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LINEAR DIFFERENTIAL GAMES
WITH VECTOR-VALUED CRITERIA*

Constantin Dragusin®

Abstract

This paper deals with a problem of linear differential games with
several quadratic objective criteria (with vector-objective). In this case
the notion of Pareto min-max is used as optimum point of the differ-
ential game. We mention that the notion of Pareto min-max was in-
troduced for the first time in [5]. Existence conditions (Theorem 1),
necessary conditions (Theorem 2) and sufficient conditions (Theorem
3) are given.
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§ 1. Notations and Definitions

Let X and Y be real Banach spaces, ) # U C X, 0 # V C Y and
J:UxV—-R™ m>1.

Definition 1. Let U and V be convex sets. The function J is called
convez with respect to uw € U and concave with respect to v € V if and only
if J(-,v) : U — R™ is a convex function, Vv € V and J(u,-) : V — R™ is a
concave function, Vu € U (see [4]).
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Definition 2. The function J is called (weakly) lower semicontinuous
with respect to u € W at the point (u°,v°) € U x V if J(-,v°) : U — R™
is (weakly) lower semicontinuous at the point u® € U. The function J is
called (weakly) lower semicontinuous with respect to u € U on U x V if
J(,v) : U — R™ is (weakly) lower semicontinuous with respect to u, Vv € V.

The function J is called (weakly) upper semicontinuous with respect to
v €V at the point (u®,v°) € U x V if J(u°,) : V — R™ is (weakly) upper
semicontinuous at the point v° € V. The function J is called (weakly) upper
semicontinuous with respect tov € V on UXV if J(u,-) : V — R™ is (weakly)
upper semicontinuous with respect to v, Yu € U.

Definition 3. An element (u°,v°) € UXV is called Pareto local min-max
point for the function J : U x V — R™ if [3U, € V(u°) and 3V, € V(v°)]
with the property that $(u,v) € (UNUT,) x (VNV,) such that

J(u,v°) < J(u®,0°%) < J(u®,v), (1)

and
either || J(u®,v°) — J(u,v°)||2 > 0, (i)
or | J(u®,v°) — J(u®,v)|2 > 0.

An element (u°,v°) € U x 'V is called Pareto global min-mazx point for

the function J : U x V — R™ if A(u,v) € U x V such that
J(u,v°) < J(u®,0°%) < J(u®,v), (")

and
either || J(u®,v°) — J(u,v°)||2 > 0, (i)
or | J(u®,v°) — J(u®,v)|2 > 0.

§ 2. Differential Games with Vector-valued Criterion

We consider the following problem of a linear differential game with sev-
eral quadratic criteria:

O CRP, Qy CR", p>1<r convex and compact sets,

U := {u(-)|u(-) € L2([0, T]; RP), u(t) € Q, t €[0,T]},

V= {v(-)|v(-) € L2([0,T];R"), v(t) € Qo, t € [0,T]},
the system of linear differential equations
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where A € My, xn(R), B1 € Myxp(R), B2 € My»,(R) are constant matrix,

J =1,y ) : U XV —R™

T
Je(u(-),v(") = wuv(T)-Pk‘x:‘w(T)—F/ [u(t) - Qi -u*(t) +v(t) Ry - v*(t)]dt,
0
(2)

where

P € M,xn(R) is a constant, symmetrical and positive semi-definite
matrix,

Qi € Mpxp(R) is a constant, symmetrical and positive definite matrix,

Ry € M, «,(R) is a constant, symmetrical and negative definite matrix,
kEe{l,..,m},

Zup(T) € R™ is the point where the system (1) trajectory reaches, ac-
cording to the pair (u,v) at the final moment T,

2}, (T) € Myxn(R) is the transpose of the vector zy,(T) € R™.

(P.O.) The problem of optimum:

in-max J (u(-), v(-)).
Tain - max (u(-),v())

From system (1) we deduce

T
ot (T) = eAT [z +/ ~As(By - u* )+BQ.U*(S))ds} (3)
0
and hence

T
Je(u,v) = xo - P, - 2 + 2xP k/e As (By - u*(s) + By - v*(s))ds+
0

TT
—i—// ) - Bi +v(7) - B;) - Hi(7, s) - (B1 - u*(s) + By - v*(s))drds+

T
+/ ) Qi - u(s) +vu(s) Ry - v*(s))ds, (4)
0
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where
P = e TPeT and Hy(r,s) = eV TP T-7) ke {1,...,m}. (5)
Lemma 1. Let C € M,xn(R) be a constant, symmetrical and positive

semi-definite matriz. The quadratic form ¢ : Lz([O,T],R”) — R,

(s)drds,

Q:
Qﬁ

is positive semi-definite.
Proof. Since C' > 0, 3Cy > 0, Cf = C; such that C = 012. Hence

T

// C’1 y*( des— /y CldT /Cl y*( ds) 0.

0

Remark 1. The sets U gnd V are weak-sequentially compact (see [12],
Lemma 1A) and convez.

Remark 2. From the above hypotheses it results that the function J :
U xV — R™ is conver with respect to u € U (see [7], Lemma 2).

Since J is continuous, it results that J is weakly lower semicontinuous
with respect to u € U (see [16], th. 8.2).

Assumption 1. The matrices A, Bs, P and Ry satisfy the condition

T T
/[/”(7) - Bj - Hy(7, 5) - Bodr + v(s) - Rk] v (s)ds < 0, (6)
00

Vo(-) € La([0,T],R"), Vk € {1, ...,m}.
Remark 3. If P =0, k € {1,...,m} then Assumption 1 is true.

Proposition 1. If Assumption 1 is fulfilled, then the function J : U X
V — R™ is concave with respect to v(-) € V. In addition is weakly upper
semicontinuous with respect to v(-) € V.
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[The proof follows from the fact that for ¢y : [0,1] — R, it should be

Urt) = = J (u(-),t W)+ (1 —t) v”(-)), we get
T T
{/ ) =" ))B2 Hy (7, s) - Bodr+
0 0

+(V'(s) — U”(S)Rk] - (V'(s) —"(s))"ds <0,
Vo'(+),v"(-) € V and Vk € {1,...,m}.]

Theorem 1. If Assumption 1 is fulfilled for the problem (P.O.), then
there El(uo, vo) € U x V Pareto min-mazx point for the function J on U x V.

Proof. Function F : U x V — R,
Fy(u,v) := )\ J(u,v) Z)\k Ji(u,v) (7)

where A ef% "= int(R%), is convex and weakly lower semicontinuous with
respect to u and concave and weakly upper semicontinuous with respect to
v. Then there 3(u°,v°) € U x V a saddle point for F) on U x V (see [7],
Lemmas 4 and 6). Hence (u°, vo) is a Pareto min-max point for J on U x 'V
(see [5], [6]). |

Theorem 2. The necessary condition so that (uo, vo) € U xV should be
a Pareto min-max point for J on U x 'V is that

W= {(hl,hg) € Ly([0,T),RP) x Ly([0, T),R") |3(ts > 0 < to) such that
(u° + tlhl,vo) ceUxV, (uo,vo—{—tghg) ceUxV,
T

[mof’ke_AsBl+u°(S)Qk+/(u°(T)B’f + v°(7) B3 ) Hy(T, S)BldT}h (s)ds <0,

S t— Ty

0
T
[xoﬁke*ASBeruO(s)Rk + / (u®(7) Bs + v°() B3 Hy (7, s)BQdT] h3(s)ds >0,
0
vk € {1, ...,m}}

(8)
should be empty set (W = @).
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Proof. Let us assume, by reduction ad absurdum, that W ## (). Let
(h1,ha) € W. There exist t; > 0 < tg such that (u® + t1hy,v°) € U x 'V and

(u®,v° + tohg) € U x V. But U and 'V are convex, hence Vt €]0, min{ty, ta}]
=

(u® 4 thy,v°) € U xV and (u®,v° +the) € U x V.
For k € {1,...,m} and t €0, min{t1,t2}] we get

T
Jk(uo + thy,v° ) Jk u®,v° t/ 2x0f’ke_AsBl +2u°(s)Qr+
0

T
+2/ 7)B} +0°(r)B3) - Hiy(.5) - Budr | hi(s)ds
0
T
+t2 1(8)Qi + [ hi(7)B} - Hy(7, s) - Bidr ) hi(s)ds.
[t ] >

For a sufficiently small ¢ > 0, it follows that
Jk(uo +th1,v°) - Jk(uo,vo) <0, Vk € {1,...,m},
which contradicts definition 3 and the theorem is proved. |

Theorem 3. Consider that Assumption 1 is fulfilled. If for (u°,v°) €
U xV we get

W = {(hl, ha) € Ly ([0, T),RP) x Ly([0,T),R") | 3(t1 > 0 < t5) such that
(uo + tlhl,’l}o) eUxV, (UO,UO + tQhQ) eUxV,
T

/[xoﬁkeAsBl +u®(s)Qk + /(uO(T)Bf—i—vO(T)B;)Hk(T, S)BldT] hi(s)ds<0,

0
T

[moﬁke_Ang +0°(s)Ry + / (u®(7) By +v° (1) B3 ) H (7, s)Bng} hi(s)ds >0,
0

Vk € {1,...,m}} ={(0,0)},

o\,%o

(9)

then (u®,v°) is a Pareto min-maz point for J on U x V.
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Proof. We suppose that (u°,v°) is not a Pareto min-max point for J on
U x V. Then there exists (u,7) € U x V such that

J(@,0°) < J(u®,0°) < J(u°, D) (10)

and there exist
either iy € {1,...,m} for which

Jio (@, v°) < Jip (u®,v°) < J4 (u®,0), (11)
or ko€ {l,...,m} for which
Jio (W, 07) < Jpy (0, 0°) < Jgo (u®,0) (12)
(hence (u®,v°) # (W, )).
Since U and V are convex sets and J is convex with respect to v and
concave with respect to v (Prop. 1), then for any ¢t €]0, 1] we get
(u,0) =t(u,v) + (1 —t)(u®,0v°) € U XV, (13)
J(u,v°) < J(u®,v°%) < J(u®,v),
and

{ either J;, (u,v°) < Jip(u®,v°) < Jjp(u®,v) (14

or Tio (U, 0°) < Jgo (u®,0°) < Ji, (u®, ).
Let (h1,ho) == (u,v) — (u°,v°).
For ¢ €]0, 1], from relation (13) we deduce
T
Je(u® + thy,v°) — Jp(u®,v° Qt/ xoﬁke_AsBl +u°(s) Qi+
0

T
—I-/ 7)B} +v°(7)B3) - Hi(7, s) - BldT}Ei(s)ds—l— (15)

0
T T
+t2/ $)Qk +/ 1(17)BY - Hg(7,s) - BldT:| F{(s)ds <0
0
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and

T
Je(u®,v° + thy) — Ji(u®, v° 2t/ xof’kefAng +u’(s)Rg+
0

+ [ (W) B; +0°(7)B5) - Hy(r,5) - Badr | Biy(s)ds+

(16)

—

T
+2 [ [Ra(s)Ry + / ha(7) By - Hy(7,5) - Badr | Bi(s)ds > 0
0

O\’ﬂo

ke{l,..,m}.

Taking into account Assumption 1 and the relations (15) and (16) it
results that

T T
/ [xoﬁke—ASBI+u°(s)Qk+ / (u® () Bi+v° () B3) -Hy(r, s)-BldT} R (s)ds <0,
0 0
(17)
and
T T
/{xof’ke_Ang—l—uo(S)Rk+/(u°(T)Bik+v°(T)Bg)-Hk(T, s)-Bng} hay(s)ds > 0,
0 0
o (18)
Vk € {1,...,m}, that is (h1, he) € W*\{(0,0)} which contradicts the hypoth-
esis and the theorem is proved. ]
Example. We consider
0 = [01] Qy =0, ] T=1,
U= {u GLQ( )}, u(t) €[0,1], t € [0,1],
V= {v ELQ( )}, v(t) € 0,1], t € [0, 1],
and the motion equatlon
z(t) + z(t) = u(t) —v(t), t €[0,1], )
*
z(0) = 1.

Let J = (Jl, Jg) : U x V — R?, where
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1
Ji(u(),v(+) = z*(1) +/ [2u2(t) —2(t)|dt
0

1
Jg(u +/ — 21}
0

The solution of system (%) is

and

z(l)=e! [1 + / (u(t) — v(t))etdt}
0
For finding a solution of the problem, we attach the functional

1

J((u), () = %[Jl(( ), ())—i—JQ((u-),v(-))]—x2(1)+/(u2(t)—v2(t))dt.

0

1
dt+e_21+/ tdt )
0

O\H

The functional J((u),v()) is convex with respect to u(-) € U and one
obtains

u(-)eU

e(v(+)) = min j(u(),v()):j(o,v()) = / t)dt+e? 1 /v e dt .
0

In order to show that the functional ¢ is concave we define

P(t) = p(tor () + (1 — tva(")) =

1 1
_ —/(tvl(s)+(1—t)vg(s))2ds+e_2 [1—/(tv1(3)+(1—t)v2(s))esdsr,
0 0
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from which, we deduce

1 1
20/ ) —wva(s ds+ [0/( 1(s) —vg(s))es_ldsrds.

Because
1 1 1
/ — vy(s esflds} 2ds < / (vi(s) — vz(s))2d3 . /62(31)ds,
0 0 0
it follows

, hence ¢(+) is concave. We get

in J(u().v()) = max = =J —e 2
max min J(u(),v() = max o(u()) = ¢(0) = J(0,0)

On the other hand, because the functional j(u(),v()) is convex with
respect to u(-) € U, we get

¢1(u(+)) :== max j(u(),v()) :j(u(-),O) :/uz(s)dzﬂ—e_2 [H—/u(s)esdsr,
0

v(-)eV
0

which is a convex functional.

Now

i T(u().v()) = _ _7 _ -2

Juin max J(u(),0()) = min o1 (u()) = ¢1(0) = 7(0,0) =,
hence

1 T . . — -2 — 1 T . . — 7
ur(I-l)l»EI1UvI(r~l)aé)§7J(U( ),v(-)) =e U%%}%u%lguj(u( ),v(-)) = J(0,0).

Therefore, a solution of the problem is (uo(-), v°(~)) = (07 0).

Remark 4. (i) The functionals Ji (u(-),v(:)) and Jo(u(:),v(-)) are con-
vex with respect to u(-) € U and concave with respect to v(-) € V. As above,
we deduce

ur(r_l)ienuvr(r})ae)%h (u(-),0(-) =e? = Urg_l)a&ur(r_l)ienuﬁ (u(),v(-)) = J1(0,0),
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and

B 3 P10 ) =27 i, i 2 (400 0) = (0.0,

hence

i 9),0()) = (e72,2¢72) = max min v(+)) = .
ol e T (u(),v(0)) = (€75,2¢75) = ma min J(u(),0()) = J(0,0)

In this case, we obtain the same solution (u°(-),v°(-)) = (0,0).

(13) Let o €]0,1[. Consider the functional

Jo(u(-),v(:) = aJi(u(),v() + (1 = a) 2 (u(), v()) =

=la+2(1-a)|z +/ 2a—i— (1—a)|u?(t) — [a+2(1—a)]v2(t)}dt:
0

~ (2-a) 1+/ 0)e'ar] } /[(1+a)u2(t>_(z_a)v2(t)}dt.

The functional Jo (u(-),v()) is convex with respect to u(-) € U and con-
cave with respect to v(-) € V and we deduce

ur(n)len"(,[vrgl)ae)%(]a (u()av()) = vr(n)ag%ur(n)lenuJa (u(),v()) = Joz(())())

We get (u°(-),v°(+)) = (0,0).
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