this goal, but we are able to show that
there is no eigenvalue X of the problem (1) in the interval (—oo, Ag|, where
AR is defined by (3) below, while any A € (Ag, A\*) is an eigenvalue of this
problem, where \* is defined by (4). The case A > A\* remains open.

Note that the homogeneous case ¢ = p > 1 has been very much discussed
in the literature, and a complete description of the corresponding eigenvalue
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set is available only if p = ¢ = 2 (when problem (1) reduces to the classic
Robin problem whose eigenvalue set is represented by a sequence of positive
eigenvalues). If p = ¢ € (1,00) \ {2} it is only known that, as a consequence
of the Ljusternik-Schnirelman theory, there exists a sequence of positive
eigenvalues of the corresponding operator, i.e., of the negative p-Laplacian
(see [7, Theorem 3.4, p. 1068]), but this sequence may not constitute the
whole eigenvalue set.

In order to state our results let us define

AR = inf{/ |Vv|pdx+a/ |vpds;v€VV,/|v|pdx:1}
Q N Q

_ > Jo VP dz + a [y, [v]P ds | 3)
veW\{0} fQ |v|P dx

where W = Whmax{p.a}(Q)
Next, we introduce the following constant

myN—-1 (69)

=« () (4)

where my_1(9€2) and my(£2) denote the corresponding N —1 and N dimen-
sional Lebesgue measures of the boundary 92 and the set {2, respectively.

Remark 1. If ¢ < p then W = WHP(Q) so A\g = A\, where A denotes the
first eigenvalue of the Robin problem

—Ayu = AMulP~2u in Q, (5)
|Vu|p_2% +alulP2u=0 ondN.

If p < q then W = Wh4(Q) which is a proper subset of WP (Q) so in this
case Ag > M. In both cases \g is a positive number since A\ is so. For
information on the Robin problem (5) we refer the reader to [7]. See also

18]
Throughout in what follows we assume

(H) QcRY N >2 isa bounded open set with smooth boundary
092, and « is a positive real number.

Let us state first a nonexistence result:

Theorem 1. Assume (H) is satisfied and p,q € (1,00), p # q. Then there
exists no eigenvalue of problem (1) in the interval (—oo, Ag] .
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Theorem 2. Assume (H) is satisfied and 1 < p < q. Then any A € (Ag, \*)
is an eigenvalue of problem (1).

Theorem 3. Assume (H) is satisfied and 1 < q < p. Then, any \ €
(M N%) is an eigenvalue of problem (1), where M\ is the first eigenvalue of
problem (5).

Remark 2. If in the definition of Ar, with p € (1,00), we choose v(x) =
1+ top(z), where t > 0 is small and ¢ € C°(N), ¢ > 0, ¢ not identically
zero, we obtain

Jo|VoPde +a [yo [v[Pds 17 [, [VeP dz+ amy_1(09)
Jo [v]P da B Jo(1+to)Pdx

Note that f(0) = \*. Since t — f(t) is strictly decreasing on an interval
[0,6], we have Ar < f(d) < f(0) and hence

=: f(t).

Ar < A
Thus the statements of Theorems 2 and 3 make sense.

Recall that the spectrum of A = —A,—A, under the Neumann boundary
condition (i.e., the case @ = 0 in (1)) has been discussed in [10], with p and ¢
satisfying p € [2,00), ¢ € (1,00), p # ¢ (thus extending the results obtained
in [5] and [9] for the particular case p = 2). In this case the eigenvalue set
is {0} U (An, 00), where

Ay = inf {/ |Vo|lPdz; v € lemax{p,q}(Q%
Q

/\v[pdle,/ lvP~2vdz = 0} .
Q Q

If the Robin condition in (1) is replaced by the Dirichlet condition, i.e.,
u = 0 on 0F, then the corresponding set of eigenvalues is equal to (Ap, 00),
where

Y mf{/ Vol da; v € Whmapad g / wPde =1},  (6)

provided that p,q € (1,00), p # ¢q. For details see [1] and [2]. We only
point out that their definition of Ap (with infimum over C§°(12) instead of

VVO1 max{p.g} (Q)) is in fact equivalent with (6), as the reader can easily check
by using the density of C§°(£2) in Wol’max{p’q}(ﬁ).
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It is worth pointing out that in all cases (Dirichlet, Neumann or Robin)
one can use essentially the same strategy to derive the corresponding eigen-
value sets. However there are significant differences so separate analysis is
required in each case. In particular, the Robin eigenvalue problem (1) is
the most difficult one and we cannot provide for the moment a complete
description of the eigenvalue set in this case. For the convenience of the
reader we shall provide complete proofs of our results above (Theorems 1,
2, 3).

2 Proofs

We start with the
Proof of Theorem 1.

Assume (H) is satisfied, and p,q € (1,00), p # ¢q. The proof is divided into
four steps.

Step 1: there is no negative eigenvalue of problem (1).

Indeed, if (A, u) € IR x (W \ {0, }) is an eigenpair of problem (1), then
choosing v = u in (2) we obtain

/(]Vu|p+|Vu]q)da:+a/ ]u|pds:)\/ lulP VoveWw, (7)
Q oN Q

which clearly shows that A > 0.

Step 2: A\ =0 is not an eigenvalue for problem (1).

Assume by contradiction that A = 0 is an eigenvalue of problem (1), and
let w € W\ {0} be a corresponding eigenfunction. It follows from (7) that
Vu = 0 as an element of W. By Weyl’s regularity lemma (see, e.g., [12])
u € C*°(Q), hence u is a constant function. Since [, |ufP ds = 0 it follows
that w is the null function, contradiction.

Step 3: there is no eigenvalue of problem (1) in (0, AR).
Assume the contrary, that there exists an eigenvalue A € (0, Ar). Let
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u € W\ {0} be an eigenfunction of problem (1) corresponding to A. Then

< (AR—A)/ lulP de < /|Vu|pdx+oz/ |u|pds—>\/ |ul?P dx
Q Q o Q
/]Vu\pdx—i-oz/ \u|pds—/\/ |ul? dx
Q onN Q
+/ |Vul?dz =0
Q

which implies the impossible inequality 0 < 0.

IN

Step 4: A\ = Ag is not an eigenvalue for problem (1).

Assume by contradiction that Ap is a eigenvalue of problem (1), and let
ur € W\ {0} be an eigenfunction corresponding to Ag. Choosing A = Ap
and v = u = ug in (2) yields

[ (Vunl + (Vurt) oo [ JunPds = an [ JunP.®)
Q o0 Q

From (8) and the definition of Ar we derive

/\VuR]qdac—l—)\R/ uplPde < /\vuqu /\VuR]pdx
-l-a/ |uR]pd3—)\R/ lug|P dx ,
[oJ9) Q

/ |Vug|?dz =0.
Q

hence

This implies that ug is a constant function, and as ug is a solution of the
first equation in (1) with A = Ar > 0, it follows that ug is the null function,
a contradiction.

Proof of Theorem 2.

We assume that (H) is satisfied and 1 < p < g. Then W = W14(Q).
We choose a A € (Ag, A*) which will remain fixed throughout the proof
of Theorem 2. Define J : W — IR by

1 1 A
:/]Vv]pdx+/]Vv|qu+a/ \v\pds—/\v]pda;.
PJa q.Jq P Joa P Ja
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It is easily seen that J € C1(W,R) with the derivative given by

(J'(v),¢) = /Q\wyp—Qw-w dx+/Qyw|q—2vu-v¢ da

+a/ |U|p_2v¢)ds—)\/ v 2v¢ dz
o0 Q

for all v, ¢ € W. It is worth pointing out that A is an eigenvalue of problem
(1) if and only if there exists u € W \ {0} such that J (u) = 0. In the
following we shall prove the existence of a nontrivial critical point of J by
using a classical result in Calculus of Variations, see [13, Theorem 1.2].
Obviously, W = W14(Q) is a reflexive Banach space. We have

Claim 1: functional J is coercive, i.e., J(v) — 00 as ||v[|y1ra@q) — 00

Assume by contradiction that functional J is not coercive. Then there
exist a constant M > 0 and a sequence (uy)p>1 in WH9(Q) such that
|unllwra) — +oo and J(un) < M, for n = 1,2,... We have

0<p/ |Vup|Tde < )\/ |un|pdx—oz/ |Un|pd3—/ [Vun|P dx + pM

q Ja Q 09 Q

)\/ |un|pdxa/ |un|P ds + pM (9)
Q o0

< Munll, ) + pM. (10)

IN

Taking into account the fact that the norm ||[Vul|req) + |[ullzr (@) is equiv-
alent to the usual norm [|ul|y1.0(q) in W4(Q) (see [3, Remark 15, p. 286])
we conclude from (10) that ||up ||y := [[unl|Le) — +00. Set vy = up /[|un|p
and divide (10) by [lun|3. Then |[Vu,|fa) — 0 implying that (v,) con-
verges (on a subsequence) strongly in W4(£)) to some constant function.
Indeed, (v,) is bounded in W14(Q), hence there exists vo, € W14(Q) such
that (on a subsequence) v, — Vs weakly in W19(Q) and strongly in LP(Q)
and LP(09). Next, we have

VvoollLay < lim [[Vop|za@) =0,
SO U 1S & constant function, say v, = C. In addition,
[omolly = T [fonllp =1,

thus C' # 0. On the other hand, if we divide (9) by ||u, |5 and take the limit
as n — 0o, then we obtain

0< )\/ \voo\pd:c—a/ ol ds = [CIP(0 — M )mn (Q) < 0,
Q o0
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a contradiction.
Thus functional J is indeed coercive.

Claim 2: for any sequence v, — v weakly in W5H4(Q) we have J(v) <
lim inf J(vg).

Since the canonical injections from W14(Q) to LP(Q) and LP(9Q) are
both compact, we have

lim/!vk]pdx—/\v]pdx, lim/ |Uk|pd8—/ [v|Pds . (11)
k—oo Jq Q k—oo J90 a0

From (11) and the weak lower semicontinuity of the norms in LP(£2) and
L1(Q), we see that J(v) < lim inf J(vg), as claimed.

Now, taking into account Claim 1 and Claim 2, we infer by [13, Theorem
1.2] that J is bounded from below and has a global minimizer, say u €
Wha(Q), ie., J(u) = min,epraig) J(v). Hence u is a critical point of J:
J'(u) = 0. One can show that J(u) < 0. To this purpose let us first observe
that

N %fQ |VolP dz + éfQ [Vol?de + ¢ Joq 0[P ds ‘

12
veW\{0} %fQ lv|P da (12)

Indeed, the inequality < in (12) is obvious, while the converse inequality
follows easily by replacing v € W \ {0} in the right hand side by tv, t > 0,

%fQ |V (tv)|P dx + % Jo IV (tv)|9dx + 5 Joq 1tv|P ds

%fQ [tv|P dx
_ Jo IVVPdz + o [ [v[P ds N ptiP [ |Vo|?dx
fQ |v|P dx q fQ lv|2dx

and observing that 977 — 0 as t — 07. (Note that in fact (12) is also valid
if g < psince t9P — 0ast — 00). As Ag < A it follows from (12) that there
exists a v* € WH4(Q) \ {0} such that J(v*) < 0. Hence J(u) < J(v*) < 0,
showing that u # 0.

Consequently, as J'(u) = 0, X is an eigenvalue of problem (1).

Proof of Theorem 3.

We assume that 1 < g < p. It follows that W = WHP(Q) and A = AL
We again fix a A € (Ag,A*). Under the present conditions we cannot
derive coercivity of J on W = WP(Q) so have to use another method. Note
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that in this case J € CY(W'P(Q),IR). Note also that any eigenfunction u
corresponding to A satisfies equation (2) so testing with v = 1 and with
v = u we obtain

a/ lu[P~2uds = )\/ |u|P~?u de,
a0 Q
/(\Vu!p + |Vul?) dz + a/ |ulP ds = /\/ |ul? dx .
Q N Q
We plan to show that J has a nonzero critical point (which will be an eigen-

function corresponding to A) so it is natural to investigate the restriction of
functional J to the Nehari type manifold (see [14])

M

{vew\ {0} 04/89 wfP~2u ds = )\/Q wP~2vda, (J'(v),v) = 0}

= {veW\{0}; a/ ]v|p2vds:)\/ lv|P~%v dz,
o0 Q

/(ywp+\wq)dx+a/ \U\pds:)\/ ol da ).
Q oN Q

We shall prove that J attains its infimum m := inf,cps J(v) at some point
u € M and J'(u) = 0. The proof is based on several claims as follows:

Claim (a): M # 0.
We will first show that there exists a function w which belongs to the
set

S ={ve W (Q); a/ lv|P2vds = )\/ lv[P~2vdz },
o0 Q

/]Vw\pdx—i—a/ lwlP ds < )\/ wlP da (13)
Q [ Q

Recall that there exists a positive eigenfunction ug € Wh?(Q) \ {0}
corresponding to the first eigenvalue A\ of the problem (5) (see, e.g., [7] and
[8]). In particular,

such that

a/ \uR]p_zuRds:)\fl/ lur|P2upg dx <)\/ luplP2updz, (14)
onN Q Q

/|VuR|pd:L‘+a/ |uR|pds:A{*/ ugl? dz < A/ uglPdz. (15)
Q 15)9) Q Q

Denote
v(v) == a/ lv|P~2vds — /\/ lv|P~2vd. (16)
oN Q
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One can easily check that
(v +§)

cotoo |EP2E amy-1(9Q) — Amy(Q2) > 0. (17)

We take w in the form w = up + £*, where £* is the least positive constant
such that

o / fup + € P2 (up + €) ds = A / g + € P2 (ug + €°) da
oN Q

Indeed, such constant exists since the function £ — v(ug + &) is continuous,
negative at £ = 0 (due to inequality (14)) and y(ug +&) — +o0 as £ — 400
(according to (17)). In addition, we have

a/ |w]pd5—)\/ ]w|pdx<oz/ |uR]pd5—)\/ lug|P dx
o Q o0 Q

;‘2( /| |uR+5|Pds—A/|uR+§|pdm>—m<uR+s>

for any £ € [0,£*). Hence the inequality (13) holds for w = ugr + £* due to
(15). Then there exists a ¢t > 0 such that tw € M, i.e.,

tp/\Vw]pda;—ktq/\quda:—i-atp/ |w\pds:)\tp/]w|pdx, (18)
Q Q o0 Q

noting that tw € S. Indeed, equation (18) can be solved for ¢:

since

o~ ( Jo |Vl ds g

A fglwPde —a [y, wPds — [, [Vw|Pdx

which is a positive number (since [, |[Vw|?dz = 0 < w = const., which
contradicts w € S\ {0}) and for this ¢t we have tw € M. Therefore M # ()
as claimed.

Claim (b): m > 0.
Indeed, for all v € M, we have

1 1 A
J(v) = /\Vv\qu—i-/wv]pdx—i-a/ ]v\pds—/\v\pd:r
qJq pJa D Jaq b Ja
1 1
= /|Vv\q d$—/ |Vol? dx
p
= /|Vv|q dx

>
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Claim (c): every minimizing sequence for J on the set M is bounded
in WiP(Q).
Let (up) be a minimizing sequence in M, i.e.,

0 < /\/|un|pdx—/]Vun]pda:—a/ |un|P ds
Q Q o0

= /|Vun|qd33—>pqm as m— 00. (20)
Q b

Assume by contradiction that (u,) is unbounded in W'P?(Q), i.e.,

/|Vun|pdx+/|un|pdx
Q Q

is unbounded. According to (20), |[unllp := [|un|lrr(@) is unbounded too,
i.e., for a subsequence of (u,), still denoted (uy), we have ||uy||, — co. Set
Vp i = Un/||tnp. We divide (20) by [lun ||, and derive [, [Vo,[Pdz < A, ie.,
(vn) is bounded in W1P(Q). Therefore there exists v, € WHP(Q) such that
(on a subsequence)

U — Voo weakly in WHP(Q), and strongly in both LP(Q) and LF(99),
(21)
since W1P(Q) is reflexive and the canonical injections from this space to
LP(Q) and LP(0N) are compact. Then, as v, € S for all n, it follows by
Lebesgue’s Dominated Convergence Theorem and [3, Theorem 4.9, p. 94]
that v € S. Now, since [, |[Vuy|?dx is bounded (cf. (20) we have

/ |Vup|?dz — 0,
Q

S0
/|Vvoo|qu§liminf/ |[Vop|?dz =0,
Q Q

since v, converges to v, weakly in W1P(Q), hence in WhH4(Q) as well.
Therefore vy, is a constant function. This fact combined with v, € S
implies voo = 0. On the other hand, from |lv,||, =1 and |v, — vol[p — O,
we derive ||vsl||p = 1 contradicting v, = 0. Therefore Claim (c) holds true.

Claim (d): m = inf,eps J(v) is positive: m > 0.
Assume the contrary, i.e., in view of Claim (b), m = 0. Let (u,) be a
minimizing sequence, i.e., u, € M for all n and J(u,) — 0. So we can write
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(see (20))

0 < )\/|un\p dw—/|Vun|pdx—oz/ |un|P ds
Q Q o9
= /|Vun|qu%0 as n — 00. (22)
Q

By Claim (c) we know that (u,) is bounded in W'P(Q). It follows that
there exists us € W1P(Q) such that (on a subsequence) u, converges to

Uso weakly in WHP(Q) (hence also in W19(Q)) and w,, converges strongly
t0 U in both LP(2) and LP(0N2). Therefore, us € S and

/ |[Vioo|? dz < lim inf / |Vuy|?de =0,
Q Q

and consequently us, is the null function. Summarizing, we see that wu,
converges to 0 weakly in W1P(Q).
Now, set vy, := up/||tun||p. From (22) we deduce that

/|Vun\p d:U—I-oz/ un|pds§)\/ lup|P dx Vn,
Q o0 Q

which implies
/ |V, |P dx—l—a/ |on|Pds <X Vn.
Q o0

Therefore, (v,) is bounded in W1P(Q). It follows that there exists v, €
WHP(€)) such that (on a subsequence) v, converges to vo, weakly in WP ()
and strongly in both LP(Q) and LP(0f2). Moreover, as v, € S for all n, we
also have vy, € S.

Now, dividing (22) by ||uy||; we obtain

/ (Vo|? do = |lug |57 [)\ —/ |V, |P do — a/ |op|P ds] — 0.
Q Q oN

Next, since v, converges (on a subsequence) to v, weakly in W1P(Q) and
hence in W14(Q), we have

/ |[VUoo|? dz < lim inf / |Vu,|Tdx =0,
Q Q
and consequently v., is a constant function. In fact v, = 0 since vy, € S.

Thus v, converges strongly to 0 in LP(2), which contradicts the fact that
|un|lp =1 for all n.
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This contradiction shows that m > 0 as asserted.

Claim (e): there exists u € M such that J(u) = m, i.e., m = infp; J
is attained.
Let (uy,) be a sequence in M such that J(u,) — m. By Claim (c) (un)

is bounded in W1P(Q2). Thus, on a subsequence, u, converges to some u
weakly in W1P(Q) and strongly in both LP(Q2) and LP(952). Therefore,

J(u) < liminf J(u,) =m. (23)

As u,, € M for all n we have

/(\Vun\p+wun\q) d:v+04/ \un\pds:)\/ |up|P dz Vn, (24)
Q o0 )

and
a/ |t [P~ 2, ds = )\/ | [P~ 20, dz Vn. (25)
[2]9] Q

Assuming v = 0 we can infer from (24) that u, converges to 0 strongly in
WLP(Q). Arguing as in the proof of Claim (d) we reach a contradiction.
Hence u # 0. Passing to the limit in (25) we find that u € S. Now, letting
n — 0 in (24) we get

/\Vu]pdx—i—/ Vu|qu+a/ \u]pdsg/\/ uf? . (26)
Q Q o0N Q

If we have equality in (26) then u € M and the proof is complete since by
(23) J(u) = m. In what follows we show that the strict inequality

/\vu|pdx+/ Vu|qd1‘+a/ |u|pds</\/ uf? . (27)
Q Q 15)9) Q

is impossible. Let us assume by contradiction that (27) holds true. Then
we can find a ¢ > 0 such that tu € M. This ¢ is given by (19) where w = u.
Note that [, [Vu|?dx # 0 because otherwise u is a constant function which
contradicts the fact that uw € S\ {0}. By (27) we have ¢t € (0,1). Since
tu € M we can write

_ _ q
T(tu) :pq/ V(tu)|qu:(pq)t/ Vuld dz .
pPg Ja pq Q

We also have

n—oo

(1) :pp_qq/ VunlTde = m= lim J(uy) > pp_qq/ IVl dz
Q Q
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Therefore,

)
0<m<J(tu) = M/]VUW(M‘
pbq Q

< 7 lim J(up)

- n—00
= tim

< m,

which is impossible, hence inequality (27) is so, as claimed. So u € M and
J(u) = m.

Claim (f): if u € M is the minimizer found before, i.e., J(u) = m =
infys J then J'(u) = 0.

We will first prove that in fact ¥ minimizes the functional J on the larger
set

N = {v e W)\ {0}; (J'(v),0) = 0}.

Obviously, M is a proper subset of N.
Take an arbitrary element v € N. Denote again

y(v) = a/ lvP~2vds — )\/ lv|P~2vd.
o9 Q

Obviously, if y(v) = 0, then v € M and J(v) > J(u). So, we have to
investigate the case when v(v) # 0.

Let us first consider the case when v(v) is positive. Therefore, there
exists £ < 0 such that y(v 4+ &*) =0, i.e., v+ &* € S since y(v + &) = —0
as & — —oo (see (17)). In addition, let £* be the greatest possible, i.e.,

& i=sup{{<0:9v+&)=0}<0.

Then (v + &) > 0 for any & € (£*,0], which means that the function

5»—>a/ v—i—f\pds—)\/ v+ ¢|Pdx
o9 Q

is strictly increasing with respect to £ on the interval [¢*,0]. In particular,

a/ v+§*|pds)\/ v+§*|pdaz<a/ v|pd5)\/ lvfPdz.  (28)
09 Q 09 Q
Let ¢ be defined as in (19) with w = v + £*, i.e.,

1

Jo |Vv]?da p=a
to= <1. (29)
Afglv+ &P de —a [oo v+ &5 Pds — [ |VolPde
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The last inequality is a consequence of (28) and the fact that v € N, i.e.,

/|Vv\qdm = /\/|v\pd:c—a/ \v]pds—/Vv]pda:
Q Q onN Q

< )\/|U—|—§*]pd:v—a/ v+£*|pd8—/|VU|pdx.
Q o9 Q

Hence, t(v + £*) € M and then

_r~4q vl? da P~ v+ 99 da
J(v) = o /Q|V|d > pqt/QIV( +&9)|d
= Jt(v+¢€%)) > J(u). (30)

Similarly, (17) implies that if v € N and v(v) < 0, then we can choose
& i=1inf{{ > 0:v(v+E&) =0} >0 and as before, we again deduce the
inequality (30). Hence, u is a minimizer of the functional J on the set N.
In fact u is a solution of the minimization problem, denoted (P),

min J(v),
veWwLr(Q)\{0}

under the following constraint

h(v) ;_/ |wpdx+/ Vol d:c+a/ \v]pds—)\/ WP dz = 0. (31)
Q Q o0 Q

For such a problem we can use the well known Lagrange multiplier rule
(see [15, Theorem 3.3.3, p.179] or [11, Theorem 2.2.10, p. 76]):

Lemma 1. Let X, Y be real Banach spaces and let f : D — 1R, h: D —Y
be C! functions on the open set D C X. If y is a local solution of the
minimization problem

min f(z), h(z) =0,
and W (y) is a surjective operator, then there exists y* € Y* such that
fy)+y ol(y) =0, (32)
where Y* stands for the dual of Y.

We choose X = W'P(Q), Y = R?, D = W'»(Q)\ {0}, f = J, and
let h be the function defined by (31). Obviously, Y* can be identified with
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Y = IR. Note that all the conditions of Lemma 1 are satisfied in our case,
including the surjectivity of h’(u) which means

V& € R, 3w € WHP(Q) such that (h/(u),w) = &,
i.e.,
p/Q |VulP2Vu - Vw dz + q/Q V|9 2Vu - Vw da
—I-pa/ |ulP~2uw ds —p)\/ lu[P~2uw dx = & . (33)
09 Q

We try to determine w of the form w = au, where a € IR. Replacing
this w in (33) and having in mind that u € N, we obtain

a [p/ |Vu|pd3:+q/ |Vu|qd:1:+pa/ |upds—p)\/ \u|pdgg] =&,
Q Q 0 Q

=(g—p) [ |Vul|? dx

ie.,
alq - p) / Vulfdz =& .
o

#0

So a can be uniquely determined, and this shows that h'(u) is indeed sur-
jective. Therefore Lemma 1 is applicable to our minimization problem (P).
Specifically, there exist ¢ € IR such that (see (32))

(J'(u), @) + (W (u),¢) =0, VdeWP(Q). (34)

Testing with ¢ = u in (34) we derive (having in mind that u € M)

c(q —p)/ [Vu|? dz =0,
\Q—,_/
£0

which implies ¢ = 0.
Consequently,
(J'(u),¢) =0,
for all ¢ € WHP(Q), i.e., J'(u) = 0, as claimed.
Therefore A is an eigenvalue of problem (1).
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3 Final Comments

1. In fact all our results hold true for any bounded open set §) # Q ¢ IR,
N > 2, which is of class C'. For the definition of this class see [3, p. 272].

2. We ask ourselves whether there are any eigenvalues of problem (1) in
the interval [A*, +00), where \* is the constant defined by (4). This is an
open problem. Probably the first step in its investigation would be to find
necessary and sufficient conditions under which the set M (see the proof of
Theorem 3) is nonempty since any eigenfunction belongs to it. There is an
evidence that when \* < A < )\le and p = 2 the set M is empty. Here )\{V
denotes the first positive eigenvalue of the classical Laplace operator under
the Neumann boundary condition. Indeed, let A* < A < A and u be such
that A fQ udr = « |, o0 uds. According to the variational characterization of
AN we have

)\{V:inf{/ ]VU|2d:c:/v2d:z:1,/vda::O},
Q Q Q
hence

/Q|vu’2dw>)\{v/ﬂ<u_7{fb)NfLE?;>2d$:)\{v (/QUde_({?L]::(dS))Q>.

On the other hand,

AN (/Qqux—%> —A/Qquija/mude
= (A =) (/Q ulde — (fQuda:)z) +a /8(2 uldx — Ai(fg de)2

ma(Q) my ()

>0
2 _‘f(faﬂwgcf — dr — ﬁ(faQ“dx)Q
Z"‘/m“ A S () /asz N v (09)

>0,

where we have used the Cauchy—Schwarz inequality. Then

/]Vu\zdx—)\/zfda:—i-a/ uldz > 0,
Q Q o9
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ie.,

/\Vu]qdac—i—/ Vu|2dac—)\/u2dx+a/ quxZ/ |Vu|?dz > 0,
Q Q Q oN Q

since u is a non-constant function. Thus the set M is empty when A\ €
(A*, AV). So, generally speaking, it seems A = A\* is a bifurcation point.

3. Combinations of different conditions on 02 (Dirichlet, Neumann and
Robin) can also be investigated by using a similar method.
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