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Abstract

We study the behavior of solutions to the problem

UE(O) = UQe, u(/g(o) = Ule,

{ (1) + Arue () + w0) + Aouc(t) + B(ue(t) = £:0), t€ (0,7),

in the Hilbert space H as ¢ — 0, where A;, Ay are two linear self-

adjoint operators and B is a locally Lipschitz and monotone operator.
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1 Introduction

Let H be a real Hilbert space endowed with the scalar product (-,-) and
the norm | -|. Let A; : D(A;) C H — H, i = 0,1, be two linear self-
adjoint operators and B : D(B) C H — H a locally Lipschitz and monotone

operator. Consider the following Cauchy problem:

(Wl() + Ayua(t)) + ul(t) + Agus(t) + B(ue(t) = [(t), € (0,7),
ue(0) = upe, ul(0) = uye,
(P)
where € > 0 is a small parameter(e < 1), u,, f- : [0,7) — H.
We investigate the behavior of solutions u. to the problems (P.) when
uge — g, fo = f as e — 0. We establish a relationship between solu-
tions to the problems (P.) and the corresponding solution to the following

unperturbed problem:

{ V() + Agu(t) + B(v(t)) = f(t), te(0,T),

v(0) = ug (Fo)

If in some topology, the solutions u. to the perturbed problems (P:) tend
to the corresponding solution v to the unperturbed problem (Fp) as e — 0,
then the problem (Fp) is called regularly perturbed. In the opposite case,
the problem (P) is called singularly perturbed. In the last case, a subset of
[0, 00) in which solutions u. have a singular behavior relative to € arises. This

subset is called the boundary layer. The function which defines the singular
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behavior of solution u. within the boundary layer is called the boundary layer

Sfunction.

The problem (P:) is the abstract model of singularly perturbed problems
of hyperbolic-parabolic type. Such kind of problems arises in the mathemati-
cal modeling of elasto-plasticity phenomena. These abstract results are new
and can be applied to singularly perturbed problems of hyperbolic-parabolic
type with stationary part defined by strongly elliptic operators of high order.

A large class of works is dedicated to the study of singularly perturbed
Cauchy problems for differential equations of second order. Without pre-
tending to do a complete analysis of these works, we will mention some of
them, which contain a rich bibliography. In [15], [17], [28], asymptotic ex-
pansions of solutions and theirs derivatives for linear wave equations have
been obtained. In [3], [5], [8], [14], [22] the nonlinear problems of hyperbolic-
parabolic type have been studied. In [4], 7], [9], [16], [21], [23], [25] the
behavior of solutions u. to the abstract linear Cauchy problem (P:) has been
established as ¢ — 0, in the case when Ag and A; are positive operators
and B = 0. The nonlinear abstract problems of hyperbolic-parabolic type
have been studied in [10], [11], [12], [13], [18]. Under some assumptions,
closely related to those we use in this article, in [19] and [20] the author
analyzed the behavior of solutions to the Cauchy problem for the semi-linear
equation eu”(t) + Au'(t) + Bu(t) + f(u) = 0 in a Hilbert space, as £ — 0.
The coefficients are supposed to be commuting self-adjoint operators and the
function f is locally Lipschitz or monotone. The difference of the solution
and its singular limit has been estimated. The convergence rate has been
established in terms of the small parameter €. Also the difference of solutions
of nonhomogeneous equations with initial data u(0) = «/(0) = 0 has been
evaluated. All results from these papers were obtained by using the theory

of semigroups of linear operators.

Different to other methods, our approach is based on two key points. The
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first one is the relationship between solutions to the problems (P:) and (Fp)
in the linear case. The second key point are a priori estimates of solutions
to the unperturbed problem, which are uniform with respect to the small
parameter €. Moreover, the problem (P:) is studied for a larger class of
functions f., i. e. f- € W1P(0,T; H). We also obtain the convergence rate,
as € — 0, which depends on p.

Similar results have been established in the work [24], under the same
assumptions on the operators Ay and A; and by assuming that the operator
B is Lipschitz.

The organization of this paper is as follows. In the next section the
theorems of existence and uniqueness of solutions to the problems (P:) and
(Py) are presented. In Section 3 we present some a priori estimates of these
solutions. In Section 4 we present a relationship between solutions to the
problem (P.) and the corresponding solution to the problem (Fp). The main
result of this paper is established in the Section 5. More precisely, we prove
the convergence estimates of the difference of solutions and theirs derivatives
to the problems (P.) and (Fp). At last, an example is given to show the
applications of our main result.

In what follows we will need some notations. Let k € N*, 1 < p < 400,
(a,b) C (—o0,+00) and X be a Banach space. By W*?(a, b; X) denote the
Banach space of vectorial distributions u € D’'(a,b; X), ul) e LP(a,b; X),
7=0,1,...,k, endowed with the norm

3=

[ellwsopapsx) = ZHU o () for p e [l,00),

el s .oo (q,0,x) = Jnax |6 || oo (apxy for p= oo

In the particular case p = 2 we put W2(a,b; X) = H¥(a,b; X). If X is a
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Hilbert space, then H” (a,b; X) is also a Hilbert space with the scalar product

k b
_ @ (1), )
(e =3 [ (@ @.000) a.
For s € R, k € N and p € [1, 00| define the Banach spaces
WEP(a,b; H) = {f : (a,b) = H; fO (Ve ™" € LP(a,b; X), 1 =0, ..., k},

with the norms
HfHW;«p(a,b;X) = eristHWk’P(a,b;X)'
The framework of our study will be determined by the following condi-

tions:
(H1) The operator Ay : D(Ag) € H — H is linear, self-adjoint and

positive definite, i. e. there exists wg > 0 such that
(Agu,u) > wolul?, Vu € D(A);

(H2) The operator Ay : D(A;) € H — H is linear, self-adjoint,
D(Ap) € D(A;) and there exists wy > 0 such that

(A1u,u)| <wp (Aou,u), Yu € D(Ap).

(HB1) The operator B : D(B) C H — H s A(l)/2 locally Lipschitz, i.e.
D(A[l)/Q) C D(B) and for every R > 0 there exists L(R) > 0 such that

|B(uy)—B(up)| < L(R)|AY(u1—uy)|, Yu; € D(AY?), |AY*w| <R, i=1,2;

(HB2) The operator B is the Fréchet derivative of some convex and
positive functional B with D(A(l)/2) C D(B).
The hypothesis (HB2) implies, in particular, that the operator B is

monotone and verifies the condition

%B(u(t)) = (B(u(t)),'(t)), Vtela,b]CR
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in the case when u € C([a, b], D(A(l)/z)) N CY([a,b], H) (see, for example [26],
p. 29).

(HB3) The operator B possesses the Fréchet derivative B in D(Aé/Q)
and there exists L1(R) > 0 such that

‘(B’(ul)—B'(ug))v‘ < Li(R) |Aé/2(u1—u2)‘ ]A(l)/Q'U], Yui, ug, v € D(A(l)/g),

AV w| <R, i=1,2.

In what follows, we present an inequality of Gronwall-Bellman type, which

will be used to prove the main results of this work.

Lemma 1.1. Suppose that v, z, h : [a,b] C R — R, v € C([a,b]), z €
L*(a,b), h € LY(a,b), v(t) > 0 for t € [a,b] and z(t) > 0, h(t) > 0, a. e.

€ (a,b). If t o
u(t) + (/t 22(s) ds) /

0
t

< ¢ <v(t0) + /t h(s) ds) +c / z(s)ds, Vto,t € [a,b], t>ty (1.1)

to to

with cg > 0, ¢1 > 0, then
t 5 1/2
v(t) + (/ z4(s) ds)

< max {(200)40% (t=a)+1 (200)*40% (t*“)ﬂ} (v(a)—i—/at h(s) ds), vt € [a, b].
(1.2)

Proof. The inequality (1.1) implies

(/tt 22(s) ds) s

0

t t 1/2
< cov(t0)+co/ h(s)ds+cy (t—to)"/? (/ 22(s) ds) ,t, to € [a,b],t > to.

to to
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IfO0<t—ty<(2¢1)72 t, to € [a,b], then from this inequality, it follows that
t 1/2 t
(/ 22(s) dT) < 2cou(ty) + 200/ h(s)ds.

to to

From the last inequality and (1.1), it follows that

t 1/2
v(t) + (/ 22(s) ds)
to
t
< 2cov(to) + 2¢ h(s)ds, ¥t to€la,b], 0<t—tyg<(2¢1) 2 (1.3)
to
Let "
th = —, k=0,1... t b].
k a-+ (201)27 O’ , 1, k€ [(l, ]
Denote by

Then, from (1.3), we get

t 9 1/2
olt) + (/ 2(s)ds) " < 20 (v(te) + gt th) )y € [thstria] C [,
t
' (1.4)
In particular, from (1.4), it follows that

v(tk)—|—</tk 2(s) ds>1/2 < 2o (w(ti-1) + gt ti 1)), ltxo1,tx] C [a,b)

te—1

(1.5)
Using (1.5), we deduce the inequalities
y(tr) < coy(tu—1) + cov(ti—1) + 2c0 g(tk, th—1) < -
k-1 ' k=1
<chvla)+ Y g o) +2 ) ey Mgltyeaty), te € lab],  (L6)
=0 =0

v(tr) < 2¢o (v(tk—l) + 9(t, tk—l)) <.
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o
—

< (2c0) v(a) + 3 (200)" gltjersty),  th € [a.b] (L.7)

<.
Il
o

Inequalities (1.6) and (1.7) imply

ko

th —1 A
o)+ ([ 26ds)" < 2ot vla) + 3 2l gltye,t)

.
Il
o

k—1

< 2e0)* (o) + 3 /t T e0) I h(s) ds)

j=0 Yt

< (max{2e0, (260) ") (v(a) + / " s) ds). (1.8)

For each t € [a, b] there exists t;, € (a, b] such that t € [tg, tg+1] ort € (tgt1,0]
and b — t 1 < 1/4c?. Therefore, using (1.3) and (1.8), we obtain

o(t) + (/at Z2(S) ds)l/Z < o(t) + (/atk Z2(S) ds)l/Z N (/tt ZQ(S) ds)1/2

k

127 1/2

< (2¢0)v(tr) + (2¢0) /t h(s)ds + (/

tr a

22(s) ds)

< max { (2c0)F*, (200)_k+1}<v(a) n / t h(s) ds), £ € [t trt]-

As k <4¢c2 (t—a) for t € [t,try1], from the last inequality, we get (1.2). O

2 Existence of solutions to problems (P.) and (F)

In this section we will present the results about the solvability of problems
(P:) and (FPp) and also on the regularity of their solutions. They are not new
(see, for example, [1], p. 127) but we formulate and prove them in terms
of conditions (HB1) - (HB3) to specify the properties of smoothness of

solutions.
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Definition 2.1. Let T > 0 and f € L*(0,T;H), A : D(A) € H — H,
B :D(B) C H— H. The function u € L?(0,T; D(A) N D(B)) with v’ €
L?(0,T;H) and u" € L?(0,T;H) is called strong solution to the Cauchy

problem
u’(t) + o' (t) + Au(t) + B(u(t)) = f(t), Vte(0,T), (2.1)
u(0) = ug, ¢ (0) = wuq, (2.2)

if u satisfies the equality (2.1) in the sense of distributions a. e. t € (0,7T)

and the initial conditions (2.2) .

Definition 2.2. Let T > 0 and f € L*(0,T;H), A : D(A) € H — H,
B : D(B) C H — H. The function v € L*(0,T; D(A) N D(B)) with v' €
L?(0,T; H) is called strong solution to the Cauchy problem

V'(t) + Av(t) + B(v(t)) = f(t), Vte (0,T), (2.3)
v(0) = wo. (2.4)

if v verifies the equality (2.3) in the sense of distributions a. e. t € (0,7
and the initial condition (2.4).

Theorem 2.1. Let T > 0. Let us assume that the operator A : D(A) C H —
H is linear, self-adjoint and positive definite, i. e. there exists w > 0 such
that

(Au,u) > wlul?, Vu € D(A), (2.5)

and the operator B : D(B) C H — H satisfies (HB1) and (HB2).

Ifug € D(A), wuy € D(AY?) and f € WHH(0,T; H), then there exists a
unique strong solution u to problem (2.1), (2.2), such that u € C*([0,T); H),
A2y e CY([0,T); H), Au € C([0,T); H).

If, in addition, vy € D(A), f(0) — B(ug) — Aug — u; € D(AY?),
f e W20, T; H) and (HB3) is fulfilled, then AY?u € W2(0,T;H) and
u € W30, T; H).
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Proof. Let H = D(A'Y?) x H be the real Hilbert space endowed with the

scalar product
(U, Uz)y = (Al/Qul,Al/QuQ) + (v1,v2), U; = (uv), i=1,2. (2.6)
Let £:V = D(A) x D(AY2) — H be the operator which is defined by
LU = (—v; Au+v), U= (u;v) €. (2.7)
Let F : D(F) =R x H,
F(t,U)=(0; —B(u) + f(t)), teR, U= (uv)eH,

where f : R — H is the extension of function f such that f e WhHY(R; H)
and

|]f~’||W1,1(R;H) < C(T) |1fllwr1(0,400;r)- We examine the following Cauchy
problem in H

{ U'(t)+ LU(t) = F(t,U), teR, 28)
U(0) = U,
where U (t) = (u(t);v(t)), Uy = (up;u1). Since

(LU, U)y = o[> >0, VU= (u;v) €V, (2.9)

it follows that the operator £ is monotone. We will show that R(I+ L) O H,
from which it will follow that £ is even maximal monotone. Let G = (g; h) €

‘H be arbitrary. The equation
U+LU =G

is equivalent to the system

v (2.10)
Au+2u=2g+h.
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If g € D(AY?) and h € H, then the second equation from (2.10) has a unique
solution u € D(A) € D(A'Y2). From the first equation of the system (2.10),
it follows that v € D(AY?). Hence R(I + £) D H. Therefore, the operator
L is maximal monotone in H (see, for example, [1], p. 34). According to
Lumer - Phillips’s Theorem (|27], p. 58), the operator —£ is an infinitesimal
generator of a Cy- semigroup {S(t); t > 0} of contractions on H.

From (HB1), it follows that

| F(t,Ur) — F(t,Us)||n = |B(u1) — B(uz)| < L(R) ||U; — Us||n

for U; = (ui;v:), ||Uill < C(R), i = 1,2. Hence, the mapping F is locally
Lipschitz in ‘H with respect to the second variable. Then, there exists a > 0
such that the problem (2.8) has a unique C°-solution U € C([0,a); H) (see,
for example, [27], p. 183). As Uy € D(£) and f € WHY(R; H), it follows
that this solution is also a classical solution in [0, a). Indeed, let us examine

the function .
v(t) = /0 S(t—s)F(s,U(s))ds.

For t € (0,a) and h > 0, t + h € (0,a), we have

0
v(t—i—h)—v(t):/h S(t—s)F(s+h,U(s+h))ds

+/0 S(t — s) (f(s+h,U(s+h))—f(s,U(s)))ds. (2.11)

We observe that the function F is continuous in R x H and it maps the

bounded sets in R x H into bounded sets in H, because
17, D)l = | = B(w)+ F(£)] < [BO)|+L(R) [A2u+| £(0)|+ | Fllwra g
< C(R|fllwiigm). UeDF), |Ulu<R, te0a)

Therefore, from (2.11), it follows that

ot +1) = ol < [ (154 ) = Fo) + |Buts + 1) = Blus)]) ds
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t+h t
+Mh§h(M+/O yf’(s)|ds)+L(R)/O [|[U(s+h)—U(s)||3 ds, (2.12)

where M = max F(t,U)|. Since U(t) = S(t)Uy + v(t) and
te[O,aLHU(t)HHSR| (&0l (t) (t)Uo +v(?)

1St + h)Uo — S()Uoll3 < [|IS(h)Uo — Uoll < |[LUo]l3¢ I,
from (2.12), we obtain

UG +1) = U@l < (M + [ 1F6)ds + 1200l )

+L(R)/0 U (s + h) — U(s)| s ds.

From the last inequality, using Gronwall’s Lemma (see, for example, [2], p.

156), we deduce that
U (E+R)-U ()l < 2P (M4 / F/(9)lds+|1£Ul ) s t,t4+h € [0,0).
0

From here, it follows that the function t € [0,a) — U(t) € H is Lipschitz.
As f € WH(0,400; H), then it follows that F € W1(0,a;H). Because
Up € D(L), from the equality

U(t)=St)Uy + /Ot S(t—s)F(s,U(s))ds,

it follows that U is a classical solution to the problem (2.8) in [0, a).

In addition, if for some a > 0 U is the classical solution to problem (2.6)
in [0,a), then, due to (HB2), U is bounded on [0,a). Indeed, from the
equality

WO+ [ (LUE).UE), ds+ 28(u(t)

:\|U0H%+26(u0)+2/0 (F(s),0(s)) ds, € [0,a),

it follows that

VO < Vol +2B(u0) +2 [ (Fs).v(s))ds ¢ € [0.0).
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Using Lemma of Brézis, we obtain

1/2 7
U] < (Ul + 2(Buo)) " + 1| Flls sy ¢ € [0 a),

i. e. solution U is bounded on [0,a). This solution is also a C °-solution in
[0,a). Moreover, the function U is a global classical solution to the problem
(2.8) (see, for example, [27], p. 183).

Now, we will show that U possesses the right derivative at t = 0. Let

h > 0. Then we have that
d 2
p1U(h) = Uoll
= —2(£(U(h)) — L(Uy),U(h) — UO)H + 2(]—'(h, U(h)) — L(Up),U(h) — UO)H'
From the last equality, using (2.9), we obtain the the inequality
h
1U(h) = Uolf3, < 2/0 17 (s, U(s)) = LUo)|ln [IU(s) — Vol ds,

from which, using Lemma of Brézis, it follows that

h
U (R) = Upll < /0 1F(s,U(s)) = L{Uo)lln ds. (2.13)

Since F(s,U(s)) — F(0,Up) as s — 0 in H, we divide (2.13) on both sides
by h and pass to the limit as h — 0. We obtain

, 1
hH];foup 5 IU(R) = Uolle < |70, Uo) — L{Uo) |l (2.14)

As U is the strong solution to the problem (2.8) and the operator £ is mono-
tone, then, for every z € D(L), we have

S 100218, < 510 ~2lt [ (Fr,Um)-L2,U(r)=2), dr, 0 < s <t

s

from which it follows that

(U () = U, Uy = =)y, < 5 IU(H) =1,
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1 h
-3 |Uo — 2||3, < / (F(r,U()) = L2,U(1) = 2),,dr, h>0. (2.15)
0
In virtue of (2.14), there exists a subsequence hy | 0 such that
h ' (U(hy) —Up)) — q, weakly in  H.

Put h = hy in (2.15), then divide by hi and, in the obtained inequality, pass
to the limit as hg | 0 to get the following inequality

(q —F(0,Up) + L2,z — UO)H >0, VzeD(L).

Since the operator £ is maximal monotone in H, then, from the last inequal-
ity, it follows that ¢ = F(0,Uy) — LUy and g does not depend on the subse-
quence hg. Since all subsequences hlzl (U (h) — Uo)) converge in the weak
sense to ¢ and these subsequences, due to inequality (2.14), are bounded, it
follows that ¢ is a weak limit of the sequence h™(U(h) — Up)). It means
that

WY (U(h) — Uy)) = F(0,Up) — LUy, weakly in H, hl]O.
From the last relationship and (2.14), it follows that
—U(0) =lim — (U(h) — Up) = F(0,Up) — L(Vy).

Consequently, we have that U € C([0,00); H). It follows that u is the
unique strong solution to the problem (2.1), satisfying: v € C2(]0,00); H),
A2 € C1([0,00); H) and u(t) € D(A) for each t € [0,400). Since

|B(u(t+h)) — B(u(t))| < L(R) }A1/2 (u(t+h) —u(t))| =0, h—0,

where R = max }A1/2u(7')‘ and for each ¢ € [0, +00)
TE[Lt+1]

Ju(t +h) —u(t)|] < w2 [AY2 (u(t + k) —u(t))] =0, h—0,
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then it follows that B(u) € C([0,4o00; H). Therefore, from the equation (2.1)
it follows that Au € C([0,00); H). Consequently, we conclude that

we C*[0,T);H), AY?ueCY(j0,T);H), Aue C([0,T);H).

Let, now, u; € D(A), f(0)—B(uo)—Aug—uy € D(AY?), f € W2(0,T; H)
and the condition (HB3) be fulfilled. Then F(0) — LUy € D(L), F €
WhH(0,T; H) and

U'(t) = S(t)(F(0) — LUy) + /Ot S(t—s)F'(s)ds, t>0.
Therefore, for the function Uj (t) = U'(t + h) — U’(t) the equality
UL(t) = S(h)(S(t) — I)(F(0) — LTg) + /O " S(t— ) Fl(s)ds, t>0 (216)
is valid and the estimate
1S#)(S(h) — I)(F(0) = LUo)l2 < |IL(F(0) = LUo)] |3 I, (2.17)

HAuW_ﬁH“W%HSEW+b@M7 (2.18)

holds, where

0 ~
I (h) :/ |f/(s+h) — B'(u(s + t))u'u(s + )| ds,

) = [ (1] + (B, ) s

Due to (HB3), for I;(h), we have that

and

L(h) < Cy(h) . (2.19)
where

Cu(h) = £ O s+ (L1 (B) R1B/0) o™ /%) max |42 (s)|
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and R = m[aa:z] ‘A1/2u(s)‘. For I5(t, h), we have that
se|0,

t
Lt 1) < || l| 30y b+ Ca(T, 1) /0 | A2 (s)| ds

t
< 1Pt @ty b+ Ca(T, 1) /O U4(3)]],, ds, (2.20)

where

Co(T,h) = (La(Ra) Ry + [|B'(O)lw™2), Ry = [[ A2l oo o gy

From (2.16), using the estimates (2.17), (2.18), (2.19) and (2.20), we deduce
that

U5 0)] ] < (I£(F(©0) = £U0) s+ C1(h)

5 t
_i_Hf//|L1(07t+h;H)>h+C2(T,h)/0 U4(3)] |, ds, ¢ € [0,T).

Applying Lemma of Brézis to the last inequality, we get

U501, < (I1E(F(0) = £00) 3¢ + Cr(B) + 1"l 0y ) e T,
te[0,7T].
It follows that the function U’ : [0,7] — H is Lipschitz. Therefore,

U e Whe(0,T;H). It follows that A2y € W2*°(0,T;H) and u €
W3%(0,T; H). O

Theorem 2.2. Let T > 0. Let us assume that the operator A : D(A) C H —
H is linear, self-adjoint, positive definite, satisfies condition (2.5) and the
operator B verifies (HB1) and (HB2). Ifug € D(A) and f € WHY(0,T; H),
then there exists a unique strong solution to the problem (2.3), (2.4), such
that v € C1([0,T]; H), Av € C([0,T); H). For this solution the following

estimates

ol oo, + 1A 0lli20,0n) < OMo(), Vi€ (0,7, (2.21)
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HA1/2”HC([0,t];H) + 110 lleqo, g + HAI/QU/HL2(0,t;H)
< C(w)My(t), Vtelo,T], (2.22)

are valid, where
¢
Ma(t) = [uo| + [ (1£()] +1BO)) s,

Mi(t) = [Auo| + || fllwr 10,6 mry + [B(O)] + [ £(0)].

Proof. First of all we will show that every classical solution to the problem
(2.3), (2.4) verifies the estimates (2.21), (2.22). To this end we multiply in H
the equation (2.3) by v(¢) and then integrate the obtained equality. Taking

into account that the operator B is monotone, we obtain

lu(t)[? —|—2/0 (Av(s),v(s)) ds < |uo|? +2/0 (f(s) = B(0),v(s))ds, t>0.

From the last inequality, using Lemma of Brézis, we obtain the estimate
(2.21).
To prove the estimate (2.22) denote vp,(t) = v(t+h) —v(t), h > 0. Then,

as the operator B is monotone, for v, we obtain
t t
|vh(t)|2+2/ (Avh(s),vh(s)> ds < \vh(0)12+2/ (fn(s),vn(s)) ds, >0,
0 0
from which, using Lemma of Brézis, it follows the inequality

@1+ [ (A 0) ds <l + [ 1in)lds, 20

Divide the last inequality by h and pass to the limit as A — 0 in the obtained

inequality, in addition, using Fatou’s Lemma, we obtain

ol eqo, ;) + HAl/zWHLz(OJ; i S Mi(t), te[0,T]. (2.23)
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Multiplying scalar in H the equation (2.3) by v, using (2.23) and the fact

that the operator B is monotone, we get

A2 < (£(1),0(1)) — (v/(1),0(0)) — (B(0), v(t))
< [o(®)] (If ()] + BO)] + [/ (8)]) < Cw™ 2| AV20(0)| Ma(t), ¢ € [0,T).

From the last estimate and (2.23) the estimate (2.22) follows.

Let us prove the solvability of the problem (2.3), (2.4). Let {S(¢);t > 0}
be the Cp-semigroup of linear operators with the infinitesimal generator —A.
Let f be the extension of function f on R, which is defined in Theorem 2.1,
and F(t,v(t)) = f(t) —B(v(t)). Similarly, as in Theorem 2.1 it is proved that
F is a locally Lipschitz function in H with respect to the second variable, F
is continuous on R x H and maps the bounded sets in R x H into bounded
sets in H. Therefore, the proof of Theorem 2.2 follows the very same way as
the proof of Theorem 2.1. O

3 A priori estimates for solutions to the problem
(F:)

In what follows, we will give some a priori estimates of solutions to the

problem
eul (t) +ul(t) + Auc(t) + B(us(t)) = f(t), te(0,T), (3.1)

ue(0) = up, u.(0) = wuy, (3.2)

in the case when the operator B is monotone. These estimates will be uniform
with respect to the small € and will be used to study the behavior of solutions

to the problem (P.) when ¢ — 0.

Lemma 3.1. Let us assume that the operator A : D(A) C H — H is
linear, self-adjoint, positive definite, satisfies (2.5) and the operator B verifies
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(HB1) and (HB2). If ug € D(A),u; € D(AY?) and f € WH(0,00; H),
then there exists C = C(w) > 0 such that for every strong solution uc to the
problem (3.1), (3.2), the estimates

1/2 / 1/2
A e [l o, ;i) + luellz2 (0, 6,m) + (B(ue(t))> <m, Ve € (0,1], V¢ > 0,
(3.3)

ellu? oo, guny + 1l leqo, um + (1AL 2o 1,
< Ce2Lmity, vee(0,1], Vt>0, (3.4)

Ao < Cmz e voe 0172, vi>0, (3.5)
are valid, where
m = |A"?ug| + Jua| + [B(uo)[ "/ + || fl] L2(0,00:11)
my = |Aug| + [A?ur] + [ B(uo)| + B(uo)| "/ + || fllwr1 (0, o0:m):
If B=0, then, in (3.3), (3.4) and (3.5), L(m) =0, mz = m;y,
m = | A" 2ug|+[ur |+ || 1 £2(0,005))» M1 = [Auo|+| Ay [+]|f[lyw1.1(0, o051

Proof. Proof of the estimate (3.3). Denote by

Eo(u,t) = el ()2 + (Au(t), u(t)) +2 /0 I/ (7)|2dr + 2B(uf(t)).

Using Theorem 2.1, by direct computations, we obtain that, for every strong

solution u. to the problem (3.2), the equality

%Eo(us,t) = 2(f0). (). VE=0

holds. Integrating this equality, we get

Folt, 1) < Fo(u.,0) +/0 1£(5)| () ds, Vit > 0. (3.6)
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If f € WH(0,00; H), then f € LP(0,00; H), p € [1,00] and

1l zr(0,00:m) < C @) I FlIwr1(0,00;H)- (3.7)

Therefore, from (3.7), via to Holder’s inequality, it follows the estimate

1/2
A2 | oy + el 2o gy + (Blue(®)) )

< By (ue, 0) + | fll 120 4 1y + 1B(uo) V2, Ve € (0,1], Vi >0,

from which we get the estimate (3.3).
Proof of the estimate (3.4). Denote by ucp(t) = ue(t + h) — uc(t), Vh >
0, vVt > 0 and

E(u,t) =/ (t)|* + ;\ ()|2+8<Au +€/ |/ (7) |2dr

te (u(t), u'(t)) + /0 t (Au(f), u(T))dT. (3.8)

For every strong solution u. to (3.2), the equality

B t) = (220 (0) + e (0), o(6) — (Blacl®)), V>0 (39)

holds. According to (HB1) and (3.3), we have that

|(B(us(t))n] = [Blue(t +h)) = B(ue(t))] < L(m) [Auzp(1)]

and
12euly, 4 uen(t)| < 2(E(ugp, t)) "2,

Integrating the equality (3.9) on (to,t), we obtain

E(u€h7 t)

t
< E(uep, to)+2 / (Ifh(T)I+L(m>\Al/zuahm}) E'Y?(uep, ) dr, t > tg > 0.
to
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From the last inequality, using Lemma of Brézis and Lemma 1.1, we get
t 1/2
2
[uen ()] + ( / |AY 20z (7))
0

t
< Ce BB (uy,0) + / fa(r)ldr), W= 0. (3.10)
0

To obtain the estimate (3.4), divide (3.10) by h, then pass to the limit as
h{0.

Proof of the estimate (3.5). Let Ay be the Yosida approximation of
operator A. Let us define

Ey(u,t) = €<A,\u’(t),u'(t)> + (A,w(t),u(t))

n (A,\u(t), Au(t)) +2e (Aw(t), u'(t))

t

+o(1— o) /O t (A (7). () ) + 2 /0 (Avu(r). du(r))dr.  (3.10)

Due to Theorem 2.1, by direct computations, for every strong solution u. to

the problem (3.2), we get

%El(ug,t) - 2(f(t) — B(us(t)), Ayuc(t) + Aw;(t)), vt > 0.

Integrating this equality, we obtain

El (UE, t)

t
= Br(ue0)+2 [ (£(0) = Blue(r), Avue(r) + Axil(r)) dr, Ve 2 0.
0
(3.12)
Due to (HB2) and (3.4), for every t > 0, we have that B(u.) € W12(0,t; H)

and

[ |(Bten) [[ar < 2my [ 4t far

< CL*m) et F*Mim 2 vee (0,1, V¢>0. (3.13)
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Hence, B(u.) € W11(0,t; H) for every ¢t > 0 and the function ¢ € [0, 00) —
B(uc(t)) € H is absolutely continuous. Then

/ot (B(ue(T))aAwls(T)) dr = (B(Us(t))aA/\ué‘(t)>

_(B(uo),AwO) _ /Ot ((B(UE(T)))’,AWE(T)) dr

and the equality (3.12) will take the form
El(us,t) :El(UE,O)+Il(t,€)+12(t,6)+13(t,8), vVt > 0, (3.14)
where

n(t,2) = 2(£(8) = B(ue(), Anue(t)) = 2(£(0) = Bluo), Axuo )
) =2 [ (1) £10) = Blacn). A7) i

t
Iy(t,e) = 2 / ((B(ue(r))', Avue () )
0
Using (HB1), (3.3) and proprieties of the Yosida approximation ([1], p. 99),

for I;(t,e), we obtain

I (t,e)| < %|A,\u5(t)\2 + L2 (m) (| AV 2uc (1) + | A ?u))

+C (| Auol? + 1B (o) + 111110, 000 1)

1
< §<A)\u5(t),Au€(t)) +COmg? Vee (0,1/2], it 0. (3.15)
Due to (HB2), (3.3) and the properties of Yosida approximation, we have
that

‘B(ua(T))| < |B(uo)| + L(m) <|A1/2u5(7)| + ‘Al/QuOD, V1 >0,

and

1/2

Ei(us,t) >0, [Aus(t)] < Ey"(ue,t), Vee(0,1], Vt=>0.
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Therefore, for I(t,¢), we obtain
|Io(t,e)| < /Ot k(r)EV (ue, 7Y dr, Ve € (0,1], Wt >0, (3.16)
where
K() = £+ /)] + L) (|4 2ue(m)] + |4 2uo] ) + | Bluo).
Using the estimate (3.3), for k(7), we get
/Ot k(r)dr <O (L+1Lm)my, Ve (0,1/2, viz0.  (317)

Using the estimate (3.13) and the properties of Yosida approximation, for

I5(t, ), we obtain
t
Is(t,¢)| < / (Ave(r), Aue(r) ) dr
0
+C L*(m) e ™ im 2 Ve e (0,1], V> 0. (3.18)
Using the properties of Yosida approximation, for Ej(u.,0), we get
Bi(ue,0) < C (|42 " + [Awo|*), Ve € (0,1]. (3.19)
Hence, from (3.14), using the estimates (3.15), (3.16) and (3.18), we get

t
Ei(us,t) < C (m22 e4L2<m>t+/ k(T)Ei/Z(ug,T)dT), Ve € (0,1/2], Vt > 0.
0

From this inequality, using Lemma of Brézis and the estimate (3.17), we

obtain the inequality
B2 (ue,t) < my L2 m) ey o (0,1/2], Vt >0,
from which it follows that
(Asue(t), Auc()) < Cmy? 2 mH) ey e 0172, vt > 0.

Finally, passing to the limit in the last inequality as A — 0 and using the

properties of Yosida approximation, we obtain the estimate (3.5). U
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Let u. be the strong solution to the problem (3.1), (3.2) and let us denote
by
ze(t) = ul(t) + he™5,  h = f(0) —uy — Aug — B(up). (3.20)

Lemma 3.2. Let us assume that the operator A : D(A) C H — H is
linear, self-adjoint, positive definite, verifies (2.5) and the operator B verifies
(HB1), (HB2) and (HB3). If ug,u1,h € D(A) and f € W*1(0,00; H),
then for z., defined by (3.20), the estimates

1422l oo, oy + W2Elloqo, oy + 1AM 22| oo,

<Cmge't, Vee (0,1], Vt>0, (3.21)

are valid, where v = y(m) = 12(L2(m) + [m Li(m) + HB/(O)”"‘)_lﬂ]z)r
C = C(w,|[B(0)]]) and

m3 = || f|lw2.1(0,00:m) + |AR| + L1(m) my (1 + |[AY2R| + |AYuq)).
If B=0, then h = f(0) — Aup — u1 and
1422 oo, 1; m) + 12l loqo, s my + || AY22L Lo, )
<C(|Ah+u)] + 1 llweroum ), Ve € (0,1], VE=0.

Proof. Under the conditions of this lemma (B(ug))/ € W0, T; H) for € €
(0, 1], where u. is solution to the problem (3.2). Indeed, by Theorem 2.1,
u. € W3*(0,T; H) and AY?u. € W2°°(0,T; H). Therefore, using (HB3)
and Lemma 3.1, we deduce
|(B(ue(®))'| = | B (us(t)) ul(t)]
< <L(m) m + w12 ||B'(0)||) |AV2L(1)], Ve [0,T]. (3.22)

For h > 0 and ¢,t + h € [0,T], we have that

= (B))

1
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< ]h—l (B’(ug(t +h))— B (us(t))> L (t + h)] + (h—lB' (ue(t)) u;h(t))
< Ly(m) |71 AV ug, ()] |AYPul(t + b))

(Lo (m)m+ w2 || B/(O)]]) [ A2,

. Vte[0,T—hn], (3.23)

where
Uep(t) = us(t + h) —us(t), Yh >0, Vtel0,T—h).

Then we can state that (B(ua)/ € WH2(0,T; H) (see, for example [1], p. 34).
So (B(us)/ € WH(0,T; H) for every T > 0. Consequently, the functional
F(tye) = f'(t) — (B(ug(t)))/ + e~t/¢ Aa belongs to W1(0,T; H) for each
T > 0. Thus, according to Theorem 2.1, the function z., defined by (3.20),

is a strong solution to the problem

{ ezl (t) + 2L(t) + Az (t) = F(t,e), a.e. te(0,7), (3.24)
2:(0) =v1 + o, 2L(0) =0,
where

Flt,e) = f'(t) — (B(ug(t))) +et7 Aa (3.25)

and possesses the following regularity properties
2e € C%([0,00); H), A2z € CY([0,00): H), Az € C([0,00); H).

Let b > 0, z.p(t) = 2ze(t + h) — 2:(t) and let the functional E(u,t) be
defined by (3.8). By the direct computations, we obtain

%E(zah,t) = (Fult.e).zanl) + 2:2,(0). a e e (0.7~ h). (3:26)

Using (HB1), (HB3) and (3.3), we get
(B(uc(t)))') | < 0|AY22n(t)] + k(t, he),
h
where 70 = m Li(m) + || B'(0)|| w™/? and

k(t,h,e) = Li(m) | A ?ug, ()| |AYV2ul(t + 1)
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+(mLi(m) [420] + [1B'0)]| of) (=),

|zen (t) + 2622, ()] < 20(t),

where
V() = e 2L, () + % (2en(8) 2 + € (Azen(t), zen(t)) + & (2en(t), 2L, (1)),

integrating the equality (3.26) on (to,t), we obtain

v (1) —i—/ (Azen(s), zen(s)) ds

to

t
< v2(to) + 2 / (k1(s,h,e) + ’yo‘Al/Qzeh(s)D v(s)ds, t>1ty>0, (3.27)

to
where
ka(t,h,e) = k(t,h.e) + | [ (O] + (e77),, | Aal.
Applying Lemma of Brézis to the inequality (3.27), we get
1/2

v(t) + (/t (Azeh(s), zeh(s)) ds>

to

t t
< w(ty) + / ki(s,h,e)ds+ o / ‘Al/sth(s)‘ ds, t>tp>0. (3.28)
to

to

Applying Lemma 1.1 to the inequality (3.28), we deduce that
t 1/2
u(t) + (/ |A1/2z5h(s)}2ds)
0

t
<240t (v(O) +/ ki(s, h,e) ds>, vt > 0. (3.29)
0

Due to (3.4), we get

t
/ Wl ki (s,h,e)ds < Ce*PMimg  vee (0,1], Vt>O0.
0
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Then, from (3.29), it follows that
t 1/2
1 |zen| + pt </ ‘Al/Qzeh(T)‘z dT)
0

< Ce”(h’l EY2(2,0) + m3), Ve € (0,1], Wt > 0. (3.30)

Next we calculate the limits

lim 52 (zeh, 0) = |£'(0) — B (uo) ur — Ao+ w)P?,

lim A~ /\Al/%h \dT—/ |AY22 (7)) dr.
h10

Passing to the limit in (3.28) as h | 0 and using the last two relationships,

we get
|zl o0, + HAl/QZ;HL?(O,t;H) <Ce'mg, Vee(0,1], Vt>0. (3.31)

In what follows, we denote by

() = el () + [u()? + (Au(t), u(t)) +2(1 — <) /0 () [2dr

2 (u(t) (1)) +2 /0 t (Au(@).u(r)) dr. (3.32)
Then we have

d

ZE(eert) = Q(f(t,a),zg(t) + zé(t)), a e t>0.

Integrating the last equality, we obtain
t
E(ze,t) = E(22,0) + 2 / (]—"(s,a), 2e(s) + z;(s)) ds, Vt>0. (3.33)
0

Taking into account (3.20), (HB3) and (3.3), (3.4), (3.31), we get

/Ot ’(.7-"(3,5), z(s) + zé(s)) ) ds



Convergence estimates for abstract second order Cauchy problems 155

t
< [ (mLim) 42|+ 17(5)] + [Aale ) x
0

X (\u’s(s)| + o] e + |z;(s)y) ds < Ce*'tms? Ve € (0,1],V¢ > 0. (3.34)

For £(z¢,0) we have the estimate
£(2,0) < |+ w]? + [AYV (o + w)|? < C|AY2 (@ + w)|*. (3.35)
From (3.30), using the estimates (3.34) and (3.35), we deduce that

‘Al Qza|c (0.0 < Ce''mgz, Vee (0,1, Vt>0. (3.36)

From estimates (3.31), (3.36), the estimate (3.21) follows. O

4 The relationship between the solutions to the

problems (P.) and (F,) in the linear case

Now we are going to present the relationship between the solutions to
the problem (P.) and the corresponding solutions to the problem (Fp) in
the linear case, i. e. B = 0. This relationship was established in the work
[21]. To this end we define the kernel of transformation which realizes this
relationship.

For € > 0, let us denote by

K(t,r,e) = (Kl(t, T,€) + 3Ks(t, 1,e) — 2K3(t, T, 5)),

1
2\/me

where

se.re) =ew ()

3t+6 2t
Ky(t,r,e) = exp{ jl_e T}A( 2%)

Ks(t,1,¢) = exp{g} <;j;> A(s) = /:O e_’72d77.

The properties of the kernel K (¢, ,¢) are collected in the following lemma.
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Lemma 4.1. The function K(t,T,€) possesses the following properties:
(i) K € C(0,50) x [0,50)) N C2((0,50) x (0,00));
(i) K(t,7,e) =K r(t,1,6) — K (t,7,¢8), ¥Yt>0, V71>0;
(iii) eK,(t,0,e) — K(t,0,e) =0, Vt>0;
(iv) K(0,r,¢) = — {—l} Vr > 0;
) T)€) = 5_exp 5[ VT 20

(v) For every fized t > 0 and every q,s € N, there exist constants
Ci(g,s,t,e) > 0 and Co(q, s,t) > 0 such that

}8?82K(t,7, 5)‘ < Ci(g, s, t,e) exp{—Ca(q, s, t)T/e}, V7 >0;

Moreover, for v € R there exist C1,Cy and g, all of them positive and
depending on -y, such that the following estimates are fulfilled:

o
/ el ‘Kt(t,’i',&‘)‘ dr < Cre 'e®t, vee (0,e0], Vt>0,
0
oo
/ e ‘KT(t, 7',5)| dr <Cre e, Vee (0,e], Vt>0,
0

/ e’ |K7—T(t,7',6)‘ dr < Cre2e%?t, Vee (0,e0], Vt=>0,
0
(vi) K(t,7,e) >0, Vt>0, V7r>0;

(vii) For every continuous function ¢ : [0,00) — H with |p(t)| < M exp{yt}

the following equality is true:

lim ‘/ K(t,1,e)p(T)dT —/ “Tp(2eT)dr| =0,
t—0 0
for every e € (0, (2 ’}’)_1);
(viii)
/ K(tﬂ-? E)dT =1, Vt>0,
0
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(ix)

(%)

(xi)

(xii)

Let v > 0 and q € [0,1]. There exist C1,Co and gq all of them positive
and depending on v and q, such that the following estimates are fulfilled:

/ K(t,r,e)e’|t —1|7dT < C} eC2t /2 e € (0,e0], Vt>0.

0

If v <0 and q € [0,1], then

/ K(t,1,e) @7 |t —7ltdr < Ce2 (14 VD), Ve e (0,1, Vi>0;
0

Let p € (1,00] and f : [0, 00) = H, f(t) € W%’p(O,oo;H). If v >0,

then there exist C1,Co and g all of them positive and depending on ~y
and p, such that

‘f(t) — /Ooo K(t,T,s)f(T)dT)

<C eC’Qt ||f/||Lg(0,oo;H) 6(p—1)/2p7 Ve € (Oa 50]7 vt > 0.

If v <0, then .
VOR AR VT

p—

1
<COLP) I e opsm (14 VE) 7 D2 e e (0,1), VE>o0.

For every ¢ > 0 and o > 0 there exists a constant C(q,a) > 0 such
that

t o]
/ / K(7,0,¢)e %% |7 —0|* do dr < C(q, ) e, Ve > 0, Vt > 0;
0 Jo
Let f € WA}’OO(O,OO;H) with v > 0. There exist positive constants
C1,Cy and g, depending on vy, such that

]/ Ki(t,7,6)f(r)dr| < Cr %[ f' | s (ooosm): Ve € (0,80], Wt >0,
0
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Theorem 4.1. Let B = 0. Let us assume that A : D(A) C H — H s a posi-
tive definite operator and f € LE;O(O, oo; H) for some~ > 0. If u. is the strong
solution to the problem (3.1), (3.2), with u. € WWQ’OO(O, o0; H)N L (0, 005 H),
Auz € L3(0,00; H), then for every 0 < e < (47)~! the function w., defined
by
oo
we(t) = / K(t,1,¢) ue(7)dr,
0

1s the strong solution in H to the problem

{ wl(t) + Aw.(t) = Fy(t,e), a.e. >0,

5 Limits of solutions to the problem (F.) as

e —0

In this section we will prove the convergence estimates for the difference of
solutions to the problems (P.) and (Fy). These estimates will be uniform

relative to small values of the parameter e.

Theorem 5.1. Let T > 0 and p € (1,00]. Let us assume that the operators
Ao, Ay satisfy (H1), (H2) and the operator B verifies (HB1) and (HB2).
If ug, upe € D(Ap), uie € D(A(l)/Q) and f, f- € WYP(0,T; H), then there
exist C = C(T,p,wo, w1, L(p)) > 0, g9 = eo(wo, w1, L(1)), €0 € (0,1), such
that

lJue — U||C([0,T];H)
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<C (MQ(Ta u0€7u1€>f€) Eﬁ + |u0€ - U0| + Hfs - f||LP(O,T;H)>7V€ € (Oa‘SO]?
(5.1)

145 % us — A0l 120 ey

<C (M2(Ta UQe; Ule, fs) ef + |u05 - UO| + Hfs - f||L1"(O,T;H))avs € (0750]7
(5.2)
where ue and v are strong solutions to problems (P:) and (Py) respectively,

B =min{1/4, (p —1)/2p},

BT, ge wie, f2) = C(| Ay *uoe| + [Bluos)| " + |ure] + || fel lwroo1eam))

MQ(Tv UQe, Ule, fE)

= ‘AOUOE‘ + ‘AWOE‘ + ‘Aé/2uls| + |B(u05)] + ’B(U05)|1/2 + Hfa||wl,p(g,T; H)-

If B=0, then in (5.1) and (5.2), C = C(T, p,wp,w1), €0 = €0(wp,w1) and
Mz (T, uoe, w1, f=) = |Aouoe| + ‘A(l)ﬂme‘ + | Avuoe| + | fellwr w0, 7; 1)-

In this case B = (p—1)/2p in (5.1) and B = min{1/4, (p — 1)/2p} in (5.2).

Proof. During the proof, we will agree to denote all constants
C(T, p,wo, w1, L()), Mi(T, uoe, u1e, fe), o(wo,wr, L), v(wo, w1, L(p)) by C,
M1, g¢ and 7, respectively.

First of all, let us observe that, from (H1) and (H2), we obtain

(A1 +wiAo)u, u) = (A, u) +wi (Agu, u) > —wi (Aou, u) +wi (Agu, u) = 0.
Thus A1 4 wy Ag is positive, which implies
(A, 0)| <[ (A1 + 1 Ao, v) |+ n 143 *ul |45/
= (A1 + w1 40) 2, (Ar + 1 40) 2 0) + w1 |45l |47/ 0]

1/2 1/2
< ((Al +wi AO)U»U) ((Al + w1 Ag)v, U) +w |A(1)/2U| ’A(IJ/QU|
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< (2w1 (Aou, u)>1/2 <2w1 (Agv, v)>1/2

+w1)A1/2 ( ‘AW ’<3w1 ‘A /2 ‘ (AW ( Vu,v € D(Ag).  (5.3)

If f, f- € WhP(0,T; H) with k € Nand p € (1,00], then f, f. € C([0,T]; H).
Moreover, there exist extensions f , fa e Whe (0, 00; H) such that

{\fucqo,oo i+ Wfllweooocm < COD I fllwesorms 5

[ felleqo.o0ym) + 1 el w00 < C(T,p) | el koo :m)-

Let us denote by . the unique strong solution to the problem (P:),
defined on (0, 00) instead of (0,7) and f. instead of f..

From Lemma 3.1, it follows that . € W2*°(0, 00; H)N W12(0, 00; D(Ay)),
Al/2~6 € L5°(0,00; H), Aptie € L5°(0,00; H) with v = (wo, w1, L(p)). More-

over, due to this lemma and (5.4), the following estimates
1/2 - _
||A0/ uEHC([O,t];H) + HulaHLQ(O,t;H) <Cu, Vee (Oa 1]7 vt > 0, (55)

~ 1/2 ~ 2
Lo, ;) + 1Ay W20, ) < C WM, Ve € (0,1], V>0,

(5.6)
[[Aotiel |0,y 11y < CM2e®E 0TI e € (0,1/2], v >0,
are valid. By Theorem 4.1, the function w,, defined by
- [ K@ream
0

is the strong solution in H to the problem

wh(t) + (Ao + eAr)w.(t) = F(t,e), t>0, (5.7)

we(0) = wo,

for every e € (0,¢eq], where

Ft,e) = folt &) ure + /O T Kt me) fo(r)dr — /0 T K(t,7.¢) Blin(r) dr,
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fo(t, 6) —

1 3t t 1/t <
7 [Qexp {E})( g) - )\<§ g>], wy = /0 e T (2eT)dr.
Since Ay is closed, then from the estimates (5.5), we deduce that

1Ay *wel o, sy < C s Ve € (0,1], Vit > 0. (5.8)

Proof of the estimate (5.1). Using properties (vi), (viii), (x), from
Lemma 4.1, and (5.5), we obtain that

|te — welloqo. g: ) < C e, Ve € (0,e0], ¥t > 0. (5.9)
In what follows, let us observe that

‘Aé/Z(ﬂa(t) _ wgos))) < /OOO K(t,7,e) ‘A(l)/Q(ﬂg(t) _ ag(r))’ dr

] t
§/ K(t,,¢) / Aéﬂﬂlg(s)) ds| dr
0 T
e 1/2 t 1/2 2 1/2
g/ K(t,7e) |t — 7]/ / Al a;(s)] ds| dr
0 T
< Ce'tMyel/4, Ve € (0,e0], Vt=>0. (5.10)

Denote by R(t,e) = 9(t) — we(t), where ¥ is the strong solution to the
problem (Fy) with f instead of f, T = oo and w;, is the strong solution of
(5.7). Then, due to Theorem 2.2, R(-,¢e) € WVI’OO(O,OO; H) and R is the

strong solution in H to the problem

R'(t,e) + AgR(t, ) = eAww.(t) + B(w.(t)) — B(#(t)) + F(t,), a.e. t >0,
R(O, 6) = Ro,

where Ry = ugp — wp and

Flte) = f(t) — /OOO K(t,7,2)].(r) dr

—fo(t,e) ure — B(w:(t)) + /OOO K(t,7,e)B(u. (1)) dr. (5.11)
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Taking the inner product in H by R and then integrating, from (H1) and
(HB1), we obtain

2 t
A(l)/QR(s,e)‘ ds < ]R(t0,5)|2+2€/ (Alwg(s),R(s,E)) ds

to

|R(t,€)|*+2 /t

to

+2 | F(s,e) + B(we(s)) — B(0(s))| |R(s,e)| ds, Vit >ty >0.

to

Using (5.3), from the last equality, we deduce

R+ [

to

ds

2
A(l)/QR(s, 6)‘

< |R(to, )" +2 [ |F(s,e) + B(we(s)) — B(8(s))| |R(s,¢)| ds

to

t
+9w?e? /
to

Applying Lemma of Brézis to (5.12), we get

|R(t,e)| + </t:

< V3| R{t, ) + V3 [ 1F(5,2) + Blun(s)) — Bo(s))| ds

to

2
Aé/z’wg(s)‘ ds, Vit >ty >0. (5.12)

) 1/2
A(l)/2R(s, s)‘ ds>

2 1/2
A[l)/QwE(S)‘ ds) ) Vt >ty > 0. (5.13)

+3\/§w15(/t

to

Using (HB1), we get the estimate

|B(we(t)) — B(5()| < L()| A (we(t) — 5(t))| = L(p)| Ay Rt €)

)

which, together with (5.8) and (5.13), gives

|R(t,e)| + (/t:

AY/2 R(S,e)f ds>1/2 <2 ( IR(to, )]
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' Y12
+/ (1F(s,e)|+Ce)ds + L(p) / AY R(s,s)‘ ds), Vit > to >0
t t
0 ’ (5.14)
Applying Lemma 1.1 to the inequality (5.14), we get
Ll 5 1/2 .
|R(t,e)| + </ ‘AO/ R(s,a)’ ds) < 9e12L%( (,R()’
0
t
+ [ (Feal+oe)ds), vizo .15
0

From (5.6), it follows that

o0
|Ro| < |U0a—u0!+/ e
0

_T‘ﬂE(QET) — u05| dr < |ugs — ug|+

o) 2eT
/ e_T/ ‘@;(s)‘ dsdr < |ups — ugl+
0 0

o0
CeM, / THYET dr < |uge — ug| + CMae, Ve € (0,g].  (5.16)
0

In what follows, we will estimate |]: (t,e)‘. Using the property (x) from
Lemma 4.1 and (5.4), we have

f )—/Ooo K(t,7.€) J.(r) dr| < [F()~F-(t)|+ fe(t)—/ooo K(t,7,¢) fo(r) dr
<|f(t) -

)]+ C(Tap)Hfa,HLP(QT;H) eP=D/2p e e (0,0], Vt € 0,7

(5.17)
Since

eENVT)<C, Vr>0,
the estimates

/exp{;})\<\/7>d7<06/006_7/4d7§05, Vvt >0,
0
\/7 d7'<€ <;\ﬁ>dT§C€, vt > 0,

o | o

l\’)\r—t

O
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hold. Then
t
‘/ fo(r,¢€) dT‘ <Ce, Vee(0,e], ¥Vt>D0. (5.18)
0
In what follows we will estimate the difference
o
I(t,e) = / K(t,T,¢) B(ag(T)) dr — B(we(t)) = Ii(t,e) + Ix(t,e), (5.19)
0
where, due to the property (viii) from Lemma 4.1, we have

L(te) = /0 T K Te) (B(:(7) ~ B(we())) dr.

I(t,e) = /0 T Kt me) (B(we(f)) - B(we(t))> dr.

Using (HB1) and (5.5), (5.8), (5.10), we deduce the estimates
> 1/2 1/2
Li(te)| < L(u)/ K(t,7,) | AY e (r) — Ay *w.(7)| dr
0

< CMyetel/t Ve e (0,e], V>0, (5.20)
[B(wet)) = Bwe(n)| < L) |45 we(t) — Ag/*i=(1)]
L(p) | Ay *we (1) —Aé/” ()] + L(p) |A) *ae (1) — A *ac(7)|
Ve € (0,&0], Vt > 0, V7 > 0.

< OMyel/* (714677 +L(u) }J/Qa;(s)\ ds|,

Using the last estimate, (5.6) and properties (viii), (ix) from Lemma 4.1, for

I (t,e) we get the estimate

|I2(t,e)| < C' My eVtel/4

W [ K-
0

< CMye'tel/t Ve e (0,e], VE>0. (5.21)

1/2
V2l (s)2ds| " dr
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From (5.19), using (5.20) and (5.21), for I(¢,¢), we get the estimate
[I(t,e)] < CMaetel/t) Ve e (0,e)], Vt>0. (5.22)

Using (5.4), (5.17), (5.18) and (5.22), from (5.11), we obtain

t
/ |.F(7',6)‘ dr <C <M2 Eﬁ + Hfg — fHLP(O,T;H)>a Ve € (0,80], Vit € [O,T]
0
(5.23)
From (5.15), using (5.16) and (5.23), we get the estimate

1/2
I Rlleo.: 1) + 1AV Rl 120001

< C (M2 e” + Juge = wol + 11z = fllzsorsm ) Ve € (0.20], VE€ 0,71,
(5.24)
Consequently, from (5.9) and (5.24), we deduce

l[ite — Bllcqo,q:m) < e — welloo:m) + 1 Rlleqo,9:0)

<C (M2 &8 1 |uge — uo| + ||f- — flle(o,T;H)>, Ve € (0,20, Vit e[0,T].
(5.25)
Since u.(t) = . (t) and v(t) = 0(t), for all ¢t € [0, T, then the estimate (5.1)
follows from (5.25).
Proof of the estimate (5.2). From (5.10), it follows that

HA(l)/QuE - A(l)/QwE‘ ‘C([O’T};H) <COM,ye'/t, vee (0, e0]. (5.26)

Since u(t) = u-(t) and v(t) = 0(t), for all ¢ € [0,T], the estimate (5.2) is a

simple consequence of (5.26) and (5.24). O

Remark 5.1. If in conditions of Theorem 5.1 f, f. € WH(0,T; H), then
in (5.1), (5.2), 6= 1/4.
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Theorem 5.2. Let T > 0 and p € (1,00]. Let us assume that Ay, Ay satisfy
(H1), (H2), and B wverifies (HB1), (HB2) and (HB3). If ug, uge, Aouo,
Aguge, Aruoe, Buoe, uie, f(0), f-(0) € D(Ao) and f, f. € W?P(0,T; H), then
there exist C = C(T, p,wo, w1, L(u), L1(p1),||B’(0)]]) > 0, g9 € (0,1), g =
eo(wo, w1, L(p)), such that

[Jug — ' + hae_t/EHC([Q T);H) + HA(1)/2 (ule -+ hse_t/a) ‘ ‘L2(O,T;H)
<C (M%(T, Uoes Ute, fo) 8 + D€M4), Ve € (0, o), (5.27)
where us and v are strong solutions to (P:) and (Py) respectively,
he = f-(0) — (Ao + €A1)uoe — B(uoe) — u1e, B =min{l/4,(p—1)/2p},
p1 = C(p+ (Ao +eAr)uoe|),
M(T', uoe, uie, fo) = [Aouoe| + [Aruoe| + [(Ao + eAr)ure|+
+[B(uoe) Y2 + (Ao + eA1)he| + [ fellwzr0, 7, 1) + 1.
My(T, uo, f) = [Aouo| + [B(uo)| + || fllwr.v(0,7; m)-
D: = |[|fe = fllwr.r,1; 1) + [Ao(wos — uo)| + |B(uoe) — B(uo)l-
If B=0, then

|’u/6_vl+h€e_t/6’|0([0, T1;H) <C (M3 (T7 UQe; Ule, fE) E(p_l)/Qp—i_DE) ,Vee (07 EO]a

‘ }Al/Q (u/&‘_vl‘{'hse_t/e) | ’L2(O,T;H) <C (M3 (Ta UQe, Ule, fE) €6+DE) ) Vee (07 50]
with C' = C(T',wo,w1,p), €0 = 0(wo,w1), he = fe(0) — (Ao + eA1)uoe — uie,
M3(T7 UQe, Ule, fs) = ‘AOUOz-:’ + ’AI’U'OE‘ + ’(AO + EAI)“IS’

+|(Ao + eA)he| + (| fellw2p 0,7y + 1-

D. = |[|fe = fllwvro(0,1; 1) + [Ao(u0e — uo)|-
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Proof. In the proof of this theorem, we will agree to denote all constants
C(T,p, wo, Wi, L(,u), Ll(Ml)a HB/(O)| |)v 7(‘”07 Wi, L(M)) Ly (H))? 50((")07 Wi, L(H))?

M;3(T, uoe, uie, fe) by C, v, €0 and Ms respectively. Also we preserve for
o(t), Ge(t), f(t) and f-(t) the same notations as in Theorem 5.1.
By Lemma 3.2, we have that the function

Z(t) = AL(t) + heeVE, with he = f-(0) — w1z — (Ao + eA1)uoe — Bluge),
is the strong solution in H to the problem

{ e2(1) + 2L() + (Ao + eADE(t) = F(te), t>0,
(0) = fe(0) — (Ao +eA1)uoe — B(uo:), 2.(0) =0,

where
F(te) = fL(t) — (B(ae(t)) + e /% (A + eA1)he
and Z; possesses the properties

€ W>(0,00; H) N W 2(0,00; H), A2 € W2(0, 005 H).

Moreover, by this lemma and the second inequality from (5.4), the following

estimate

145 2 lleo, g m) + 1 leqo. e + 114622 | 2o,
<CMZWE Ve e (0,1], V>0, (5.28)
holds.
Since zL(0) = 0, from Theorem 4.1, the function w1, (t), defined by
wie(t) = /000 K(t,7,¢e)z:(r)dr, (5.29)
verifies in H the following conditions

{ W) (t) + (Ao + eA)wic(t) = Fi(t,e), a.e. t>0,
wla(o) = P1e,
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for every 0 < ¢ < g9, where

1(t,¢€) / K(t,r,e)f dT—/ K(t,1,¢) ())(T)dT

—/ K(t,7,e)e ™5 dr (A +eA1)h, @1 = / e "Z:(2eT)dr.
0 0

Moreover, since Ay is closed, we have
A2 T K( A
0 we(t t,7,¢€) 0 ze

< CM? e’W)t, Ve € (0,0, Vt € [0,T). (5.30)

Using (5.29), the property (viii) and (ix) from Lemma 4.1 and (5.28), we

get the estimate

Z:(t) — wi(t)] < /OOO K(t,7,€)|2(t) — Z(7)| dr

0 t 0
g/ K(f,T,S)‘/ }2;(5)’d5)dT§CM§ / K(25,7',5)|67t7677 dr
0 T 0

o0
< CM? / K(t,m,e)|t—7| ("7 + ") dr
0
< M3 Mt 2 e e (0,e0], Vt=>0,
which implies

|2 — wlsHC([M;H) <CMZetel/2 Ve e (0,e0], VE>0. (5.31)

Similar to the proof of (5.10), using (5.28), we get

1457 (2 = wid) | ooy < CMG MY, Ve € (0,20], VE>0. (5.32)

Let v (t) = #/(t), where ¥ is the strong solution to the problem (FPy) with f
instead of f and T' = oco. Let us denote by Ri(t,e) = v1(t) — wic(t). The

function Ry (t,¢) verifies in H the following equalities

Ri(t,e) + AgRi(t,e) = Fi(t,e) — I(t,e) + eAjwi(t), t>0,
R1(0,€) = Ryo,
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where

Ryo = f(0) — Agug — B(uo) — @1,

Fi( = f'(t / K(t,T,¢) dT—I—/ K(t,7,¢) e ™% dr (Ag+eA;)he,

I(t,e) = / K(t,7,¢) (B(a)) (r)dr. (5.33)

Due to estimate (5.28), it follows that Ryg € H. In addition, 1 € LY(0,T; H)
for each T' > 0. According to Theorem 2.2, AO/2~ € Wh2(0,T; H). There-
fore, due to condition (HB3) and the estimates (2.21), (2.22), we have that
(B(ﬁ))/ € L'(0,T; H) for each T > 0, because

[(BE@))| < 1B/ O @)+ L) |45 *50)| |47 (1)), a.e. t>0.

Similarly, due to (HB3) and the estimates (3.3), (3.4), we deduce that
(B(ﬂs))/ € L2(0,00; H). Using the property (ix) from Lemma 4.1, we con-
clude that I € L'(0,7; H) for each T' > 0.

Accordingly, using (5.30), similarly to (5.13) we obtain

Ri(t,2)| + 114> Rull 2o s 11y < V2IRi(t0, )|
t
+V2 [ |Fi(r,e) — I(1,¢)|ds
to

t 1/2
NI \Aé/2w15(3)12d5> V> 10> 0. (5.34)

to
Using the properties (viii), (ix) from Lemma 4.1 and the inequalities (5.4),

we get

/ K(t,1,e) f(r )df‘
| |+/ K(t TE‘f /(t)‘dT

<|f(0)- Né()‘""HfHHLPOooH/ K(t,me) [t—|®~ VP dr < |f'(6)=FL(0)]
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+C(T,p) || f2 | oo, 1y eP V%P, Ve € (0,50), VEE[0,T],  (5.35)
In what follows, we will evaluate the difference
I(t,e) = (B(o(t))) — / K(t,7,¢) (B(a)) (1)dr = Ii(t,€) + Dx(t,¢),
0

(5.36)

where

Ii(t,e) = (B((1)) — (B(uc(t)))’,

L(t,e) = (B(a.(t))) - i K(t,7,¢) (B(ac(r))) dr.

Using (HB3) and (5.5), (2.22), (5.2), we obtain the inequality

|L(t,)] = |B/(3(8) #(t) — B (1)) L (t))

< () | A (@ () — @l (1))
+L1(u1)\A3/2 (ﬂg(t) - ﬁ(t) ] |47 (t)|, Ve e (0,e0), a.e. te(0,T),
where 12(T) = Li(p)p + || B'(0)||. Since
V' (t) — @L(t) = Ri(t,e) + wie — Z(t) + he e 717,

due to (2.22), (5.2) and (5.32), we get

t t
|Ii(s,e)|ds < C (E’B M§+D5>M4+,u2(T) / ‘A1/2R1(s,5)] ds, (5.37)
to

to

for every € € (0,e0], 0 <to <t <T.

Now we are going to evaluate I5(t, ). As
‘(B(ae))/(t) . (B(ﬁe))'(r)‘ < I (t, 7€) + Ion(t, 7, €), (5.38)

where
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i

In(t,m,2) = |(B/(2:(8) — B'(@e(7)) ) (0

At the beginning, let us estimate I9; (¢, 7,¢). Using (HB3) and (5.5), (5.28),

we obtain

I (t,7,) < La(p) | Ay ()] | Ay % (aL(8) — (7))

+[|B'(0)]] i 7)| < C pa(T) | Ay (L) — (7)) |

< Cpa(T) (|A3/2(25< )= 2(n)| + |4 ke (7% + e771%) )
< C po(T / ‘A1/2~’ ‘d ‘+ ‘Al/Qh ‘( —t/a+e—T/a)>

1/2
< Can(r) (0= 72| [ 1R as] ™+ A (e )
5;CVQ(T)hdg<(éﬂLwnt4_éﬂLwnT)u__T“m

yetle 4 6—7/5)7 Ve € (0,g0], Vr >0, Vt>0.

From the last estimate, due to properties (viii) and (ix) from Lemma 4.1,

we get

/ K(17,2) In(t,7,) dr < C uo(T) M3 (M4~
0

+ / K(t,7e)e "/ dT), Ve € (0,20), Vte[0,T]. (5.39)
0
Now, let us estimate I22(t, 7,¢). Due to (HB3) and (5.6), (5.28), we obtain
Ina(t,m,€) < Ln(n) | A (ie(0) = (7)) | | 4 0)]
RYE: /2 1/2
< Lyi(p) ‘/ | A ﬂé(s)|ds‘ (‘Ao Z(t)] + | Ag hele_t/s) <CcM3 (eV(L(“))t

+67(L(“))7) X (eV(L(“))T + e_t/s) It — 7|2, Vee (0,1, Vr>0, Vt>0.
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From this estimate, due to property (ix) from Lemma 4.1, we deduce that

o
/ K(t,7,¢) Ing(t,7,6)dr < C M3 eY/*, Ve e (0,e0], Vtel0,T].
0
(5.40)
From (5.38), using (5.39), (5.40) and property (xi), from Lemma 4.1, we get

t
| Iy(7,¢)| dr < C M3 e'/4, Ve € (0,e0], Vo € [0,T), Vt € [0,T], Vt > to.
t
’ (5.41)
From (5.36), (5.37) and (5.41), it follows that

t
|I(s,¢)|ds < C (M§ e+ D5M4>

to
t

+ua(T) ‘A(l)/QRl(s,aﬂ ds, Ve € (0,20], Vto € [0,T], Vt € [0,T], t > to.
to

Applying Lemma 5.2 to (5.34) and using (5.30) and the last estimate, we get
[Ba ()] + 1140 Rl |20 11
< c(le(o,s)H/t | Fi(7,6)|ds+ M3 e + D M4) Vi > 10 > 0. (5.42)
For Ry, due to (5.28), we have
|Rio| < [£(0) = f=(0)] + |Ao(uo — uoe)| + e[ Aruoe| + | B(uo:) — Bluo)|

+/000 e " [Z(2e7) — Z(0)] dr < [f(0) — fe(0)] + [Ao(uo — uoe)| + | Aruoe |

2eT
1B (uge) - mH/‘ / §)|ds dr < | £(0)— £-(0)|+]Ap (o —ugc)|

+e|Ayuoe| + |B(uoe) — B(ug)| + C Mj e / e TT2VET gr
0
< CD.+CMje, Ve€ (0,z0. (5.43)

From (5.33), using (5.35) and property (xi) from Lemma 4.1, we get

t
|Fi(s,e)|ds < C M3 e’ + DMy,

to
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Ve € (0,e0], Vtop€[0,T], Vtel0,T], t>to.
Using the last estimate and (5.43), from (5.42), we obtain

t 1/2
st e + ([ 145 Rals.e) ds)

<C (M§ By D€M4>, Ve € (0,20], V€ [0,T],

which together with (5.31), (5.32) imply (5.27). O

6 Example

Let © C R™ be an open bounded set with C™ boundary 0f2. In the real
Hilbert space L?(f2), with the usual inner product

(u,v)—/ﬂu(x)v(w)da?,

we consider the following Cauchy problem

£0?u. + Opue + (Ao + 5A1)u€ + B(ug) = f(z,t), x€Q, t >0,

u?(x,O) =upe(x), Opuc(x,0) =ui(x), z€Q, (6.1)

M u,

ovJ
where 0y = (0z,,01,,...,0z,) and Ag(z,0;), Ai(x,0,) are differential op-
erators of orders m and ¢, respectively, of the following type: D(Ap) =
H?™(Q) 0 HE (),

=0, j=0,1,....m—1, t>0,
o0

Ao(z,0p)u(z) = Y (-1l o (aa(az)ao‘u(aﬁ)), u € D(Ay), aa € C™(S)
jal<m

(6.2)
and D(A;) = H?(Q) N H(Q),

Ay, 0p)u(@) = 3 (~1)1 0% (cal@)0u()), u e D(AY), co € CT(),
|a|<r

(6.3)
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where

a=(a1,...,00), @, €N, |a|=a1 + -+ ap, 0% = <(‘3(j;1)al<ain>an

We will suppose that operators A;, i = 0,1 are self-adjoint, i. e.

/Q (Al(x7am)u($)>v(x) dr = /Q u(x) (Ai(x,&v)v(x))dx, Yu,v € D(A<24)

Moreover, we will suppose that

> (aal@)€n €)= aollglP™, Vo € 9, V€ = ()} €R", a0 >0 (65)

laj<m

Conditions (6.4) and (6.5) assure the strong ellipticity of the operator Ay.
For r < 'm, conditions (6.2)-(6.5) imply (H1) and (H2).
Define the operator B by:

D(B) = L*(Q) N L2V (Q), Bu = b|u|%u.

If b > 0, then B is a Fréchet derivative of convex and positive functional B,

which is defined as follows
D(B) = L(Q) N L*(Q / )92 d
(B) @NIQ). Bu= — [ @)
and the Fréchet’s derivative of operator B is defined by the relationships
D(B'(u)) = {ve L*(Q):ulv e L*(Q)}, B'(u)v=>b(g+1)|ul?v.

First of all, let us observe that

/Tt %(\s\qs)ds) = (

1/2 1 1/2
[ topas| " = e - — |
q

1/2
< (q+ )t = 7I(JtP+ |72)

)Wt - m%‘ -

< (q+ Dt —7]"/?
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Then, if n > 2m and g € [0,2m/(n—2m)], using Holder’s inequality, Sobolev-
Rellich-Kondrachov embedding theorem and condition (6.5), we obtain

2
1Bur — Busl gy =¥ [ [lur(a) s (@) — ua(o) s (o)
Q

< C'(q,b)/g‘2 ‘ul(az) — 1@(3?)‘2 <|ul(x)‘2q + ‘ug(x)‘%) dx
< C(g,n,b)|lur — U2V|i2n/<n—zm> <HU1H Lansm(gy T [ Q)>
< Cla,b,m, Q)llur = wal By (11l ) + 1zl )

2
< C(q,n,b,0) A(l)/2(u1 —uz)‘ (\Al U1 |2q+ |4 /2uQ\2q> Yui, ug € D(AI/Q)
(6.6)

In the same way, if n = 2m, m > 1 and ¢q € [(m — 1)/2m, c0), we obtain

||Buy — BugH%Q(Q) < C’(q,b)/Q ‘m(a:) — uQ(x)‘Q <|u1(x)‘2q + ‘ug(a;)‘%) dx

< (g, D)llr = walFom gy (118111 2masmo1 ) + 14221
< C(qb,m, D)l = s ey (a3 ) + 12l o)

< C(q,n,b,0) Aé/z(ul —ug)‘ (\Al/Qu |2 + ]A1/2u2\2q> Yuy, ug € D(A1/2)

(6.7)
Similarly, we prove the inequality (6.6) in the case when n < 2m and ¢ > 0.
Due to inequalities (6.6) and (6.7), if © is bounded with C™ boundary 052,
the condition (6.5) is fulfilled and ¢ verifies

0,2m/(n —2m)], if n>2m,
(m—1)/2m),00), if n=2m, m>1,
o), if n=2 m=1,
o00), if n<2m,

el
el
e o,
€0,

then the operator B verifies (HB1).
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If n > 2m and ¢ € (1,2m/(n — 2m)], then, in the same way as the
inequality (6.6) was proved, we deduce that

(') = Bw)liaey = #a+ 1 [ [fm@ = fua(@)l] o) de

< C(g,) /Q (@) = wa(@)]? (Jun (@) PO + up (@) 207 ) o) da
< C(q,0) [[0]1F 2n/(n2m) o Il = U2H%zn/(n—(n—2m)q)(g)
2 1)

(1t [3576) gy + izl 350 2 ) <
< C(n,q,b,) |lur — |7 [l o 1)+H [
> n,q,o, U U2 HM(Q) v HP (Q U1 HI U2 HI

< C(n,q,b,Q) ‘A (ug — ug ‘ |Al/212|2

<|A(1)/2u1\2 -1 4 ]A(l)/2uQ\2 a=1) ), Yur, ug,v € D(AI/Q) (6.9)

Similarly, if n = 2m and ¢ € (1,m), then, we deduce that

(B (1) = B'(u2)) vl
C(g,b) /Q jur() — (@) ? (Jur () PO + s () 247D [o(w) 2 da

1
< O 0) 101121 0mmar gy 11 = 2] Bam gy % (Ilia 35 + w2l 3

1 1
< C(,4,b,9) [ur = gy 10l gy (1l ) + a3

2
< C(m, 0,5, ) [ A5 (1 = wa)| 1450l (145 2ua 07D | AG 2070,
(6.10)
1/2
for every ui,us,v € D(Ay' 7).

Also, if n =2m, m > 2 and ¢ > (3m — 2)/2m, then
(B (u1) — B'(u2))ol 220

C(g,) /Q jur(w) = (@) P (Jus (@) PO + up (@) 247D [o(w) 2 da
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< C(g,) |[v][Z2m gy llur — 2| |F2m g
2 1 2 1
X (HUIHL(zqm(q) 1)/(m=2)(Q + HU2HL(27m(q 1)/ (m— 2)(9))
1
SC(n7Q>baQ)Hu1_u2||%{{)”(Q)HUHHm (HulHHq ) +HU2HH )))

< C(n,q,b,9) ’A(l)/Q(ul 3 u2)‘2 \Aé/Qvf(\Aé/QUHQ(q_D n \A(l)/QWy?(q‘l)),
(6.11)
for every ui,us,v € D(A1/2)
Similarly, we prove the inequality (6.9), in the case when n < 2m and
g > 1. Therefore, if © is bounded with C™ boundary 0%, (6.5) is fulfilled

and ¢ verifies

(6.12)

g€ [l,2m/(n—2m)], if n>2m,
q€[l,00), if n<2m,

then, due to (6.9), (6.10), (6.11), the operator B verifies (HB3).
The unperturbed Cauchy problem associated to (6.1) is

Orus(x,t) + Ao(x, Op)ue(z,t) + Blue(z,t)) = f(x,t), 2€Q, t >0,
ue(7,0) = uge(z), = €Q,

&,

v lon =

(6.13)

According to Theorem 5.1, we have

Theorem 6.1. Let 2 C R™ be an open bounded set with C™ boundary OS2.
Let us assume that T > 0, p € (1,00], r < m, b > 0, q verifies (6.8) and
(6.4)-(6.5) are fulfilled. If up,up. € H*™ () N HP(Q), uie € HF(Q) and
f, f- € WHP(0,T; L*(Q)) then there exist C = C(T, p,ag,b,n,m,q,Q, 1) >0
and g9 = eg(ag,n,m,Q, 1), e € (0,1), such that

lue = vllcqorr2)) + e = vllL20.7; B2 ()

<C (M2(T, Uoe, Ure, fo) €7 + | fe = flliwor.r2()) + [luoe — UOHL2(9)),
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Ve € [0,e0],

where uz and v are the strong solutions to the problems (6.1) and (6.13),

respectively,
M2(T7 UQe, Ule, fa)

= 1145w | 2(e) + [ Aote | 20 + lAruoe |2y + el lwioo, 7220
(T, uoe, uie, fo) = C <||Uls||L2(Q) + ||A(1]/2UOEHL2(Q) + HfEHWLP(O,T;LQ(Q)))a
B =min{1/4, (p — 1)/2p}.

Using Theorem 5.2, we can prove

Theorem 6.2. Let 2 C R™ be an open bounded set with C™ boundary OS2.
Let us assume that T > 0, p € (1,00], 7 < m, b > 0, q verifies (6.12) and
(6.4)-(6.5) are fulfilled. If ue,uge, Aguo, he € H*™(Q)NHF(Q), uie € HFY(Q)
and f, f- € W2P(0,T; L*(Q)) then there exist
C=C(T,p,a0,b,n,m,q,Q, p, 1) >0 and €9 = eo(ag,n,m,Q, 1),
g0 € (0,1), such that

lul — v + hee %] cqo ;2200 + 11Ul — V' + hee 5| 2o 1 o)

< C (MQ(T7 Upe, Ule, f&) ‘Sﬂ + DEM4>7 Ve € [OaEOL

where uz and v are the strong solutions to the problems (6.1) and (6.13), re-
spectively,

he = fe(0) = (Ao +eA1)upe — B(uoe) —uie, pr1 = C(u+||(Ao+eA1)uoel|r2(0)),
Mo (T, e, w1, fe)
= 1|4y well 2 + Il Aouoe |20y + [ Avuoel 2@y + 1 fel lwroo, 7220
W 0e,wre, o) = O (Il + 145 *uael L2y + 1l lwroo, vz )
B =min{1/4, (p— 1)/2p}.

D. = |[fe = fllwrwo,rs2(0) + [[uoe — wol|p2() + [|B(uoe) — B(uo)l[r2(q)-
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Remark 6.1. If Q = R™ withn > 2m, q € [1,2m/(n—2m)] and there exists
co > 0 such that

|3 (ca@e ), [0 3 (aal@)en ) Vo e ve=(&)i e R

e <r la|<m

the statements of Theorems 6.1 and 6.2 remain also valid.
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