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Abstract

We consider the integro-differential equation, which describes the
fall and the coagulation-fragmentation process of the droplets. By con-
structing the approximate solutions, which are constituted by families
of piece-wise analytic functions, and verifying their convergence, we
prove the existence and the uniqueness of the local solution.
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1 Introduction

As it is commonly known by meteorologists (see eg [12]), the water
droplets in the atmosphere fall with different velocities, (mainly determined
by the mass of each droplet) and contemporarily undergo the coagulation
and fragmentation process. There are several works in the mathematical
description of these process we cite here a few. The coagulation process was
given by Smoluchowski [14] and Miiller [11], the equation of the coagulation-
fragmentation process has been studied by Melzak [9]. When the equation
of droplets which move and undergo the coagulation process, in [7], Galkin
proved the existence and the uniqueness of the solution (see also [4], [8]).
Also, in 2001 Dubovskii [3], demonstrated the existence and the uniqueness
of the global solution of the displacement and coagulation-fragmentation
equation of the droplets. To construct the solution, Dubovskii similarly to
Galkin used an essential way ”the maximum principale” to control the norm
L™ of the solution.

In this work, we consider the equation of droplets which fall in the air
and undergo the coagulation-fragmentation process as in Dubovskii’s work
[3]. But to construct the solution, instead of following the time ¢t > 0, we
follow the trajectories of droplets and their position z < 0, which permit us
to remove a condition posed in [3] (it’s about the condition (33) in [3]) on
the velocity of droplets u(m) which can lead to the relation % > cm®,
a > 0 (see in [3] the formula (38) and it’s comments). Indeed, it seems
that this condition can be difficult to achieve in the case of droplets in the
atmosphere. More precisely, denoting by o(m,t,z) the density of liquid
water contained in the droplets of mass m at time ¢ and in position z, we
consider the equation with the entry condition o(m,t,0) = @o(m,t) and
prove the existence and the uniqueness of the local solution (i.e in a domain
—L < z < 0). To do this, using the Melzak’s method [9], we construct

approximate solutions, consisting of analytic functions in s = —z in each
interval [, "TH], v=20,1,2,---; N € N\{0}, and prove their convergence

to the solution of the equation.

The density o(m,t, z) of water liquid is a density with respect to the unit
volume of the air containing possible droplets. The equation can be written
with respect to the number (in the purely statistical sense) n(m,t,z) of
droplets that Dubovskii and Galkin use in their works. We see clearly that

the density o(m, t, z) and the number 72(m, t, z) are connected by the relation
~ _ o(mt,2)
n(m,t, z) = ===

We will use the density o(m,t,z) to be conform with the symbolism of
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[2
([

|, [10] and the known literature of general modeling of weather phenomena
1], [5], [6], [13]).

2 Position of the problem

We suppose that the drops undergo the coagulation and the fragmenta-
tion process and in the same time move in the air by the gravitational force
while undergoing also the friction effect with surrounding air. In this situ-
ation, we can formulate the coagulation-fragmentation process as Melzak’s
equation ([9]) and the displacement of drops by a velocity given by the fric-
tion coefficient between the drops and the air, as the meteorologists com-
monly use it (see for example [12]). These considerations lead us to the
equation (see[1], [2], [10] , [13])

3t0(m,t,z) +8Z(U(m7t7 z)u(m)) = (1)
m " !/ / / / !/
= 2/ B(m —m',mo(m' t, z)o(m —m',t,z)dm'+
0
—m/ B(m,m Yo (m,t,z)o(m/,t, z)dm’—rga(m,t,z)/ I(m—m', m’)dm'+
0 0

+m/ I(m,m o(m +m' t,z)dm’,
0

where (m1, mo) represents the probability of meeting between two drops of
mass mj, mg respectively whereas 9(my, mg) is the probability of fragmen-
tation of a droplet of mass m = mi + msg into one of mass my and another
one of mass mo. In addition, u(m) indicate the velocity of drops with mass
m. The equation (1) will be considered for (m,t,z) € Ry x R x [-L, 0] with
L > 0 or possibly in Ry X Rx | — 00, 0] and with the entry condition

o(m,t,0) = 5o(m, t). 2)

The functions B(m, mg) and ¥(mq, ms), according to their physical na-
ture, are supposed

B(,-) € C(Ry x Ry),  B(mi,mz) 20 V(mi,mg) € Ry xRy, (3)
19(‘, ) € C(R+ X R+), 19(7774,77’1;2) > 0 V(ml,mQ) S R+ X R+, (4)

B(my, ma) = B(ma,my), Y (mi, ma) = (ma,my)
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and we admit that u(m) is given by
(5)

where ¢ is a positive constant representing the gravitational acceleration
and a(m) is the friction coefficient between drops and air. The relation (5)
corresponds, in a good approximation, to the real velocity of drops in the
atmosphere (see for example [1], [13]).

For the convenience of presentation, we will use the notation

w(m) = —u(m), (6)
so that w(m) > 0 for all m > 0. For w(m) we suppose that:
w(-) € C(Ry), 0 <w(my) <w(mg) si 0<my < mo; (7)

the growth of the function w(m) corresponds to the phenomena observed in
nature (see for example [12]).

Moreover, we suppose that there exists a positive constant Cy < oo such
that:

m !/ /
sup —B(m—m',m") < Cy, (8)
meR 4 ,m’'€[0,m)] w(m) ( )

sup ———B(m,m') < Cy, 9
o w(m)ﬂ( ) < Co (9)
sup _m_ (" I (m —m',m)dm’ < Cp, (10)
meR L w(m) 0
sup /m m’, d(m —m/,m")dm’ < Cy, (11)
meRL JO w(m)
sup ———d(m,m’) < Cy. (12)

m,m/eR, w(m)

It is clear that, if 7 is an increasing function of m, then the conditions
(8) and (10) imply (9) and (11). The conditions on the function @o(m,t)
will be specified in the following paragraphs (see (23), (71)-(72)).
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3 Preliminaries - characteristics and description
on them

To solve the equation (1) with conditions (2), firstly we define the family
of characteristics x,, ; by the equations system

dz(s) -1
{ iy 1 (13)
ds T w(m)’
with the initial conditions
z(0) =0, t(0) = t. (14)
The characteristics x,, ; as defined have, in the space Rx | — 00,0], the
expression:
Xong = 1(6:2) €Rx] —00,0) [t =T+ s, 2= =5, 5 € 0,00},

In the following, we will use the coordinates (m,#,s) € Ry x R x Ry and
o(m,t,s) instead of o(m,t,z) € Ry x Rx] — 00,0] and o(m,t,z) when
t=1t+ ot

Now we introduce, for each fixed s > 0, the curves family given by:

and z = —s.

Yos = {(m, 1) ERy x R|T=¢q— 5, q€eR. (15)

s
w(m)

The curve 7, is none other than the set of points (m,#) (on the half-plane

{# = —s}) such as the characteristics x,, ; passes by the point ¢ = ¢,z = —s

on the plan (¢, z).

In a similar way to [10] and [2] we define a measure p, = fi,,, on the
curves 74s by Pr, the projection of 74, on Ry (> m), i.e. by the relations:
i) A" C ~4s is measurable if and only if Pr, A’ is measurable according to
Lebesgue on R,

i) py(A") = prr, (Pr.A’), where pupr () is the Lebesgue’s measure on
R,.

The measure /i, () enjoys a suitable properties for the calculus of inte-
grals on the curves v, (for more details, see [10]).

In particular, we recall that, if ¢ and 1 are two functions belonging to
LY (Ygs5 Hygs ), then we have ¢ % ¥ € L (745, 1y, ) and

HQO * 1/}||L1('yq5,u—yqs) < HQOHLI('qu,u»qu)H¢‘|L1(’yqs,u7qs)7 (16)
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where

(0 ) (m) = / o(m — m )Y, (d),

Let ¢(+,-) be a measurable function defined on Ry x R. We put

S

{¢}gs(m) = p(m,q - ), (17)

w(m)

which represents the values of ¢(m,t) on the curve 7,5 expressed according

to m. Moreover, 7, 5y designate the curve v, with ¢ = t+ ﬁ It is

clear that, the curve 7., 7 passes by the point (m,t,s) and that

S S

’.qu(m,f) - {(m,?i{/) € R'i’ X R ‘ i'/ = £+ } (18)

w(m)  w(m')

Let 7([]2’(723’{) be defined as:

[0,m]

Vgs(mg) — Tas(m.D) N ([0,m] x R).

Now, we define the operators K., [p,9] and L, [¢] as follows:

Kolpolmd) = 5 [ Bl ') ) e} () s (ot (')
qs(m,t) (19)
—gelmd) [ B s s (i
Yqs(m,i)

50 d) [ B st s ),

Lo, [)(m.B) = — 2 o(m, ) / m — m! Yy (dm)+ (20)
Y

[0,m]
gs(m,t)

+ / O(rm, m!) {0 ga(m + Yo (din),

gs(m,t)

provided that all the integrals in the right sides are well defined. From
these relations, it results that K,  [p,7] is a symmetric, bilinear operator
and L[] is a linear operator. If ¢(m,t) and t(m,t) are continuous,

K, o, ¥](m,t) and L, [@](m,t) are too .
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The operators K, [, -] and L[] being defined, we can transform the
equation (1) to

Kqu [J('v B 3)7 U(-, B 8)](m7 E) =+ L'qu [U('7 Yy 3)](m7 tN))a

(21)
in the coordinates (m,t,s) defined above. The equation (21) will be consid-
ered with the condition

0 ~ m
%a(m, t,s) = m(

o(m,t,0) = 7o(m, 1), (22)

which is the transcription of the condition (2) in the coordinates (m,t, s).

We suppose that a(m,t) is continuous in (m,t) € Ry x R and that

oo
0 < 7o(m, 1), sup  oo(m,t) < oo, Sup/ To(m,t)dm < oo.
(m,f)eR4 xR ier J0
(23)
In the case where & (m, ) depends on #, we need to construct a sequence
of approximate solutions. Indeed, for each N € N\ {0}, we introduce the par-

tition of R, into [, ”T‘H[, v=20,1,2,---, and we consider the approximate
equation

0 o, ) = — ( [o(s ), 005 9)l(my 1) + Loy, [0 (-5, 8)](m, 1))
70' P . . . 0' . . _ 0’ . .

s ) w(m) YqFu [ sy ) Yq3u sy )

(24)
for +1
v v
§V:N§s< N vr=20,1,2,---.
Remark 1. In [%, %[ the curves family {v,s, }qer is fived and does not

depend on s. By solving (24) for 0 < s < & with the condition (22) and
using, if possible, a(m, 1, %) as entry condition of the equation (24) for % <
§ < %, we will be solving it in [%, %[, by repeating this procedure for v =
0,1,2,---, we construct the approzimate solution o(m,t,s) = oNl(m, 1, s).

Before examining the equation (21) or (24), we recall the inequalities
concerning the operators K., [-,-] and L, [].

Lemma 1. For all s > 0, we have

——|K 3 25
(mf)sgngw(m)l v0s [P Y] (M, )] < (25)
C ~
<20 s Jetmd) {8} as () 1ty () +

(m,f)ER4+ xR Vgs(m,f)
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+ sup |¢(m,£)’ / \{tp}qs(’m)’ﬂ'y(dm)} )

(m:£)€R+XR qs(m,t)

gek /Vqs ﬁ\{f{vqs [0; 1} gs ()| (dm) < (26)

< 3700 sup /qu \{QD}qs(m)luv(dm)/ {0} s (m) |y (dm),

Yas

m ~
sup —— L, [p](m, t)] < (27)
(miyer, g w(m)

<Gy sl Dl [ damlnam)]

m,f)ER; xR qeR
sup / Ly ] s () 1y (di) < (28)
G€R Jrs w(m) Yas as Y =

3C,
< 2505w [ (b mls(dm)
qeR Ygs

Proof. The inequalities (25) and (27) result immediately from the
definition (19) and (20) of operators K, [,] and L, [-] and the conditions
(8)-(10), (12). On the other hand, the inequality (26) results from relations
(19), (8), (9) and the property of the convolution (16).

Last, let’s use the change of variables m” = m+m’. Hence, for any fixed
arbitrary curve 745, we have:

/ o 9 (m, m){@}gs(m +m )y (dm )y (dm) = (29)
vge W(M) Sy,
- / ‘/[Oym”] mﬁ(m” o m/’m/)M’Y(dm/){w}qs(mu)ury(dm//).

Thus, taking into account the conditions (11), (12), we deduce from the
definition (20) of the operator L, ,[-] the inequality (28). O

4 Local solution of the approximate equation

In this paragraph and in the following one, we consider the equation (24)

0 ~ m -

%U(ma t, 8) = M(Kmﬁu [U('v K 3)7 U('a E S)Km7 E) + L’ng,, [U('a e 5)](m’ t))
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for s> 5, = % with the condition

by considering 7, (m, t) as a given function.
As the curves 7,5, depend only on ¢, we use the simplified notation for
this problem

30)

/7(] = 7q§V7 7q(m7t~) = ,.qul,(mi)? {@}q = {‘p}qgu' (
m[
N

It would be enough to consider the equation in the interval [,
but it will be more convenient to consider it in the interval [” oo[. Still to
simplify the writing, we use the change of variables s’ = s — %, to get [0, o]
and we write s instead of s’. by these writing conventions, we can write the
problem in the form

9

o0 F9) = (I o8 (D) + Loy )] ).
(31)
o(m,t,0) =7,(m,1). (32)

Consider the integrate form of the latter equation:

o(m,t,s) =o,(m,t) + /Ow(m)(qu[a(-,-,s’),a(-,-,s')](m,f)
+ qu[o(-,-,s')](m,f))ds'.

We suppose that for each (m,#) € Ry x R the function o(m,, s) is analytic
in s, i.e. there exist the functions ay(m,t), k € N, such as

=> ar(m,b)s". (33)
k=0

Thus,
0 > -
%a(m t,s) = ,; O(k + Dagr1(m, t)s*

We recall the definitions (19), (20), and by equalizing the terms having the
same power of s, we deduce from the equality (31) that

apr1(m,t) = E vq @iy aj](m ) + L, lag](m, t) (34)
/-c +1
i+j=k

for k= 0,1,2,- -
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Lemma 2. We suppose that B(-,-), ¥(-,-) and w(-) satisfy the conditions
mentioned in paragraph 2, and that &, (m,t) is continuous in (m,t) € Ry xR

and satisfy the conditions

sup [ {7, }q(m)p(dm) = Ag < o0, (35)
g€R J,
sup  o,(m,t) = By < c0. (36)
(m,f)eR; xR

Then, there exists a positive constant Cy < oo such as the power-series of
the second member of (33) converges in the interval [0, ;[ , where

3 A
M = Co(5 (Ag+1) + 22). (37)
By
Proof. We put
Ay = sup Hak}q( )y (dm),  By=  sup |ag(m,E)[.  (38)
qeR (m,t)ER4 xR

We recall that, according to (32), the values of Ay and By given by (35) and
(36) coincide with those given by (38).
By (26), (28) and (34) we have

[{ag41}q(m)|py (dm) <

1 m
=kl / w(m) (;k {5 i, a1} m) | 4 Lo o] Yo (m)] ) s (dim) <
1 3C
§l~s+120<§k [ asdatmsam) [ o}t () +

+ [ Harkg(m)lus (dm)).

We deduce that

Apys < L@( S Aid;+ 4. (39)

On the other hand, according to (25), (27), (34), we obtain

Bji1 < kiol( Y AiB;+ Bk+Ak) (40)
i+j=Fk
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Now, we will prove by induction that the inequalities
Ay, < AgM*, By < BoM* V keN, (41)

hold, where M is defined in (37).

For k = 0 the inequalities (41) hold. Moreover, we suppose that they
are verified for every k < n, and substitue the estimates of Ay and Bj in
(39) and (40) respectively, we get:

1 3C
A € 20A M*((k+1)Ag + 1),
C 1 A
By < 1 0 BoMk( (k+1)A0+2+§2)

which means that
Apg1 < AgM™HE Bpi1 < BoM™ 1,
We conclude that the relation (41) is satisfied for every k.
The proved inequalities (41) imply that

Z la(m, )]s" < ZBoMksk vV (m,t) € Ry x R,

which means that, if Ms < 1, then the formal power-series of the second
member of (33) converges absolutely. [J

Lemma 3. Let o(m, t,s) be the solution of the problem (31)-(32) constructed
i lemma 2. Then for 0 < s < ﬁ we have:

~ By Ag
< .. <
om0 < 72 sup [ o ) < 2
q
do(m,t,s) do (s AgM
< < 07
’ ds ’ (I—Ms 27 22]1%/ ’{ (m)"[”(dm)*(l—Ms)Q’
0?c(m,1,s) 2B M? 82 2A0M?
<— 5.
’ 0s? ~ (1—-Ms)3’ zlel]g/‘ m)"uv(dm)_(l—Ms)?’

Proof. These inequalities result from (33), (38), (41) and elementary
calculus. [
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Lemma 4. Let o(m,t,s) be the solution of the problem (31)-(32) constructed
in lemma 2. If

o,(m,t) >0 V(m,t) € Ry xR, (42)

then we have
(m,t,s) >0 for 0 <s< —
g .
Y

Proof. The lemma is proved in a similar way to Lemma 2 of [9]. Indeed,
we choose a number 7 €]0, ﬁ[, in the following (see (52)) we will impose
a further restriction on 7. We will construct an approximation Gy, (m,%,s)
(n € N) of o(m,t,s) in the interval 0 < s < 7, putting

- ~ k k+1
Grn(m,t,s) = ggn(m,t) for i§8<u, k=0,1,---,n—1,
n n
(43)
gon(m,t) = a(m,t,0) =7,(m,1), (44)

9k41 n(my t) = gkn(m7 t) + EW (K’yq [ngw 9k n] (m7 tN) + qu [gk: n] (m7 t)) .

(45)
We put
Tkn:sup/ H{ Gk ntq(m)|py (dm), Lyn= sup  |gkn(m,1)|, (46)
q€R J+, (m,)eR} xR

from (35)-(36) we have
Ton = Ao, Loy = Bo.
On the other hand, according to (45) and the inequalities (25)-(28) we have

T3C() T3C()
Tisin < (1+ ET)T]CH + ﬁTTﬁn,

T Co T 300

-
Lii1n < (1 + E?)Lkn + ETLknTkn + ECOTkn‘

In particular, if we put

Akn = max(Tkn,Lkn), (47)
we get
Aon = max(A07BO), (48)
7 3C)H 73Ch , 9
A <(14+—-——7)A ——A7 . 4
k+1n_(+n2)kn+n2 kn (9)
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Let 3C 173C
a:1+%70’ )‘knzfzioAkTw (50)

so, we have
)\k+1n < a)\kn(l + )\kn)a

or, if we define the function h(x) = az(1 + z),

>\l<:+1 n < h()‘k n)a

and, in the following,

Now, it is not difficult to see, by induction on k = 1,2,... that

k
0<h®@) < —25 k=12
1—a=ly
a—1
provided that aak__llx < 1. So we have
"\
)\kng%7 k‘—O,l, > 1,
1- a—1 Aon
provided that a:__ll Aon < 1. As
at= (14 230 < 5

returning to the expression of Ay, (see (50)) and taking into account (47)-
(48) and from the expression of a (see (50)), we have

317Cq

Ao, B
max(Tkn,Lkn) < 637—200 maX( 05 0) , (51)
1—(e72 —1)max(Ayp, Bo)

provided that

< 2 (1+ ;) (52)
’ 300 8 max(AO,Bg) ’

we also note that (52) ensures the condition =L\, < 1.
The inequality (51) (see also (46)) implies that the functions gy, (m,t) are
bounded and integrable on all the curves 7,. Furthermore, if we recall the

formulas (44)-(45) which defined the functions gy, (m,?), we can see that

they are continuous in (m,t) € Ry x R.
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On the other hand, recalling the explicit expressions of the operators
K [-,-] and Ly, [-] (see (19)-(20)), the definition of functions gin,(m,1) (see

(44)-(45)) and the conditions (3)-(4), imply that, if gi,(m,t) > 0, V(m,t) €
R4+ X R, then

gk-}—ln(m’ tN) > gkn(mvf) (1 - %ﬁ [/yq(m’{) ﬁ(m,m/){gkn}q(m,)u’y(dm’)_{_

+% /[o,m] d(m — m',m')ufy(dm')D.
a(m,t)
Taking into account the relations (9), (10), (46) and (51), we see that, if n
is sufficiently large, then gj41,(m,t) > 0, which means that gy, (m,%) > 0,
V(m,t) € Ry x R, Vk = 0,1,--- ,n, in other terms if n is sufficiently large
then
Grn(m,t,s) >0 V(m,t,s) € Ry x R x [0,7]. (53)

Now we examine the difference
O'(T)’L, t, S) - Gn(mv t, 8)

in the interval [0, 7]. For this, we pose

aj, = sup {o(o8) = Gl 8) Y(m) s (dm) = (54)

q€R, AT << DT Joyg

R —- /w|{a<-7-,s>—gm}qmm(dm»

qeR, Bz <5< BEUT

Br = sup lo(m,t,s) — Gp(m,t,s)| = (55)
(m,t)eR 1 xR,’%gsgw
_ sup lo(m,t,5) — gen(m,t)|.
(m,t)eR ¢ XR%SSSW

Substituting (45) in the difference o(m,t,s) — grn(m,t), and by adding
0=—o(m,t,s —Z)+o(m,t,s — I), we have

o(m,t,8)—grn(m,t) = o(m,t,s)—a(m,t, s—ﬁ)—i-a(m, t, s—g)—gk,l n(m,t)+
(56)

T m ny

—gm (qu (917> Gk—1n)(m, 5) + L’Yq [gk—1n](m, t))
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As

- - . 10(m,t,s—T) 17° 9% (m t,s—61)
is)—o(mis——)= " n 0

with 0 <61 < 7.

By substituting the expression (31) and using the symmetric propriety
of K, [¢, 9] (see (19)) and the linearity of the operator L., [¢] (see (20)), by
(56) we deduce that

- - - T -
|U(m)ta 5) - gkzn(mvt” < ’U(m’tvs - E) - gk;—ln(ma t)|+ (57)

T m T T ~
+EM|K’WI [O-('v S8 — E) + Gk—1n, U('a S — E) - gk—ln](mat)H_

T m T ~ 172,0%0(m,t,s — 61)

- L S — —) — qn_ t > .
+nw(m)| W[O’(, )8 n) 9k 1n](ma )’+2n2‘ 2 ‘

As 0 < s < 7, according to Lemma 3 and from (51) (see also (46)) the
terms

20" 'S_
1ot rrgiandatml am). 5 [ {05220 e i)
Yq

are uniformly bounded by some constant, that we denote by C}, and ac-
cording to (26), (28) (see also (54)), we deduce from (57) that

7 3C 72
(1+—70(1+01))ak_1 +—Cr. (58)

In a similar way, majoring the terms

B - - 1,0%(m,t, s — 1)
\a(m,t,s—ﬁ)-f-gk—ln(mat”u } 52 }

through a constant, that we denote by Cj, and taking into account (25),
(27) (see also (55)), we have

3¢ 1 3C: 2
B < (L4 ~Co(5 + 9)Bior + - Co(=72 + Dawr + 5Co. (59)

If we put
¢k = max(ay, Br), C3 = max(Cq, Cy), (60)
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then from (58)-(59) we deduce that

3C 2
G < (L4 5014 )Gt + 3G (61)

By repeating the application of the inequality (61), we obtain

max  ( < (1+Zﬁ(1+0 )" +T—20 n§_2 (1+13—CO(1+C )" <
fet 1 2 = n 2 3 0T 2 3k_0 n 2 3/) =
(62)
3Cq
T7(1+03) _
3Cp T e 2 1
< ez H0) max(ag, By) + —C
< x(ao, Bo) —Cs 3011 )

As for o and fp, from (44), (54), (55) we deduce that

T 80’(‘7 ‘75)
< — oo 8) i ,
“=n qeR,S(;lgI?egi e H Os }q(m)‘ﬂw( m)

-
Bo < — sup

da(m,t, s) |
™ (m,f)eR4 xR, 0<s< T ds

Therefore, according to lemma 3 there is a constant C4 such as
T
maX(Oé(),,BO) S 0477
n

that enables us to deduce from (62),

T%(PFC@) -

e 1
ey | ®

T [ +3% (140
max max(a < —{e'f 5 (1400 4 O
k:O’L...7n_1 [ ( k?ﬂk)] = 4 3

Recalling (55), we see that (63) implies that, for 0 < s < 7, Gp,(m, 1, s)
converges uniformly to o(m,t,s) . Therefore, according to (53), we have
o(m,t,s) >0V(m,t,s) € Ry x Rx [0,7].

The non-negativity of o(m,%,s) in [0,7] being proved, we construct
[T1,72] (we take 71 = 0, 7o = 7) and, by repeating the procedure, to get
the successive intervals [7,, Tp+1], n = 1,2,---. In a similar way to (52),
which gives the restriction of the choice of 7, we can take 7,1 such that

)

1

2
Tntl — Tn < 710g(1+m
max(Ay", By

3Co
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where

Ay = sup / {oCm)la(m)li(dm),  Bi = swp Jo(m,E,7)l.
q€R Yq (m,f)G]R.;,_ xR

The previous Lemma 3 implies that we can construct a sequence of intervals

[Tn, Tnt1], n=0,1,---, such that

0,20 € Ul el
neN
which completes the proof of Lemma.
To summarize things up, we proved the existence of a solution in the
interval [0, ﬁ[, solution which is analytic in s, non-negative, continuous,
bounded and integrable on each v, = v43,, ¢ € R.

5 Global solution of the approximate equation

Being established the existence of a local solution, now we will prove
that we can extend it on the interval [0, 0o .

Proposition 1. Under the conditions of the lemma 2 and 4 the problem
(31)-(32) admits, in the interval [0,00], a solution o(m,t,s), which is ana-
lytic in s, continuous, non-negative and integrable on each curve vy = Vg3, -

Proof. the proposition 1 is proved in a similar way to lemma 3 of
[9]. More precisely, the first interval is considered [0, D;] with Dy = 517,
M = Co(%(Ao+1)+%8) (see (37)), then successively the intervals [Dy,, Dy, 1]

with

1
Dn+1 - Dn = 5 (64)
Co(3(A(Dn) + 1) + 255%)
where
A(s) = Sup/ {o (s 8)}g(m)|py(dm),  B(s)=  sup |o(m,i,s)|.
q€R Jq (mf)ER; xR

The lemmas 2, 3 and 4, reformulated with the initial data o(m,t, D), give
the solution in the interval [D,,, Dy+1].

We return to equation (31) and integrate it on 7,. To examine the term
f,yq %{(qu [0(-s,8),0(-,+,5)]}q(m)py(dm) (recall the expression (19)), we

note that

/ L _m Om]ﬁ(m —m/, m/){U(', 5 8)tq(m — m'){a(-, " 3)}q(m/)

,2w(m) ) .
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b (don Y () =

T (e 8 b () {0 (s 8) b (Yo (i) (i
=] | Sy s o o o o bt s ) )

Therefore, according to the symmetry of the function 8(m,m’), the condi-
tion (7), and the non-negativity of o(m,,s) , we have

[qu?lm){f(w [0(y+8),0(,, S)]}q(mWw(dm)_/Ya[m(w(mwj— m’) _w?:n)> -

xﬂ(m, m,){a('7 K S)}Q(m){a(‘v K 3)}q(m/):u’7<dm/):u’7(dm) <O0.
On one hand, similarly to the proof of (28) (see in particular (29)), and
taking account the sign of each term, we deduce from the expression of (20)
that

/ iy Ul G ) i (dm) < Co | {8 o) (dm).
Yaq Yaq

Using these inequalities, from the integral form of (31), we obtain

A(s) =sup [ {o(:,-8)}g(m)py(dm) <

q€R Jq
<sup [ oo 0y(mhs (dm) + Co [ sup [ (o5 mne (dm)ds',
qeER J~, 0 g€R Jr,
from where it results that
A(s) < A(0)e0s, (65)

On the other hand, according to (19), (20) and from the non-negativity
of o(m,t,s), we deduce from (31) that

0 ~ ~ m / / /
%U(n% tv 5) > _U(mv tv 5) [/7 m&(mv m ){U('a B S)}q(m )/L'Y(dm )+

1 M — ! /
s / oo T m = ()|
q
from where, according to conditions (9), (10), we obtain
5 1
B(s) > B(0) — CO/ B(s")(A(s") + 5)ds’,
0
therefore . )
B(s) > B(0)e~C0 Jo (Al +3)ds" (66)

The relations (64)-(66) implies that the sequence {D,, }5 , can’t converge
to a finite value, i.e. it is necessary that lim, ., D, = co. [
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Proposition 2. Under the same hypothesis of the proposition 1, the solution
of the problem (31)-(32) is unique in the class ® which satisfy the conditions:

i) @(m,t,s) is continuous in Ry x R x Ry,
ii) p(m,t,s) is integrable on each curve v, (q € R),

”Z) for all 51 € [0? OO[, we have SUPgeR,s€(0,51] f'yq |{(10(7 " S}Q(m”:u'y(dm) <
Q.

Proof. Let ¢; and ¢2 two solutions of the problem (31)-(32) belonging
to the class ®. As o1(m,t,0) — pa(m,t,0) = 0, using the symmetry of the
operator K., [p,] and the linearity of L, [¢], we have

p1(m,t,5) = pa(m,1,5) =
= /08 wl)(K’Yq[QOI('; * S/) + 902(” K S/)v()ol('v '731) - 902('7 '731)]+

(m
+L'Yq [901('a K 5) - 302(3 "y 8)])d8/‘
Therefore, from (26) and (28) we have

|<p1( t,s) = pa(m, 1, 5)| < (67)

<550 o 110+ 2t gl s )
0

geR

X sup / {101 8) = 921 8")} o (m) 1 (dim)ds' +

geR

A sup ‘{()01('7 " 3/) - ()02('7 " 3/)}q<m)fﬂw(dm)d3/~

g€eR

We choose 357 such that $1 < oo. Hence, according to the condition iii) we
have

sup {e1(o8) + (s, 8) (M) |y (dm) = My < oo (68)
qGR,SE[C’Sl] Yq

Therefore, if we put

4(s) = sup / {102 8) — @3-+ ) }alm) s (dm),

qeR Jyq

then it results from (67) that

g9(s) < 3TCO(Ml - 1)/089(5')613',
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which implies that
g(s) =0  Vsel0,5].

Or, from i), to have the relation (68), we can choose any 1 < oo (even if
M; can be different, but always M; < o0), so that, by repeating the same
reasoning, we can prove g(s) = 0 for all s € R, which completes the proof.
O

6 Estimates of the approximate solutions

We note that, if 7,(m,t) is continuous in (m,t) and satisfies the con-
ditions (35), (36) and (42), then from the propositions 1 and 2, there ex-
ists a unique solution o(m,t,s) of the problem (31)-(32) for £ < s < oo
(here we return to the initial formulation of the variable s). Let’s put
Gur1(m,t) = o(m,t, %), it satisfies the conditions (35), (36) and (42),
and it is continuous in (m,#) so that we can repeat the resolution of the
equation for %1 < s, with the entry condition ,41(m,t) = o(m,t, 41).
Thus, by iterating this procedure on the intervals [, VT‘H] forv=0,1,2,--,
we construct on Ry x Rx R the solution of the equation (24) with the entry
condition (22); we indicate this solution by ¢!V(m, £, 5). Tt is useful to recall
that this last solution is bounded, continuous in (m,#, s) and non-negative.

To solve the problem (21)-(22) in the field Ry x R x [0,5] with 5 > 0, we
suppose that w(m) satisfies the additional condition

1 1 —
0<——< sup —— =0y <0 (69)

w(m) ~ mer, w(m)

and that o(m, t) satisfies the condition (23), and the following ones

oo
/ sup oo (m, t)dm = Wy < 0o, (70)
0 {cR

sup ’EO(m’ﬁN) — ?O(m,t})] =)y < 00 (71)

meRy 1,0 €R 1 £ |ty — to|

0 = tH)—7 £ _
/ sup [o(m, 1~) ?O(m’ 2)’dm = Jp < 0. (72)
0 7 focR i1 [t1 — o

In this paragraph, we are interested by some estimates for the values of
wiM(s), pN(s), JWV(s) and AN (s) defined by:

w[m(s) :/ ulN (m, s)dm, ul] (m,s) = sup oVl (m, 1, s), (73)
0 ter
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M) = sup o™M(m,t,5) = sup ul™(m,s), (74)
(m,f)€R4 xR meRy
IG5 = [, 5)dm, (75)
0
Nl(m. £ — oNl(m. %
j[N}(m’ S) _ sup |G (matlﬂi) ?- (Tn)t275)|7
71 B2 €R 11 s t1 — tof
NT(m. — oNl(m. t
AN (5) = sup i (m’tl’(i) 7 (m, t2,5)| = sup jM(m,s).
meR L ,El,{QGR,£1§££2 |t1 - t2| meR
(76)
Lemma 5. For all N € N\{0}, we have
wiNl(s) < @(s), Vs € [0, 51], (77)
where ! 1 5
w(s) = , S lo —|— 1 78
(s) =G g(=+1). (78)

(%0 + %)G—C’os -1

Proof. As o¥l(m,,s) > 0, using (19), (20), we deduce from (24) that
for £ =5, <s< ”“ we have

%gm (m,1,5) <

< oy o B = 8 =) N o, )

qsv

o) 2 [ a8, o e )
Yqs,
We deduce from it that
({ia[N] (m,t,s) < ;w?(nm) ; (m —m',m" ) ul™(m —m', )ul™(m/, s)dm’+

—i—m/ O(m, m" )y u™N (m +m/, s)dm’, Vs > 0,5 #35,,veN,
w(m) Jo

which, joined with the continuity of oV] (m, 1, s), leads to

wiNl(s) < @+

// / B(m —m!,m"ul™M(m —m/, )M (m!, ") dm'dmds' +



248 Mohamed Zine Aissaoui, Wahida Kaidouchi, Nesrine Kamouche

N / / _m_ / 9(m, m!yul™ (m + m/, ") dm'dmds’.
o Jo w(m)Jo

Finally, with conditions (8), (11), (29) and from the convolution property,
we deduce that

C S S
() <o+ L [ (@) + G / (s (79)
0 0
On the other hand, we see immediately that the function
_ 1
w(S) - (710 + %)G_COS _ %
is the solution of the Cauchy problem
d C
T0(s) = 3 (@())* + Cow(s),  w(0) = o (80)

and that its maximum interval of existence is [0, S1[ with S; given in (78).
We get (77) by comparing (79) and (80). O

Lemma 6. For all N € N\{0}, we have

PN (s) < (s) for 0<s< Sy, (81)
where (s) is the solution of the Cauchy problem
d— C — — -
220(s) = S [(Bw(s) + )P(s) + 2(s)],  D(0) = sup  To(m,1).

(m,t)ERy xR
(82)

Proof. Applying (25) and (27) to the right side of (24) and by recalling
the definitions (73), (74) and (78), we have

C S
o) < (3 + 5 [ 00 + 10l + 20(5)as
for & < s < ”—]‘Gl, v =0,1,2,---. This leads, according (23) and by the

usual reasoning we obtain (81). O

Lemma 7. For all N € N\{0}, we have

JWN(s) < T (s) for 0<s< Sy, (83)
where J(s) is the solution of the Cauchy problem
d— 3C, - — _
—T(s) = Z=22w(s) + 1)J(s),  J(0)=To. (84)

ds 2
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Proof. we consider t1,f0 € R, t; # ty, m € Ry, s € (% VT‘H] Then,
putting

5, i 5,
w(m)7 QQ— 2 ’Z,U(m)’

Sy =

Q1:t~1+

v
N’
we have

|O-[N](m’£17 5) - O-[N} (m7£27 8)| < |0[N] (mvfla %) - U[N](m7t~27 %)H_ (85)

s s
+/ m|D[I](V}(mat~1>t~27S,)|ds/+/ l‘D[L{V](m’-&’f%s’”ds”
N

v w(m) » w(m)
where
D%V](m7£17£27 S) =
= K"/qlgu [U[N] ('7 K 5)7 O-[N} ('7 K S)](ma gl)_K’Y@gu [U[N](7 K 5,)7 U[N]('v K 5)](m> EZ)&

DN m, 1y, F0,8) = Ly, _ [o™(,- 9)](m, £1) — Ly, _ [oN(-, -, 8)](m, £a).

- ’Y‘Ilgl/
Evenif K, _ [,-] and K _ [-,-] are defined on two different curves 4,3,
and 7g,3, , if we pay attention to the expression of the right hand side of (19),
we note that, once definite {oN (-, -, 5)} 415, (m) and {aVI(-, -, 8) Vo5, (M) (see

(17)), D%V] (m, t1,t2,5) can be written in the form

Yaosy [

DEJ(V] (m, t1,to,5) = (86)

=5 [ Bl =) o™y o = ) = (g = )

x ({1}, (') + {4, (")) dm/ +
=54 )= {0 g ) | B, ) (L0 )™ g '+
=5 (1 () + (0P ) | B ) (o ()~ (i
where
{U[N]}ih (m) = {U[N]('7 " S)}Q1§u (m)7 {U[N]}Q2 (m) = {U[N]('v K S)}!DEV (m)
Using (8), (9) and definitions (73), (75), we deduce from (86) that

N ~ ~
mo e DR )|
w(m) i1,l2€R, 1 £t ’tl - tQ‘




250 Mohamed Zine Aissaoui, Wahida Kaidouchi, Nesrine Kamouche

< Co/ j[N] (m —m/, s)u[N] (m/, s)dm’ + Cow[N](s)j[N] (m, )+
0

Coutl(m, s)JW] ().

On the other hand, for DEV] (m, 11,12, s), from definition (20) we obtain
without difficulty

[N] ~ ~
D t1,t
_m sup DL (Nm’ LL 2 9)| < (88)
U}(m) fQER tlsﬁtz ‘tl - t2|
Co .[N] m 1\ :[N] / !
<0 4 + ,
< 5 (m,s) w(m)/o d(m,m" )7 (m +m', s)dm

Using the relation

/ / O(m, m") N (m +m’ | s)dm'dm =

/ / m” —m/ )ﬁ(m” —m, m/)j[N] (m”, s)dm’dm”

joined with (11), we deduce from the last three estimates and from property
of the convolution that

J[N](S) < J[N](%) 30, /3 J[N]( [N} s+ 300/ JN]
~

As this inequality has the same form in all intervals [£, % v=20,1,--
we obtain

T (s) < JNI(0) + 3C, / TN (N (5')ds' + 3(2]0 / TN (),
0 0

)

or, taking into account (77) and from the relation JIN(0) = Jy,

JWN(s) < T +3C / JN(sw(s")ds' +3§° / JIN(s'Yds'
0 0

that implies (83) with (84). O
Lemma 8. For all N € N\{0}, we have

M) < X(s)  for 0< s < Sy, (89)
where X(s) is the solution of the Cauchy problem

EXs) = Co(2m(s) + A(s) + Col@(s) + DT(), AO) =ho. (90)
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Proof. Using the relations

sup ulM(m, s) = IV (s) <3(s), sup j™M(m, s) = AV(s),
mER+ mER+

N5y <@(s),  TN(s) < T(s),

we deduce from (85), (87), (88) and from the property of the convolution
that

AN (s) < ANICE) 420 / BN () ds' +

v

N

AN (s"Yds' + Cy / J(s))ds'.
N

S

S
+Co / P(s')J(s))ds' + % /
N
In a similar way to the proof of the previous lemma, from this inequality we
deduce (89) with (90). O

7 Convergence of the approximate solutions

To solve the problem (21)-(22), it is essential to prove the convergence of
the approximate solutions o™ (m, £, s). Thus, we will prove the convergence
of a subsequence of the approximate solutions in the interval [0, S1[, which
will give us the solution of the problem in this interval.

Theorem 1. We suppose that 5(-,-), 9(-,-) and w(-), satisfy the conditions
mentioned in paragraph 2 and the condition (69) and that Go(m,t) is con-
tinuous in (m,t) € Ry x R and satisfies the conditions (23), (70)-(72). Let
Sy the number given in (78). Then the problem (21)-(22) admits a solution
in the interval [0, S1[. Moreover the solution is unique in the class of the

functions o(m,t,s) which satisfy the conditions

i) o(m,t,s) is continuous in Ry x R x [0, S1[,

it) for all s € [0,S1[, u(m,s) = supjcp lo(m, t,s)| is integrable in m € R,
iii) for all’sy € [0, 51, we have sup,cp s Jo~ u(m, s)dm < oo.

Proof. We construct the sequence of approximate solutions 2"l
n =1,2,---, which are the solutions of the problem (24), (22) with N = 2".
For simplicity, we write o, instead of 2", In the interval (57 %’flﬂ[ the
approximate solutions o, and 0,41 are defined by integral operators on the
same curves s, 51 = 57 , while in [gﬁ’bﬂ, ”Ttl[ the approximate solutions
oy, and 0,41 are defined on the different curves vy43,, V43,, 52 = % respec-
tively.
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We put
nn(ma S) = Sup ‘O-n(m7 Ea S) - 0n+1(m7 f) S)‘7 (91)
teR
Tuls) = / (i, )dm, (92)
0
Bu(s) = sup  |ow(m,t,s) —onp1(m,t,5)] = sup ma(m,s).  (93)
(m,f)eR4 xR meRy

We will also write u,(m, s), jn(m,s), wn(s), ¥n(s), Ju(s), An(s) instead of
ull(m, 5), 52" (m, 5), WB(s), w2"(s), T (s), AR"I(s) (see (73)-(76)).

We recall that, for all ¢ € R and 5 > 0, the definition of the operator
K, .[;] gives us

qug[an(-, " 3/)7 Un('? K S/)](ma f) - K’qu[an+1('7 K S/)v Un-!-l(" K 31)](m7 t~) -
- K’Vq?[an('v "y 3/) + Un+1('7 Yy 8/)7 Un('a K Sl) - Un+1('; y Sl)](mu f)
Therefore, with the linearity of the operator L, ;[¢], we get

_ - v v
on(m,t,s) — opyr1(m,t,s) = op(m,t, 2—”) — opt1(m,t, 27)—% (94)

m s
Tu(m) / |:K'Yq§1 [Un(" ) 8/)—|-O'n+1(', ) S/)’ Un('v ) S/) _Un-i-l(‘v ) 8/)](777,, t)+

+L7q§1 [on(-,, 8") = ong1 (s, 8] (m, )| ds’

for v 2v+1
51:27§5§ on+1
and
- ~ ~2v+1 - 2v+1

on(m,t,s) — ont1(m,t, s) = on(m,t, W) — opt1(m,t, WH— (95)

m 5 -
T o(m) /ZVJrl |:K'7q§2 [Un('v Yy S/)+0n+1(', Yy 8/)7 Un('v Y 3/)_Jn+1('7 Ty s')](m, t)+

on—+1

Ly 00y 8) = T ()], B)] s’ + Ay 5, (m )

for
2v+1 v+1 B v B 2v+1
P T TR A T

where
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m ~

= /;+1 [K'Yq§1 [0, 8), anl, -, 8)](m, t) — quEQ (00l 8),

w(m)

on—+1

on( 8N (m,t) + Ly, [on(-, -, 8)](m, 1) — Ly, [on(-, -, 8)](m, )| ds.

Yas1 Vqsg

According to the conditions (8), (9), (10), it results from (19), (20) (see
also (77)) that, for all ¢ € R and 3, s € [0, S1[, we have

m -
sup 7|K’Yq§[o-n('7 ) 5) + Un+1(', ) 3)7 O-n('v ) S) - Un+1(', *y S)](T)’L, t)’ <
fer W(M)
(96)
< % / (un(m —m’, 8) + upr1(m —m/, 8))n,(m’, s)dm’+
0

+Com(m,5)2(s) + 2 (., 5) + 1, 5))6in(5),

sup 7|L’Yq§[o-ﬂ('a " 5) - Jn+1('7 ) 5)](mv t)| < (97)

fer w(m)

Co m * / ! /
< — _— .
<5 Nn(m, s) + w(m) /0 d(m, m )n,(m +m', s)dm

On the other hand, from the definitions (17) and (18) the values of
an(m’, ', s) on the curves v,g, (, 5 and Yyg, 7y are given by:

~ s
{Un(', ) s)}(ﬁl (m,f) (m/) = Jn(m/> L+ .

- 7),5),

S1
w(m)  w(m/

~ S92 S92
{Un('v K 3)}q§2(m,f) (m/) = Un(mla t+

,S).

w(m)  w(m')

Therefore, taking into account the relation s, — 51 = %’,’Lﬂ — o = 271% and
the hypothesis (69), we have
[{on(-,, S)}qgl(m,f) (m/) —{on(, 3)}q§2(m,f) (m/)’ < (98)
B 5 B 5 C
citm B B (B B N (Cu
< Jn(m ’8)‘w(m) w(m’) (w(m) w(m’)>| < Jn(m 5) 2n

With the information of (8), (9), and (10), we deduce from (19), (20) and
(98), in a similar manner to (86)) that

m )‘Kvm [0y, 8), o 8] (m, f)—KVq§2 [00( ), onles - 8] (m, )| <

w(m)
(99)
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<Sua| /m n(m — 1, ) 5)dm + G (om, $)on(s) + tn(m, $)Jn(s)].

oy P oG 01m, D) = Ly fon Hlm D) < (100)
< % [%jn(m, s) + % /ooo O(m, m")jn(m +m/, S)dm/] '

/OOO /()m(un(m — Tn/7 8) + Un+l(m - m', 3))77n(m/7 S)dm/dm < 2w(s>an(s)’

o0 m o0
I(m, m )y, (m +m’, s)dm'dm < Coa,(s),
| o [ otmm ) 7in()

and @, (0) = 3,(0) = 0, and by using (96), (97), (99), (100) (see also (77),
(81), (83), (89)), we deduce from (94)-(95) that

s Vel s
Gnls) < 32@ (283() + 1)an(s)ds' + 2%30020“} / (2a(') + 1)7(s)ds',
0 0

(101)
Bals) < Co [ (@) + Vsl + @) + BN+ (102)

+3:0uCo [ (@) + 1)

It follows that

<
X
+
B
X
+

an(s) <7(s),  Buls) <Z(s),

where 7(s) is the solution of the following Cauchy problem

d_, . 3Cy

7:9(8) = =~ (2W(s) + 1)y(s) +

o o) + )T (5), T(0) =0,

while Z(s) is the solution of the following Cauchy problem

diiz@ = Co(@(s) + 5)2(5) + Co(20(s) + 1)p(s)+
+ 5 CuCo((20(s) + 1)T(s) + (@(s) + PAGs),  2(0) =0



The coagulation-fragmentation equation 255

To summarize, if we put

As) = 30()20w

S P
/ (20(s') + 1) T(s)e 2 L3R+ Dds" g (103)
0

B(s) = Co [ [(20()+ DA + O (26() + DT () @)+ 5)N() ]
(104)
o [5(2m(s")+1)ds" g of ’

we find that ) )
@uls) < g Als), Bals) < 5, Bls). (105)

As B(s) defined in (103)-(104) does not depend on n and it’s an increas-
ing function well defined on [0, 5], i.e

0 < B(s1) < B(s2) < Vs1,82 € [0,51], s1 < s9,
from (93) and (105) we deduce that

Ve>0,v5€[0,S,meN:n>E=  sup |on, (m,t,8)—0on,(m,t,8)|<e,
(m,t,5)€R4 xR x[0,3]

Vni,ng > n, where m > @(logE(E) +logl) +1.

This proves the uniform convergence of o, (m,,s) in Ry x R x [0,3] as
n — oo. Moreover, this result about the convergence remains valid for all
5€10,5].

Let us provisionally designate by s (m, %, s) limit of the sequence
{on(m,t,8)}5%,, i.e.

Ooo(m,t,s) = lim o,(m,t,s).

n—oo
As 0,,(m, t, 5) converges uniformly to oo (m, t,s) in Ry xR x [0, 3] for any 5 €
10, S1[, it clear that oo (m,t,s) is also continuous and non-negative; more-
over, from the first inequality of (105) we deduce that sup;.g oo (m, t,s) is

integrable on R4 (3 m) for all s € [0, 51].

Let 5 €]0,5:[. We put
Ay = sup ’Joo(m, t,s) —oo(m,t) — I(m,t,s)|, (106)
(m,t,s)ER;L xRx[0,3]
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where
Imis) = [ ™ (k / N(m,
(ma ’5) - 0 w(m)( ’qu[o-oo('a"s)aam('v"s)](m> )
+ Ly, [00(cs s sH(m, t))d.s/
As
ralmofos) = o(m ) + [ 00 ), )], B
n 5 U9 0 ’ 0 ’UJ(m) Vady (n,s) LY\ yUn\" ’
Y45y (n,s) [Jn( ’ S,)] (m’ E))ds/
with 41
v v
14 9 - f A S 9
Su(n,s) 5 or o o
we have
Ooo(m,t,8) —Go(m,t) — I(m,t,s) = (107)
= 0oo(m,t,8) —op(m,t,s) — 17[11] (m,t,s) — I (m, t,s),

IE](m,E, s) = /OS %(KMS [on(ss+8), 00(, -, 8)](m, 1)+

(m

+L'qu [Un(" "y Sl)](m7 5) - K’Y [Un('v K Sl)? O-TL(" e 5,)](ma t)"'

q3u(n,s)
_L’qul,(n,s) [Gn(" " 3/)] (m, E)) ds'.

On one hand, the uniform convergence of o,,(m,%,s) to s (m,t,s) implies
that
lim (|ooo(m, T, 8) — o (m, 1, )| + [IN(m, 7, s5)]) = 0.

n—oo

On the other hand, recalling the reasoning used to obtain (99)-(100), there
is no difficulty to find that

Ve >0, e N:n >7n,. = sup 112 (m,%,s)| <e.
(m,t,s)ERL xR x[0,3]

We deduce that
Ay =0
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or

Ooo(m, t,s) = To(m,t)+ (108)

S
+ / (K 000 (0 8), 0o (180, 8) + Lo [0 (-, )] (m, ) ds

o w(m)

According to the continuity of oo (m,Z,s), the derivative with respect
to s of the right hand side of (108) is well defined, which allows us to pass
from (108) to the differential version (21), i.e. ooo(m,t,s) is a solution of
the problem (21)-(22).

To demonstrate the uniqueness, we consider two solutions o and ¢ of the
problem (21)-(22) belonging to the class of functions defined in the statement
of the theorem. As o(m,t,0) — ¢(m,t,0) = 0 and

K’qu [U('7 B 3)7 0'(-, ) S)}(m7 f) - K’qu [@('7 Yy 5)7 90('7 B S)](mv t) =
= K’qu [U(', K 8) + @(? "y S)>G('> *y S) - So(a ) S)](mﬂ?):
integrating (21) with respect to s with s €10, S1[, we have

= /S L(Kqul [U<'7 ) S/) + 90('7 K 3/)7U<'7 ) S/) - 90('7 ) S/)](m7t>+
o w(m)

+L’yqs/ [U('v " S/) - 80(7 s S,)](mv 2;‘:))dsl
Therefore, putting
n(m, s) = sup o (m, 7, $)—p(m. 7, )|, w3(m, 5) = sup o(m, T, s)+o(m, T, ),
teR teR
and in a similar way to (96)-(97), we obtain

S C m
n(m, s) < /0 B /0 ws(m — o (', )i+

—n(m, S’)/O ug(m',s')dm'—l—%u;(m, s')/o n(m',s')dm'+%n(m, s+

—i—m)/ I(m, m")n(m + m',s')dm'} ds'.
0

w(m

Consequently, if we put
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in a similar way to (101), we have

S
_ 3o

7)< 5 |

oo
(1 + / us(m, s’)dm)ﬁ(s’)ds'.
0
We deduce from the condition 4ii) that
?(5) =0 Vs € [0, Sl],
that proves the uniqueness of the solution. [

Remark 2. If the entry condition does not depend on time t (i.e Go(m,t) =
go(m)), we can directly construct the solution, which will be an analytic
function in s = —z; or rather, the equation with the homogeneous entry
rewritten on the trajectories will be a formal variant of equation studied by
Melzak in [9]. In addition, the result can be deduced almost immediately
from the proposition 1 and 2.
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