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Coefficient bounds for a subclass of
Bi-univalent functions using differential
operators”®
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Abstract

In the present paper, we introduce new subclass ST (b, ¢) of bi-
univalent functions defined in the open disk. Furthermore, we find
upper bounds for the second and third coefficients for functions in
these new subclass using differential operator.
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1 Introduction. Definitions And Preliminaries

Let A denote the class of functions f (z) of the form
f2)=2+4> an2", (1.1)
n=2

which are analytic in the open unit disk U = {z € C : |2| < 1}. Further, by

S we shall denote the class of functions f € A which are univalent in U.
Since univalent functions are one-to-one, they are invertible and the in-

verse functions need not be defined on the entire unit disk U. However, the
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famous Koebe one-quarter theorem ensures that the image of the unit disk
U under every function f € A contains a disk of radius 1/4. Thus every
univalent function f has an inverse f~! satisfying f~! (f(2)) = z, (z € U)
and f (ffl(w)) =w, (\w[ <ro(f),ro(f) > %) where

fH(w) = w — agw?® + (243 — a3)w? — (5a3 — Sagas + agy)w +--- . (1.2)

A function f € A is said to be bi-univalent in U if both f(z) and f~!(z)
are univalent in U. We let ¥ to denote the class of bi-univalent functions in
U given by (1.1). If f(z) is bi-univalent, it must be analytic in the boundary
of the domain and such that it can be continued across the boundary of the
domain so that f~!(z) is defined and analytic throughout |w| < 1. Examples
of functions in the class X are

z
—Z  _log(1—
T log(1—2)
and so on.
The coeflicient estimate problem for the class S, known as the Bieberbach
conjecture, is settled by de-Branges [4], who proved that for a function

oo

f(z) =2+ Z anz" in the class S, |a,| < n, for n =2,3,---, with equality
n=2

only for the rotations of the Koebe function

z
Ko(z) = (=SE

In 1967, Lewin [9] introduced the class ¥ of bi-univalent functions and
showed that |ag| < 1.51 for the functions belonging to ¥. It was earlier
believed that for f € ¥, the bound was |a,| < 1 for every n and the ex-
tremal function in the class was ;2. E.Netanyahu [11] in 1969, ruined this
conjecture by proving that in the set X, I]Icleaéc lag| < 4/3. In 1969, Suffridge

[15] gave an example of f € 3 for which ag = 4/3 and conjectured that
laa] < 4/3. In 1981, Styer and Wright [14] disproved the conjecture that
lag| > 4/3. Brannan and Clunie [2] conjectured that |as| < /2. Kedzier-
awski [7] in 1985 proved this conjecture for a special case when the function
f and f~! are starlike functions. Brannan and Clunie [2] conjectured that
lag| < v/2. Tan [16] in proved that |az| < 1.485 which is the best known
estimate for functions in the class of bi-univalent functions.

Brannan and Taha [3] introduced certain subclasses of the bi-univalent
function class ¥ similar to the familiar subclasses S* (o) and C () of the
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univalent function class 3. Recently, Ali et al.[1] extended the results of
Brannan and Taha [3] by generalising their classes using subordination.

An analytic function f is subordinate to an analytic function g, writ-
ten f(z) < g(z), provided there is a Schwarz function w defined on U with
w(0) = 0 and |w(z)| < 1 satisfying f (2) = ¢g (w(z)). Ma and Minda [10],
unified various subclasses of starlike and convex functions for which either

of the quantity zf(zz) orl+ ZJJ:/(Z)

ordinate function. For this purpose, they considered an analytic function ¢
with positive real part in the unit disk U, ¢(0) =1, ¢/(0) > 0 and ¢ maps U
onto a region starlike with respect to 1 and symmetric with respect to the
real axis. Such a function has a series expansion of the form

is subordinate to a more general super-

¢(2) =1+ Biz+ Byz® + Bsz® + -+ (B > 0). (1.3)

Recently Selvaraj and Karthikeyan [8] defined the following operator
DY (aq, 1) f: U — U by
DX(a1; B1) f(2) = f(2) * Gg,s(on, s 2),
D (a1 B1)f(2) = (1 = A(f(2)%Gq s(a1, Br; 2) X 2(f(2) %Gy, s (a1, Bu; 2))
D (a5 B1)f(2) = DYDY (aa; B1) f(2)),

(1.4)
where m € Ny, A > 0.
If f € A, then from (1.4) we may easily deduce that
D;\"(al' Bl)f(z) =24 i [1 + (n _ 1)>\}m(041)n71 . (Oéq)nfl anz" '
’ n—o (Bl)n—l oo (ﬁs)n—l (n - 1)!
(1.5)

Special cases of the operator DY*(a; f1)f includes various other linear oper-
ators which were considered in many earlier work on the subject of analytic
and univalent functions. If we let m = 0 in D}*(cw; 51)f, we have

DY(ay; B1)f(2) = /H;(OQQ B1)f(z)

where H]  (a1; 1) is Dziok-Srivastava operator for functions in A (see [6])

and for ¢ = 2,s = 1 a1 = P1,a9 = 1 and A = 1, we get the operator

introduced by Salagean([13]). It can be easily verified from the definition of

(1.5),

2 (DY (a1, B1) f (2))" = (a1 + 1) DY (a1 + 1, B1) f (2) =1 DY (a1, B1) f (2) .
(1.6)



Coefficient bounds for a subclass of Bi-univalent functions 207

Definition 1.1  Let b be a non-zero complex number. A function f(z)
given by (1.1) is said to be in the class STx (b, ¢) if the following conditions
are satisfied:

1 (D;”“ (a1, 1) f (2)
b

fe¥ and 1+ — DI (e, B) £ (2) —1><¢(2), zeU (L7)

and 1+ — DI (. B1) g () —1>-<q§(z), zeU (1.8)

1 (DY (a1, B1) g (w)
b
where the function g is given by (1.2).

Definition 1.2  Let b be a non-zero complex number. A function f(z)
given by (1.1) is said to be in the class STx (a1, B1,b, @) if the following
conditions are satisfied:

1 /DY (on+1,6)  (2)
fex and 1+ ( DF (o, ) £ ()

b
DT (a1 +1, 51) g (w)
DY (aq, 1) g (w)

where the function g is given by (1.2).

—1) <¢(z), zeU (1.9)

1

d 14+ -
an +b<

—1> <¢(w), wel, (1.10)

2 Coefficient estimates

Lemma 2.1 [12] If p € p, then |cx| < 2 for each k, where @ is the family of
functions p analytic in U for which Rep (2) >0, p(2) = 1+c12+coz? +- -
for z € U.

Theorem 2.2 Let the function f (z) € A be given by (1.1). If f € STx (b, ¢),

then
Biv/Bi |b
jag| < 15 (2.1)
\/(4 (14+20)" — (1 + A)zm) B2bA + (By — By) A2 (14 \)*™
and

(B1 + | By — Bi) |b] '
A (4 (1+20™ — (1+ A)Qm)

laz| <



208 Chellian Selvaraj, Ganapathi Thirupathi

Proof. Since f € STy, (b, ¢), there exists two analytic functions r, s : U — U,
with r(0) = 0 = s(0), such that

1 DY (o, B1) f (2) 1) = b(r(2
Ly ( DY (a1, B1) f (2) 1) —ore) =2
and 1
1 (DY (a1, B1)g(w) -\ (2
1+b< Dy (a1, 81) g (w) 1>_¢(()).

It is also written as

1 (DY (g, Br) f (2) — D (a1, 1) f(2) |
”b( Dy (an, 1)/ () > o) 0
1Dy (an, 1) g (w) = D (o ) g ()| _ |
13 ( Dy (an, B1) g (w) ) — o)
Define the functions p and g by
(z)_1+T(Z)_1+ 24 pozi4- - and (Z)_1+S(Z)_1+ PRI T
p T1-1(2) P12TP2 q T1-s(z) q12TQ2 .
(2.4)
Or equivalently,
B 2
-4 o 5)
2
(e (5 -m) - 22) - e
and . 9
s(z) = 322 4__ 173 <C]1Z + <(I2 c]21> 2+
2
(3 (3 o)-5e) e e

It is clear that p and ¢ are analytic in U and p(0) = 1 = ¢(0). Also p
and g have positive real part in U and hence |p;| < 2 and |¢;| < 2. In the
view of (2.3), (2.4)and (2.5), clearly,



Coefficient bounds for a subclass of Bi-univalent functions 209

Using (2.5) and (2.6), one can easily verify that

o (g(z:)—l) =1+ Blplz + (Bl <p2 - p%) + 13217%) 24 (27)

() +1 2 2 2) "1
and

q(w) — 1 Big b ¢\ , Bedi
(irsn) =15t (5 (nmg) o)

Since f € ¥ has the Maclaurin series given by (1.1), computation shows
that its inverse g = f~! has the expansion given by (1.2). It follows from
(2.6), (2.7) and (2.8) that

1
(1—|—)\)ma2——

= —DBip1b 2.
2\ 1P10, ( 9)

1 1 1
AN 420" ag — A1+ 1) a3 = 5531 <p2 - 2p%> + 1532]9% (2.10)

and

1
—(1 m = —B 2.11
(I+XN)"az o) 1bq1, (2.11)

1 1
A (8)\ (1+20)™ — (1 + A)2m> a3 — 4\ (14+2))" a3 = 0B <q2 — Qq%>

+ib32q%. (2.12)
From (2.9) and (2.11), it follows that

P1=—q1. (2.13)
Now (2.10), (2.12) and (2.13) gives

B (p2 + a2)
4 [(4 (1+20™ — (1+ A)Q’") B2bA + (By — By) A2 (1 + A)2m}
(2.14)
Using the fact that |pa] < 2 and |g2| < 2 gives the desired estimate on
|az|,

a3 =
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B1v/Bu |b| .
\/(4 (1+20™ — (1+ A)Qm) B2bA + (By — By) A2 (1 + A\)>™

las| <

From (2.10)-(2.12), gives

s (14207 — (1 ) o+ (04 0]
SA[A(1+ 202" — (1+ A)2m (1 +2\)7]

az =

n 2(1+2)\)™pi (B2 — B1)b
ENA(L 2027 — (1 + N2 (1 - 207

Using the inequalities |p1| < 2, |p2| < 2 and |g2| < 2 for functions with

positive real part yields the desired estimation of |ag|.
1+ A
m For a choice of ¢(z) = 1_—::32, -1 < B < A <1, we have the

following corollary.

Corollary 2.3 Let -1 < B< A< 1. If f € STy (b, 15 ), then

[b] (A — B)

\/(4(1 o™ - (1 +>\)2m) (A= B)bA+ (1+ B)X2(1+ )%™

lag| <

and
|A—B|(1+|1+ B|)|b]

ol = by (4 (1+20™ — (1+ A)Zm) '

Theorem 2.4 Let the function f(z) € A be given by (1.1). If
STE (ala /817 ba ¢); then

laz| <
\/(4 (1420 — (14 /\)2m> B2b (a1 4+ 1) 4 (By — By) (14 \)*™

and
(@1 +1) (B1+[B2 — Bi) |b]
(4 (1+20)™ —(1+ A)2m>

laz| <
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Proof. Since ST, (a1, f1,b, @), there exists two analytic functions r, s : U —
U, with 7(0) = 0 = s(0), such that

LD+ 150 f(2) N\ _ s
1+b< DY (on, B1) f (2) 1>_¢( =) (210
and
L(DX(aa+LB)g(w) N _ o,
”b( DY (a1, A1) g (w) 1>‘¢(())'

Using (2.3), (2.4), (2.7) and (2.8), one can easily verified that

(1 +1)

1+N)"ay = 5

Bip:b, (2.17)

1 1 1
401420 a3 — (1+ 1) a3 = (a1 + 1) {2631 <p2 - 2p%> + 4ngp%]

(2.18)
and )
— (1 + )\)m as = (al; )Blplb, (2.19)
(8 (1+20™ - (1+ A)Qm) a2 —4(1+2\) a3 =

1 1, 1,

= (Oél + 1) —-bBy g2 — =q¢] | + *ngql . (220)
2 2 4
From (2.17) and (2.19), it follows that

p1 = —q1. (2.21)

Now (2.18), (2.20), (2.21) and using the fact that |p2| < 2 and |g2| < 2,
|Oé1 + 1| le/ Bl |b|
\/(4 (1+20)™ — (1 + )\)2’”> B2b(ay 4+ 1) 4 (By — By) (1+ \)*™

las| <

From (2.18)-(2.20), gives

0] < |1 + 1] (B + | B2 — Bi|) b
N (4(1+2)\)m—(1+)\)2m)
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