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ON THE STABILITY OF THE
ROTATING BENARD PROBLEM*

Lidia Palese!

Abstract

In this paper we study the nonlinear Lyapunov stability of the
conduction-diffusion solution of the rotating Bénard problem.

We provide a method for a derivation of the optimum nonlinear

stability bound. It allows us to derive a linearization principle in a
larger sense, i.e. to prove that, if the principle of exchange of stabili-
ties holds, the linear and nonlinear stability bounds are equal.
After reformulating the perturbation evolution equations in a suitable
equivalent form, we derive the appropriate Lyapunov function and for
the first time we find that the nonlinear stability bound is nothing else
but the critical Rayleigh number obtained solving the linear instability
problem of the conduction-diffusion solution.

MSC: 76E15, 76E30

Keywords: Stability - Bénard problem - Energy Method.

1 Introduction

The convective instability and the nonlinear stability of a homogeneous
fluid in a gravitational field heated from below, the classical Bénard problem,
is a well known interesting problem in several fields of fluid mechanics [1],

(2], (3], 141, [5]-
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The influence, on the stability problem of the mechanical equilibria, of
effects such as a rotation field, a magnetic field, or some chemical reactions of
reactive fluids, is a problem of a big importance in astrophisics, geophysics,
oceanography, meteorology. This is why it has been largely studied, mostly
in the Oberbeck- Boussinesq approximation [3]- [12].

In [6] is developed a nonlinear stability theory based on the choice of some
modified energy function for the rotating Bénard problem, showing the de-
pendence of the stability region on Prandtl number P,., even if P.>1.

In previous articles [7] is found such a dependence only when P, < 1.

In [7], in some range of values of the Taylor number 72, is obtained the
coincidence of the obtained critical Rayleigh number with that of the linear
theory of Chandrasekhar [1].

In the case of rigid boundaries of the layer, from the linear stability the-
ory is deduced the stabilizing effect of the rotation, while, in the nonlinear
case, the rotation around a vertical axis has only a non-destabilizing effect
[8]. In [11] [12] is studied the problem of the coincidence of the critical and
nonlinear stability bounds, and in [11] the coincidence of linear and nonlin-
ear stability parameters is deduced under some restriction on initial data.
In the magnetohydrodynamic case, in [13], for a fully ionized fluid is de-
duced the coincidence of linear and nonlinear stability parameters, , if the
conduction diffusion solution is linearly stable, it is conditionally nonlinearly
asymptotically stable.

The point of loss of linear stability is usually also a bifurcation point at
which convective motions set in [4], [14]. In particular, subcritical instabili-
ties may occur explaining unusual phenomena. Whence a special interest for
the study of the relationsheep between linear and nonlinear stability bounds
and, thus, of the linearization principle [15], [16], [17], [18], [19], [20], [21].

A linearization principle, in a larger sense of the coincidence of linear
and nonlinear stability bounds, in convection problem was settled in [2], [22],
where an energy, defined in terms of linear combinations of the concentration
and temperature fields, was used.

In [23] is considered a Newtonian fluid mixture in a horizontal layer
heated from below. The thermoanisotropic effects on the hidrodynamic
stability of the mechanical equilibrium are evaluated.

Introducing some linear combinations of temperature and concentration,
a system equivalent to the perturbation evolution equations is derived, gen-
eralizing the Joseph’s method of parametric differentiation [23], [24], [25],
[26], changing the given problem in an equivalent one with better symmetry
properties, in order to obtain an optimum stability bound.

With symmetrization arguments for the involved linear operators the
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nonlinear stability bound is investigated and its detection is reduced to the
solution of an algebraic system.

For reactive fluids of technological interest, chemical reactions [5] can

give temperature and concentration gradients which influence the transport
process and can alter hydrodynamic stabilities.
In [27] [28] is performed a nonlinear stability analysis of the conduction-
diffusion solution of the Bénard problem, assuming the upper surface stress
free and the lower one experiencing a catalyzed chemical reaction. In the
case of coincidence of Prandtl and Schmidt numbers, the equality between
linear and nonlinear stability bounds was proved, at least in the class of
normal modes.

In this work, we consider a rotating Bénard problem for a homogeneous
fluid in a horizontal layer with free boundaries, and we study the nonlinear
stability of the thermodiffusive equilibrium.

Our idea was reformulating the mathematical problem of the nonlinear
Lyapunov stability in one equivalent one, reducing the number of unknown
fields, and, at the same time, obtaining a system of perturbation evolution
equations in some suitable orthogonal subspaces, preserving the contribution
of the skewsymmetric rotation term.

We consider the initial-boundary value problem for the perturbation
fields (Section 2), formulate (Section 3) the mathematical problem in an
equivalent form, in terms of suitable variables which represent solenoidal
fields in a plane layer, that is poloidal and toroidal fields, and introduce
(Section 4) some functions depending on some parameters [21], [23] on a
suitable linear space of admissible vector functions and, we derive a quadratic
function Er.

The inequality %SO, when FE, is positive definite, i.e. a Lyapunov

function, represents a sufficient condition for global nonlinear Lyapunov sta-
bility.

Solving, with respect to normal modes, the Euler equations associated with
the maximum problem arising from the energy inequality, and applying suc-
cessively the Joseph’s idea of differentiation of parameters [2], [23], we de-
termine a sufficient condition of global nonlinear Lyapunov stability. If the
principle of exchange of stabilities holds, we recover the coincidence of the
nonlinear stability parameter with the critical Rayleigh number of the lin-
ear instability obtained applying the classical normal modes technique to the
etgenvalue problem governing the linear instability.
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2  The initial /boundary value problem for pertur-
bation

In the framework of physics of continua, let us consider a homogeneous
Newtonian fluid, subject to the gravity field ¢ , in a horizontal layer S
bounded by the surfaces z = 0 and z = d in a frame of reference {O, Z, j, E},
with k£ unit vector in the vertical upwards direction.

We assume the fluid, subject to a constant vertical adverse temperature
gradient 3, in rotation around the fixed vertical axis z with a constant
angular velocity 0 = Qk.

The motion which occurs in .S, for an observer rotating around the same
axis z with the same angular velocity ﬁ, in the Oberbeck-Boussinesq ap-
proximation, is described by the following equations [1]

%m (T V)7 = —Zp Y[l - (T —To)G+20 x G +vAv, (1)
0
a..
ST+ VT = K12, 2)

V.-7=0, (3)

where U, T, p are the velocity, temperature and pressure fields. pg, «, v
and K7 are positive constant which represent the density of the fluid at
a reference temperature, the coefficient of the volume expansion, the kine-
matic viscosity and the thermal conductivity, respectively. Ty is a constant
temperature.

V and A stand for gradient and Laplacian operators.

We assume the boundaries of the layer S stress free and thermally con-
ducting. In this case the boundary conditions read [1]

g-i=iixD-ii=0, z=0,d
T =109 Z=0, t>0 (4)
T=T" z=d,

where D is the stress tensor, n is the external normal to the layer boundary
and TY and T are prescribed temperatures on the walls of the layer.
Let us now perturb the zero solution corresponding to a motionless state,

{ﬁ:ﬁ,?:_BHTO,?:F(Z)}, (5)

8= %, up to a cellular motion characterized by a velocity @ = 0+, a

pressure p = P + p’ and a temperature T =T + .
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The perturbation fields , p’, 8 satisfy the following nondimensional equa-
tions

0

Eﬁﬂﬁ-vm:—vp’+R9E+2ﬁxﬁ+Aa, (6)
3}
PT(EG%—ﬂ'VH) = Af + Ruw, (t,Z) € (0,00) x V (7)
Vi =0, (8)
in the following subset of the Sobolev space W22(V),
d 0
fy T 2’2 R = — = f— fy

N ={(u,p,0,) € W=*(V) | LU= 5w 6 =00ndV},  (9)

. 2T 27 . T
where @ = (u,v,w), and V = [0, k—] x [0, k—] x [0,1], is the periodicity

1 2

cell and its boundary is denoted by 0V, after assuming the perturbation
fields, depending on the time ¢ and space ¥ = (z,vy,2), doubly periodic
functions in x and y, of period 27 /k; and 27 /ko.

R?, P, and are the Rayleigh and Prandtl numbers, respectively.

Let us suppose that each term of (6), as function of the space variable
#, belongs to the Sobolev space W22(V).

3  The evolution equations for the perturbation
fields

In order to obtain some suitable perturbation evolution equations we
consider the representation theorem of solenoidal vectors [3] in a plane layer,
into toroidal and poloidal fields.

This allows us to reduce the number of scalar fields and, first of all, to
derive a system of perturbation evolution equations equivalent to (6), (7), (
8), applying no more differential operators in opposition to what happens
in the linear instability theory.

In such a way we can integrate [3] the solenoidality equation (8) obtaining
a system of equations in some suitable orthogonal subspaces of La(V'). If the
mean value of 4 vanish over V, [29] that is if the condition

/udxdy:/ vda:dy:/ wdxdy = 0,
\% \% \%

holds, the velocity perturbation # has the unique decomposition [3]

U = i) + U, (10)
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with
v.glzv.y:kaxﬁl:k-ﬂgzo, (11)
8 = -,
i =V x — FAY =V x V x (xF), (12)
iy =k x Vip = =V x (ky), (13)

where the poloidal and toroidal potentials x and v are doubly periodic and
satisfy the equations [3]

2 82 .
A=k -V x @ (15)

From now going on, we denote % f = fz, where f is an arbitrary function.
The boundary conditions for x and 1, for free planar surfaces, are [3]:

X=Xz=¢.=0 2=0,L (16)
From (11)-(13) it follows that
G k=1 k=—-Ax, (17)
while the projection of # orthogonal to k is given by
(I — k@ k)i =i—kw= i + i, (18)

where I and ® stand for the identity operator and the tensor product,
respectively.

Explicitely, in terms of the poloidal and toroidal fields the projection of
4 orthogonal to k is

(f_ E ® E)U = (sz - ¢y);+ (Xyz + wx)j (19)

In order to derive the perturbation evolution equations in terms of the poten-
tial and toroidal field we apply to equation (6) the tensor operator (I —k®k),
and we obtain:

0 -
o (T +102) + (@ V) (0 +1k2) = —Vap +2(liy +if2) x L+ A(dly +i72), (20)

where V; stands for the horizontal gradient operator.
The velocity field @1 + ifa and the rotation term 2(i{ + ii2) x £ become

it + iy = Vixz — V x (), (21)
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(@1 + i) x Q@ = QV1Y + QV x (x.k). (22)
Let us recall the Weyl decomposition theorem [4]
L*(V) = G(V)& N(V), (23)

with G(V) and N (V') spaces of generalized solenoidal and potential vectors
respectively.
So, the advective term in (20) can be uniquely obtained as

(@ - V) (@ + iz) = VU + V x 4, (24)

where U is a scalar function and A a vector field we specify as follows.
If we define the scalar and vector fields

=V (T -V(@ +1)), W=Vx(@ Va+i)), (25)

the imbedding Sobolev theorems of W22(V/) in the space of continuous func-

tions C'(V') [30] allows us to prove the following identity
V x (@ - V(i + 1)) =V x (@ - V(i +iz) — VU). (26)

Let us define
B =ii-V(iy + i) — VU, (27)

by choosing V-B= 0, the scalar function U is (up to a constant) the solution
of the interior Neumann problem [31] in the periodicity cell V

AU = & (28)
)
50U =T, (29)

where %U is the normal derivative of U on the boundary AV of the peri-
odicity cell V, and ' = ~B ..
The necessary condition

/@dH/ de:/ (ﬁ'V(ﬁerﬁg))-ﬁda—/V-Edvzo, (30)
|4 oV oV \%

is fulfilled, in order a solution of (28), (29) to exist.
Taking into account the solenoidality of B, it follows that exists a vector
field A such that B =V x A, i.e. (24).
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The perturbation equation (20), taking into account (21), (22) and (24),
becomes
0

5 (Vix= =V x (V&) +VU+V x A = —V1p/ +2QV 19+ 29V x (x.k) (31)

FA(Tix: - V % (F).

If we project this equation on the orthogonal subspaces of solenoidal and gra-
dient vectors, taking into account that the only vector belonging to both pre-
vious subspaces is zero [4], from the imbedding Sobolev theorems of W?22(V)

in the space of continuous functions C(V') [30], it follows that

0
5 VIX: + VU = —~Vip' +2QV1¢ + AVix, (32)
) . . . .
— 5,V X (0F) + V x A =20V x .k — AV x (¥F). (33)

Then we can obtain the null contribution of the pressure term and of the
nonlinear terms in the left hand side of (31).

4  Lyapunov stability

If we consider the inner product (-,-) in L?(V) of (32) by the poloidal
field 17, which is solenoidal, it follows that

(ﬁlez, ﬁl) - ( VU -y, ﬁl> n (mvlw + AV X, 61) (34)

ot
where 9 d
(Gvein) = 5 | (e+xgav (3)
(VU, 1) =0, (36)
(=Vip' 1) = (p.,w) =0, (37)
and
(20910 + AVixz, i1 ) = 202 (e, ) + Oxyen ) ) (38)

+(XZ‘Z7 AX;BZ) + (Xyzy AXyz)-

Finally, performing the sum ¢(34)+cwk(6)+i(6)+b0(7), where b, ¢ are pos-
itive parameter, integrating the obtained equation over V' and taking into
account the boundary conditions (16), we obtain
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=3 / {( @+ c sz +xyz (AlX)2> + b*}dV = (39)

R(1+c+ )(0 w) + (@, A@) + 26 (Xazs o) + (Xyzs y) }

P,
+cf (Xozs AXaz) + (Xyzr Axy:) + (A1x, AA1X) } + 5 b 9 , A9).
Taking into account the relations
(=t Xaz) + (Y Xye) = (U1 ) = (Vixz, =V x (¢F)) =0 (40)
(=Viby, VXoz) + (Viba, Vxyz) = (41)
/av[(vxz V)i i+ (Vs - Vi) - illdo =0,

the equations (14) and the boundary conditions (16), in terms of poloidal
and toroidal fields, the energy relation (39) becomes:

1d

S+ s P+ s P 1 8ax P |+ Ty P4 | s 2

b
b | 0 |2 } R(l +c+ )(6 AIX +2CQ{ Xa:zﬂ/}x) (Xyzawy)}
~{ A+ | Vxas P+ 1 e 24| VAP |+ | Vi [P+ Vi, [2 +
b 2
+Fr RCARY (42)

where | - |? stands for the L?(V) norm.
Let us introduce the function

Be(t) = g {04+ o) o P4 s P A P19y e 2451612} (43)

The inequalities
b >0, 1+c¢>0, (44)

are sufficient to ensure that E.(t) is definite positive.
The definition (43), with (42) yields

d

b
ZEe=-R(l+ct 5 )(0 A1X) + 26 (Xezr a) + (Xyzotby) ) (45)

~{ A+ | Vxes P+ Vs P+ | VAP [+ Vo P+ | T, 2
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b
— | Ve PP
+5 VO )
We determine a condition ensuring that

d

—FE,<0, Vt>0. 46
5 Pe<0, Vi (46)
Let us define

I=-(1+c+ ]ﬁ )0, Arx) + %{(mex) + (Xyz> ¥y) } (47)

r

€= {1+ | Vs P+ 1 Ve 24| VAP [+ | V8, 24| Vep, [

b 2
— . 4
5 | Vo |? } (48)
The equation (45) becomes:
d T
—E=RI-&=-E(1-R=Z). 4
“B=RI-&=—£(1-R3) (49)

As the functions E and £(t) are not definite positive Vb, ¢ € R, we consider,
separately, the cases , (E[; > 0A(E() > 0VE(L) < 0)) and (Eg < ON(E(L) >

0V E®) < 0)).

E>0&E>0
If
R < v/ Rax, (50)
where ) 7
N = max 2, (51)

in the class of admissible functions satisfying the boundary conditions
(16), from (49), (50) and (51) we deduce

d R

B < —(1 - ﬁ)g. (52)
Hence, in this case, if (50) is satisfied, the functional E. is a decreasing

function of ¢. The inequality (46) represents a stability uniqueness criterion

31, [4].

E>0E<0

From (49) it follows that if the inequality
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v Ra. <R, (53)
1

is satisfied, with
(54)

VRax &
in the class of admissible functions satisfying the boundary conditions (16),
then

d
—FE,<0, Vt>O0.
dt <Y, >

In the case E, < 0 we proceed as follows.
Let us defineE} = —E., from (49) we have
d

— B = 5(1 _ R%) (55)

In the case £ < 0, the inequality (50) implies

d
—FE7 t
dt ,CSO7 \V/ 207

In the case £ > 0, the inequality (53) implies

d
—FE x,p <0, Vt>0.
dt- = =

Because, as we shall see later, the inequality (53) contradits the results
of the linear instability theory, we can deduce that, if the maximum problem
(51) admits a solution, the inequality (50)represents s stability uniqueness
criterion [3], [4].

5 The maximum problem and the stability bound

We will study the variational problem (51) and later determine the pa-
rameters b, c in terms of the physical quantities, such that /R will be
maximal.

The Euler Lagrange equations associated with the maximum problem
(51) are:

b Q 2
—(1 +c+ E)Alﬂ + QCﬁAﬂbz + \/?a*(l + C)AAAlx =0,

b b 2
—(1 A —
(+C+Pr) 1X+Pr T

AO =0, (56)
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Q
207A1Xz AA1¢ =0.

2
+ —
R VRax
Taking into account (14), (15), the system of Euler equations equiva-
lently read

2

b Q
—(1 + C+ E)Aﬁ + 2Cﬁ<-z — \/?a*(]. + C)AAU) = 0,
(14ct b) b2 ag—o, (57)
P\/ ax
Q
o 4 2 AC =0,
CpW —|—m (=0

We shall suppose that the principle of exchange of stabilities holds, i.e.
we assume that the instability occurs as a stationary convection.
In the class of normal mode perturbations

w(Z) = W(z)expli(kix1 + kox2)]
C(f) = Z(Z)eﬂfp[ (k1x1 + kgl’z)] (58)

0(%) = O(z)expli(ki1x1 + kaxa)],

the equations (57) become

0 2
k(1 2—DZ — ——(1 D? — 2w =
( +C+Pr)®+ CR m( +o)( ) 0,
b b 2
1 v 7 D2 2 —
(+c+PT)W+PT Ra*( k)0 =0, (59)
0 2
—2¢—DW D?—k)Z =0,
cx + Tza*( )

where k? = k? + k3 is the wave number.
To (59) we add the following boundary conditions:

W =D*W =0 =D?0=DZ=0. (60)

Owing to (14), and (16), we assume [5]

= Z W, sin(nnz), (61)
n=1
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From (57)and (61) we have

4(1 + )R?*(n?m? + k2)3

Ros(R2, K2, n%7%,b,¢) = .
o ) 40%n2r2c2 + K2R (14 e+ £)?

(62)

Differentiating (62) with respect to the parameters b and ¢ we obtain

0 b 0
ap * = - =1 ’ 7 ttax = = — 4.
8bR“ 0& 2 +c aCR 0&c 2 (63)

Substituting (63) in (62) we obtain R, as a function of R?

RZ(n2ﬂ_2 4 k2)3

2 12 2 2
Ra*(R ,k , T ,b,C) = —4{227127724-/?27227

defined on the subset —4Q%n?7? + k*R? > 0.
The critical Rayleigh function of the linear instability theory, that is
(n?7? 4+ k2)3 + 4020272

Rgr = k2 ) (65)

belongs to the subset where the denominator of (64) is definite positive.
Evaluating (64) for R? = R?2,., we obtain

R2.(k*,n*1?) = Raw(k?, nm?). (66)

Obviously, the inequality (53), calculated for R (k?, n’n?) = R2.(k? n’xn?),
implies R? > R2,., that should be a sufficient condition of linear stability
theory too (the contribution of all nonlinear terms vanish), in opposition to
the well known results of linear stability theory.

Hence we proved the following theorem

Theorem 5.1 If the principle of exchange of stabilities holds, the zero so-
lution of (6)-(9), corresponding to the basic conduction state is nonlinearly
globally stable if

R? < Rax,

where R2, = Ras(R2

2 k% n?), attains its minimum where n = 1. Whence
the linear and non linear stability bounds, obtained for n =1

Rzr(kz) = Ra*(RgT’ k2>

coincide.
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6 Conclusions

We studied the nonlinear stability of the motionless state for a Newto-
nian fluid in a rotating horizontal layer, subject to an adverse temperature
gradient, that is the classical Bénard problem with rotation.

In Section 3 we derived the perturbation evolution equations in terms of
toroidal and poloidal fields.

In this way, we can integrate the solenoidality equation, reduce the num-
ber of scalar fields applying no more differential operator to the perturbation
evolution equations, and, first of all, obtain some perturbation evolution
equations in suitable subspaces of L?(V). This allows us to obtain an en-
ergy relation for the Lyapunov function in which all the nonlinear terms
disappear and the skewsymmetric rotation term is preserved.

In Section 4 we studied the nonlinear Lyapunov stability introducing
some functionals definite positive. We determine a sufficient condition for
global stability satisfied on a subset of the parameter’s space given by the
solution of the variational problem arising from the energy inequality.

After solving, in the class of normal modes, the Euler-Lagrange equa-
tions associated with the maximum problem, , we maximize the stability
domain with respect to the parameters introduced in the Lyapunov func-
tional and we deduce if the principle of exchange of stabilities holds, the
equality between the linear and nonlinear critical parameters for the global
stability.

We observe that, anyhow, in this paper we applied an idea similar to [23]
[24] [25] [27] [28], where, studying the nonlinear stability of a binary mixture
in a plane layer we incorporated the Joseph’s idea of parameters differenti-
ation directly into the evolution equations obtaining equations with better
symmetries, which incorporate the given equations. In this way, in [23] the
velocity term in the temperature equation contributed to the symmetric part
of the obtained equations. Otherwise, if the initial evolution equations were
used this contribution was null and, correspondingly, the stability criterion,
weaker.

In this paper, similarly, the rotation term disappears if the initial evolu-
tion equations were used.

The given problem governing the perturbation evolution was changed
in order to obtain an optimum energy relation. The initial equations were
replaced by some others equivalent to the initial ones.

All this drastically changed the linear part of the initial equations and
allows us a much more advantageous symmetrization and an equivalent for-
mulation of the stability problem, in which the Euler system associated to
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the maximum problem of the nonlinear stability is nothing else but the one
that governs the linear instability, whence a linearization principle in the
sense of the coincidence of both linear and nonlinear stability bounds.
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