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Abstract

It is assumed that the dynamics of the capital of a firm is governed
by a Cauchy problem for a system of two nonlinear ordinary differential
equations containing three real parameters. In this paper we determine
a k > 3 order degenerated Hopf bifurcation point for this economical
model. To this aim the normal form technique is used.
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1 Introduction

The nonlinear dynamics theory enables us to understand and develop more
realistic processes and methods in economic models. The development of
the theory of singularities and the theory of bifurcation has completed the
multitude of ways at our disposal to analyze and represent more and more
complex dynamics, giving us the possibility of analyzing some systems which
were hard, if not impossible to approach by traditional methods. The study
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of nonlinear dynamics is of outmost interest because the economical sys-
tems are by excellence nonlinear systems. Many of these contain multiple
discontinuities and incorporate inherent instability being permanently under
shock actions, extern and intern perturbations.The classical methods based
on continuity, linearity and stability have been proven unstable for represent-
ing economic phenomena and processes with a higher degree of complexity.
The researchers are bound to follow these processes in a dynamic way, to
study qualitatively the changes that interfere with the implicated economic
variables as well as the results obtained with their help.There are several
models describing microeconomical dynamics. One of them is shown by the
subsequent model consisting in the Cauchy problem z(0) = xg, y(0) = yo for
the system o.d.e. in R?.

1.1 Mathematical model

Let K; be the capital of a firm at the time ¢ and let L; be the number of
workers. Then the production force reads y; = F(Ky, Ly). The dynamics
of the capital depends on the politics of firm development involving the net
profit ¢, the dividends covering by shareholders §; (where d;m; represents
the dividends and (1 — d;)m¢ are the remaining investments), the capital
depreciation by a coefficient p, and the income obtained by liquidation of the
depreciated assets at the revenue costs A;. Let 7, be the rate of change of
the capital, such that 7y = v,. Then, according to Oprescu [6], Ungureanu
[7]

{ K(t) = 7,(1 = 6 F(Ky, Ly) — (1= \) K
L(t) = a1 Ky + aa Ly —

where the dot over quantities represents the differentiation with respect to
time. Within this system K and L : R — R are unknown functions depend-
ing on independent variable ¢ (time), K — the capital of a firm and L- the
number of workers.

This study is made according to the simplifying assumption that the
parameters are considered constant pu, = u, 6 = 6, v, = v, & = A If
Y = VKL?‘Lé3 and the production has an increasing physical efficiency, i.e.
«a + (8 > 1, the above equations become

(1.1.1)

i = cx’y + bx
y=x+ay—1
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where we choose a =2, 3 =1, x = 3, Ky, y = oLy, B; = a1/ap, Bs = 1/ap
for g #0, a1 #0, a= V(1 —6), b= —u(l — \), c = aad/a;. In this way
the new state functions z and y are proportional to the capital and working
force respectively. In addition, the number of parameters was reduced from
eight to three.

1.2 Equilibrium points

Here a2,b,c € R are constant economical parameters and x and y are two
economical state functions which are proportional to the capital and working
force respectively.

The dynamics generated by (1.1.1) strongly depends on the three param-
eters. However, it is qualitatively unchanged for parameters lying in some
areas of the parameter space. Correspondingly, for various points in these
areas, the phase portraits are topologically equivalent.

In phase portraits formation a particular influence is exercised by the
equilibria. They are the starting points in the study of the dynamical bifur-
cation (understood as a negation of the structural stability).

In the (z,y) phase plane they correspond to the equilibrium points de-
noted by w .

The following cases hold:

a) b=c=ay=0= (1.1.1) has an infinity of equilibria w = (1,y0) ,Vyo € R
possessing the eigenvalues s; = so = 0;

b) b=c=0, as # 0= (1.1.1) has an infinity of equilibria @ = (1 — a2yo, ¥o),
Vo € R possessing the eigenvalues s; = 0, so = apo;

c) b=as =0,c# 0= (1.1.1) has a unique equilibrium @ = (1, 0) possessing
the eigenvalues s 2 = ++/c for ¢ > 0 and s1 9 = +iy/—c for ¢ < 0;

d) c=a3=0,b# 0= (1.1.1) has no equilibrium;

e) c=0,bagy # 0= (1.1.1) has an equilibrium © = ((), a;l) possessing the
eigenvalues s1 = b, so = ao;

f) b =0, cag # 0 = (1.1.1) has two equilibria w; = uy = (0,0égl)and

uz = (1,0) possessing the eigenvalues s; = 0,52 = a9 and s12 =

(a2 + /o3 + 40) /2, respectively;
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Figure 1: The surface S

g) as = 0, bec # 0 = (1) has an equilibrium @ = (1, —b/c) possessing the
eigenvalues s1 2 = (—b + b2 + 40) /2

h) asbc # 0 = (1.1.1) has three equilibria 1, = (0, a;l),

T — <c+\/c2+4bca2 c—\/02+4bca2> Ta— <c—\/02+4bca2 c+\/c2+4bco¢2>
9= , Uz = e ; :

2c ) 2can 2cas

In the general case h), the three equilibria can never coincide, neither in
the limit b, ¢, as — f+o0o . However, two of them can coincide at the points
of the parameter space situated on a surface S (Figure 1). More exactly if
up =2 = (1/2,1/2a2) . Therefore S is a hyperboloid with two sheets. It has
the equation ¢ = —4bas, where bas # 0 and , and its sheets are situated in
the octants characterized by ¢ > 0, bas < 0, and ¢ < 0, bag > 0, respectively.

In the domain determined by sheets of S and the plane on which it is
supported, (b, a2) , the system (1.1.1) has an equilibrium point. Outside this
domain, at the points which do not belong to S or the three planes b = 0,
c¢=0, ag =0, the system (1.1.1) possesses three equilibria.

We recall that on the sheets of S (1.1.1) possesses two equilibria and S
has no point in the plans of coordinates on the parameter space. We can have
two equilibria only on S and in the b = 0 plane without axes, one equilibrium
is double, namely wy = w3 = (0, a5 1), and another one Wy = (1,0) simple.
Let us notice that in this case ¢ # 0.
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Let us define the domains Dy and Ds determined by the sheets of .S and
the ¢ = 0 plane (b > 0, ag < 0 and b < 0, aa > 0, respectively). The domains
Dy and D5 do not contain Oc axis. There are three equilibria only for points
of the parameter space situated outside the domains Dy and D, .

System (1.1.1) can have one equilibrium only in the following three cases:

1) Points situated on the Oc axis without origin. In this case the equi-
librium is wy = (1,0);

2) The ¢ = 0 plane without axis. In this case the equilibrium point is
a1 = (0,057);

3) The ay = 0 plane. In this case the equilibrium is ws = (1, —b/c).

To points of the Ob axis without origin no equilibrium corresponds. For
points of the Oay axis including the origin there are an infinity of equilibria
situated on the straight-line x + asy — 1 = 0. On the Oas axis without
origin the corresponding equilibria have the form (z, (1 — x0)/a2). Among
them there is wy = (1,0) (corresponding to z¢p = 1), 41 = ug = (0,0zgl)
(corresponding to zp = 0) and wy = uz = (1/2,1/2a3) (corresponding to
xo = 1/2). It follows that to the points of the Oas axis without origin the
same equilibria @yand wy = w3 correspond as for the points of S.

The half axes as > 0 and as < 0 consist of accumulation points for S.
This is true both when S is considered as a topologic subspace of R? and
when S possesses the above property concerning the equilibria (i.e. ug = ug).

However, for points of the Oy axis without origin, apart from the equi-
libria @ and we = us, there exists an infinity of other equilibria depending
on the initial datum.

Finally, to the origin of the parameters space an infinity of equilibria of
the form (1, yp)corresponds. Among them, there is also the point ue = (1,0)
(corresponding to yo =0 ).

2 Nonhyperbolic singularities of Hopf type

2.1 Normal forms

Using the eigenvalues and the eigenvectors of the nonhyperbolic point of equi-
librium T3 corresponding to the values of parameters ag = b, ¢ < —4b%, we
put the system (1.1.1) in the normal form and emphasises that it corresponds
to a degenerated Hopf singularity.
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Proposition 2.2.1. Up to terms of degree greater than three system

(2.1.1)

& = ca’y + bz,
y=x+by—1

has around the equilibrium Us = (C_Q\C/Z, cggﬁg) et (u,v), where A = ¢® +
4b%c, the normal form

{ &5 = irxs + C’Egyg,,
s = —irys + Csy?2.

Proof. We carry the point u3 at the origin by means of the change of
coordinates 1 = z —u, y; = y — v. Then (2.1.1) becomes

{ i1 = —bxy + cuy; + cvz? + 2cuz1yr + ey, (2.1.1)

1 =21 + byx.

The matrix associated to the system linearized around the point (z1,y1) =
. —b 2 . . . . .

(0,0) is Q = < 1 gu > and it admits the purely imaginary eigenvalues

s1,2 = +iy/ % VeZtdbe % i) Hence us is a Hopf singularity. Let

P = (s1—0,1) be an eigenvector of @) corresponding to the eigenvalue s; = ir.

Then, p may be written in the form p = @ + it where @ = (—b,1),and t =

(r,0). The matrix P = ( 6

-b\ . .
1 is nonsingular and so, we may perform

the transformation

xT9 . Pil I . 1 1 b I

Y2 Yy r\0 r v
and obtain a system in (z2,y2). As the linearized system corresponding
at (x2,y2) has not a matrix in a diagonal form we perform the change

3 =M, 2 where M, = 0,5 . 0’5. . Therefore, T3 =
Y3 Y2 _075/L 075/L Y3

M.p1 < ;1 As M, is a matrix in the complex field it follows that
1
x3,y3 € C namely z3 = 73, (y3 is the complex conjugate of y3). We have

3 = plor+ (0+ir)yl, ys = [+ (b—ir)yr] or, @1 = s + 5lys,

Y = %(yd — x3). Thus, (2.1.1) becomes
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{ i3 = ires + L, (2.1.2)

?)3 = _iry?) + %7

_ 2, = 2 3, .3 2 — 2 _
where T' = agpxj +a20y3 +a1173Y3 +a3073 +azoy3 +a21T3Y3 +a2123Y3, 20 =
VA e b(vVA— i(c—2b% —/A+4irdb —ci(r+ib)?

be—5bvVA 5b 4 A a1 = c) a9 = ci(c irb) a30 = ci(r+ib) .

2r ’ - 8r ) - ar

In order to eliminate the nonresonant terms of second degree it is nec-

essary to complete the following table, where A,,; = (m-s) —s; and
Tt = s = (s1,89) [1].
Table 2.1

my | m2 | Xm1 | Xm2 | Ama | Am2 | bt | b2
2 0 a2 22 ir 3ir %ig %fg
RERR R NEAEaE e

It follows the transformation

( 3 ) - ( 1 ) +( el — graa — gl )
a a a

ys Ya Gt + Shhways — S

which introduced in (2.1.2), leads to the system

{ T4 = irxg + Axi + nyf + Cxiy4 + €x4yi,

iy = i Y. - 2.1.3
U4 = —irys + Az + Ayi + Ca3ys + Crayd, ( )

6a3,+a11a20+6irazo and C = 2az0a20— 3a11a20+3a11+61m21

where A = 12ir 12ir

In order to reduce the nonresonant terms of order three (2.1.3) we use
the table.
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Table 2.2
my | ma Xm,l Xm,? Am,l Am,? hm,l hm,Z
3 0 A A 2ir 47 5 yr
2 | 1] C C 0 | 2ir o
— J— . 6
1 2 g g —2ir 0 — % —Z
0 3 A A —dir | =2ir | —q= | —5-

Thus we obtain the transformation

A 3_C 2 _ A3
(“ ) — ( 5 ) | 25 T 25 T a5
A3 cC .2 A3
v Y5 s + 2 T5Y5 ~ 3 Y5
leading to the system

{ i5 = irxs + Calys, (2.1.4)

U5 = —irys + Cxsyz.

In this system we retained terms up to the third degree. Thus we ob-
tained the normal form in C. Obviously the second equation is the conjugate
of the first, therefore, up to terms of the third degree the normal form is
(2.1.4);.

Theorem 2.1.1 The Hopf singularity U3 is degenerated of order k > 2.
Proof. Taking into account the expressions of asg, a11, as1, r, A a direct
computation leads us to the expression of C' :

C = — i (166 +50% — @ + VA~ TH*VA). Since ¢ < —4b? it fol-

lows that 16b* 4+ 5b%c — 2 + evV/A — Th2VA < —4b? — ¢ — 3b%V/A < 0, hence
C # 0 and C is purely imaginary. Then (2.1.4) has the follow normal form,
according to Arrowsmith [1]:

(0 —ﬁ)(y1)+[<N§/2](y2+y2)k{a <yl>+b (—yz)}+
g0 y2 o TR g “\w

@) (]y|N+1>, B =+vdet AN > 3, [] represents integer part and ay, by € R
where a; = 0 and b; = ImC # 0, whence the conclusion of the theo-
rem. (Figure 1)

Corollary 2.1.1 The first Liapunov coefficient associated to system (2.1.1)'
is null (ReC' =0).
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-1 -0.5 0 0.5 1 1.5 2

Figure 2: Local phase portrait in the degenerated Hopf bifurcation, for
as =b=-0.1, c= —0.04.

2.2 Computation of the Liapunov coefficients

Proposition 2.2.1. The system (2.1.1)" is topologically equivalent to system

iy = —rys + corad + (2cu — 2vb)woys + 70“172;26“173/% + crzdys

b2
—2cbrays + L3, (2.2.1)
Y2 = TT2.

Proof. The transformation of coordinates

x1 = rxa — by,
Y1 = Y2

carries system (2.1.1)" in (2.2.1). In this conditions, according to Chow
and Wang [2] there exists a smooth function F(z) = (23 + y3) + O(|z, y®)
such that

m

(gradF,Xo) = > Vi(a3 +u3)""" + O(lz,y|™ ") (2:2.2)
=1
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where X is the vector field corresponding to (2.2.1), and V; are the Liapunov
coefficients.

Proposition 2.2.2. For the system (2.2.1) we have V1 =0 and

Vo=~ [13¢% + T8b% + Sbe + 104" — 908 — (3b + 5262 + 13¢) Ve? + 46%¢],

Proof. We look for F to the form F(z) = 5(z3 +y3) Z cha:QyQ
i+j=k k>3

Therefore, we have

(gradF, Xo) = r2zoys + 7 Z jCZ]$12+1y2 b r2aayy — Z icijah 1y%+1 +

i+j=3 itj=4
+1,7 2
cor?zs + cor icijxy Yy + 2c(u — vb)rasys +
i+7=3
2
1 cvb® —2cub
c(u — vb) E iciabyl T + fmcgy%—&-
i+j=4
2
cvb” — 2cub 2 1 12
E icijrh ] + er?adys +
+7=3
. 1 2
er E icijrst! 7+ — 2cbraay3 — 2ch E zczjzngy%Jr +
i+j=4 i4j=3
2
o 3 ¢b Z i—1, j+3
cb xays + S 1CijTy Yy
1+j=4

Identifying the monomials of degree three coefficients in (2.2.2) we obtain
the following system in unknowns c¢;;, ¢ +j = 3 :

rest + cor? =0,

—rciz =0,

3rcos — 2rear + cvb® — 2cub = 0,
2rc19 — 3regg + 2cru — 2cvbr = 0.

2cub—cvb®—2r2cv

The solution of this system reads c1o = 0, co1 = —cor, cg3 = 3 ,

2cu—2cvb
C30 = 3 -

Identifying the monomials of degree four coefficients in (2.2.2) we obtain
the following system in unknowns ¢;j, ¢ +j =4 and V}
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rcay + 3evresg = V7,

—rei3 + MCIQ Vi,

Aregy — 2regs + 2¢(u — vb)era + 2@@1 +cb? =0,

3rc1s — 3rcgy + corery + de(u — vb)eyy + 322y, — 9chr = 21,

2rcag — 4reqn + 2cvrcoy + 6e(u — vb)esg + cr? = 0,

the solution of which is Vi = 0, ¢13 = 0, 31 = —2c%uw + 2¢203b, cgq =
6272 + 202v2b2—i$2uvb—cb2’ ca0 = 0272 + 4c2u2—8c2uvb+4cZ;12b2—2021)27“2—1—67’

Remark 2.2.1. The result V; = 0 represents a new proof for Theorem
2.1.1.

Identifying the monomials of degree five coefficients in (2.2.2) we obtain
the following system in unknowns c¢;;, ¢ +j =5

rcqy + 4evreqy = 0,
cvb? 2cub

rcig + c13 + © 012 =0,
5regs — 2r023 + 2¢(u — vb)qg + ZM =0
drcyy — 3resy + cvrerg + de(u — ’Ub)CQQ + 3@031 + CT‘012

—4cbeay + #Ci{) =0,

3recog — 4reqr + 2cvregs + 6¢(u — vb)esy + 4@040
+2cresy — 6beegy = 0,

2regg — bresg + 3cvresy + 8c(u — vb)ego + 3eresp = 0

whence
c14 =0,
cqy1 = —4cvey,
co3 = |:3r( 16cur — 4M)040 — 2cvregy — 6¢(u — vb)esy — 2ere
—I—GCngo]
c39 = [3 sder(u — vb)egs + 630303 — 18c3v2ub? + 12c3vu?b + 4c2vbr?
+2%ub? — 2¢ vbg] ,

cs0 = 5—174 [2ress + 301)7'031 + 8c(u — vb)eqp + 3eresp)
2 2cb?

Co5 — 5023 — WCm B2 (C’Ub2 — QCUb)CQQ
By identifying the coefficients of the monomials of degree six in (2.2.2)
we obtain the following system in unknowns V5 and ¢;j, i +j = 6
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res1 + devresg = Va,
—rers + 2oy 4 ey = Vy

2reqg — 6rcg + 4evreqy + 10c(u — vb)eso + derego = 0
3ress — bresy + 3cvresy + 8c(u — vb)eqy + 5@ e50
+3cresr — 8cbeyg = 3Va,

4regy + 2cvrees + 6¢(u — vb)cse — 4rego + 4MC41+

2
2crege — 6beegy + %040 =0,

5reys — 3ress + corery + 4e(u — vb)eas + 3@032 + creys
—4cbegg + 36,5’2 c31 = 3V,
[ 6rcos — 27Coq + 2¢(u — vb)crg + QMC% — 2bcers + Qd’ coo = 0.

Since ¢15 = V2 , C51 = 72 — bevresp, by replacing the found value for 3resg

from the sixth equatlon in the fourth equation and taking into account the
found values for ¢;;, i + j = 5, we have

2.2

V, = —%13 + 78b%c + 5be + 104b* — 9003

—(3b + 52b% 4 13¢)v/ 2 + 4b2c.

The set V5 = 0 intersects the domain {ag =bc< —4b2} along a curve
73 the existence of which is proved by studying the sign of V5 in the domain
considered, and also by numerical methods (figure 3).

It is important to remark that the equilibrium w3 exists also on the half-
axis ¢ < 0 and in this case b = 0 implies V5 = 0. The curve 73 and the

negative half-axis ¢ < 0 divide the interior of the parabola as = b, ¢ = —4b?
in three regions:
Ulz{(b,b,c)y Vf<b<0},

Us = {(b,b,c)| c<0,0<b<b(c)},
Uy = {(b,b,c)y c<0,b(c) <b< f}

where ag = b, b = b(c) are the equations of the curve 5. It is easy to see
that Vo < 0 on Uy UUs, Vo > 0 on Us. As V5 =0 on 75 and on the half-axis
¢ < 0 it follows
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V=0

Figure 3: The sign of V5 in {ag =bc< —4b2} .

Theorem 2.2.1 The point of equilibrium U3 is locally a Bautin bifurca-
tion with the Liapunov coefficient Vo < 0 for (ag,b,c) € Uy UUs, a Bautin
bifurcation with the Liapunov coefficient Vo > 0 for (a2,b,c) € Us, and a de-
generated Hopf bifurcation of order k > 3 for a point of 5 or of the negative
half-axis ¢ < 0.

2.3 Conclusions

From economic point of view, the variation of capital K and labor L over time
it can be observed, starting from the initial significant data corresponding
to some points in the parameter space. Therefore, there are situations when
the system considered enable a periodic solution appropriate to a cyclical
economic evolution. Negative phenomena such as production shortage and
increase of unemployment rate and also the positive ones, featured by refur-
bishment of production capacities that could induce the growth of demand for
consumption goods and determination of employment level, can be relieved.
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