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WEAK SOLVABILITY FOR A CLASS
OF CONTACT PROBLEMS*

Andaluzia Mateif Raluca Ciurceat

Abstract

A unilateral frictionless contact model, under the small deforma-
tions hypothesis, for static processes is considered. We model the be-
havior of the material by a constitutive law stated in a subdifferential
form. The contact is described with Signorini’s condition. Our study
focuses on the weak solvability of the model, based on a weak formu-
lation with dual Lagrange multipliers.
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1 Introduction

The purpose of this paper is to investigate the weak solvability of a unilateral
frictionless contact problem using a technique with dual Lagrange multipli-
ers. The weak formulations with dual Lagrange multipliers allow to write
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efficient algorithms in order to approximate the weak solutions; see for ex-
ample [6, 7, 8, 9] where contact problems involving linearly elastic materials
were considered. An investigation of the weak solvability via dual Lagrange
multipliers for a class of elasto-piezoelectric or viscoplastic contact problems,
can be found in [6, 12, 13, 17].

In the present work, the behavior of the materials is described by using
the subdifferential of a proper, convex, lower semicontinuous functional and
the contact is modelled with Signorini’s condition with zero gap. The results
extend and improve the results obtained in the recent paper [13], where
a unilateral frictionless contact model for nonlinearly elastic materials is
analyzed.

Our investigation requires a background of convex analysis, functional
analysis, variational calculus, mechanics of solids and contact mechanics;
the reader can consult [3, 4, 5, 11, 14, 15, 16, 18].

The rest of the paper is structured as follows. In Section 2 we indicate
some notation and preliminaries. In Section 3 we state the mechanical model
and its weak formulation via dual Lagrange multipliers. In Section 4 we
deliver two abstract results. These abstract results will be applied in Section
5 in order to prove the weak solvability of the considered model.

2 Notation and preliminaries

Let us denote by S the space of second order symmetric tensors on R3.
Every field in R? or S® will be typeset in boldface. By - and |- | we will
denote the inner product and the Euclidean norm on R? and S3, respectively.
Thus,

w-v =, v = w-v)Y% u,ve R,

1/2

o-T=o0yTij, [T = (-T2 o178

Here and below, the indices ¢ and j run between 1 and 3 and the summation
convention over repeated indices is adopted.

Let Q C R? be a bounded domain. We introduce the following functional
spaces on {2,

H={u=(w)|uel’Q)}, N ={o=/(0y)]|oy=o0uecl* )}
Hy ={ue€ H|e(u) € H}, Hi={oc€H|Dive € H}
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where

e(u) = (g45(u)), eij(u) = %(ui,j +uji), Dive = (0i;).

The index that follows a comma indicates a partial derivative with respect
to the corresponding component of the independent variable. The spaces H,
‘H, Hy and H; are real Hilbert spaces endowed with the inner products,

(u,v)g = /Quwz‘ dz,  (u,v)m, = (u,v)y + (e(u),e(v))n,
(o, T)n = /Qo'z‘jTij drv, (o,7)n, = (0,7)n+ (Dive, DivT)y.

The associated norms on the spaces H, H, H; and H; are denoted by || - ||z,
I llss 1l - llzy and || - 2y, respectively:

We assume that the boundary of €2, denoted by I, is Lipschitz continuous.
We denote by v the unit outward normal vector on the boundary, defined
almost everywhere.

Let us denote by « the Sobolev trace operator,

v Hy — L33,

and by Hr, the image of H; by =, i.e., Hr = ~y(H;). We recall that v is
a linear, continuous and compact operator. Moreover, it is known that the
space Hr is a Hilbert space. In addition, we recall that there exists a linear
and continuous operator Z,

7: Hy — Hj,

such that
v(Z(¢)) =¢ V¢ € Hr. (1)

The operator Z is called the inverse to the right of the operator ~. We
consider the Hilbert space

V={veH |yv=0ae onl}. (2)

‘We underline that
Y(Z(yv)) =yv Vv eV
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For a vectorial field v, we denote by v, and v, the normal and the
tangential components on the boundary, defined as follows,

Uy =YV -V, Uy =YV — U,V

Let Ty be a measurable part of I' such that meas(I'1) > 0. Let us re-
member Korn’s inequality: there exists cx = cx (€2, I'1) > 0 such that

lle()|ln = cxl|v||H,, YveV.

Using Korn’s inequality, it can be proved that the space V is a Hilbert space
endowed with the following scalar product,

() : VXV =R (u,v)y=(e(u),e(v))x.
Keeping in mind (1), it is straightforward to verify that
Z(¢) eV V¢ e v(V).

Furthermore,

R: (V) =V, R(C)=Z(Q), (3)

is a linear and continuous operator.
According to [13], the space (V) is a closed subspace of Hr. Thus, v(V)
is a Hilbert space endowed with the inner product

(5 )y (V) x (V) = R, (€ @)y(v) = (€ @) VE, @ € (V).

For a regular (say C') stress field o, the application of its trace on the
boundary to v is the Cauchy stress vector ov. Furthermore, we define the
normal and tangential components of the Cauchy vector on the boundary
by the formulas

oy =(ov) v, o,=0V—0,V
and we note that the following identity takes place,
oV -V=0,0V,+0+ V.

Finally, we recall the useful Green formula,

(o,e(v))y + (Dive,v)g = / ov-vda Yv € Hj. (4)
r

For a proof of the formula (4) and more details related to this section, we

send the reader to [4]. In order to facilitate the reading, we recall some

elements of convex analysis.
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Theorem 1. Let (X, (-, )x, |l llx), (Y,(C,)v, |- |ly) be two Hilbert spaces
and let AC X, BCY be non-empty, closed, convex subsets. Assume that a
real functional £ : A x B — R satisfies the following conditions

Vue B, v— L(v,pu) is conver and lower semicontinuous;

Yoe A, p— L(v,pu) is concave and upper semicontinuous.
Moreover,

A is bounded or lim L(v, up) = oo for some g € B

[|[v]| x —o0,veA

and

B is bounded or lim inf L(v, p) = —o0.
l|ully —o0,n€B veA

Then, the functional L has at least one saddle point.

For the proof of this theorem see [3]; more details on the saddle point
theory and its applications can be found in [1, 2, 3, 5]. We also recall the
definition of Gateaux differentiable functions.

Definition 1. Let (X, (-,)x, |- ||x) be a Hilbert space. Let ¢ : X — R and
let ue X. Then ¢ is Gateaux differentiable at u if there exists an element

Vo(u) € X such that

o Bt ) — o)
t—0 t

= (Vo(u),v)x, YvelX.

The element V¢(u) which satisfies the relation above is unique and is
called the gradient of ¢ at u. The function ¢ : X — R is said to be Gateaux
differentiable if it is Gateaux differentiable at every point of X. In this case,
the operator V¢ : X — X that maps every element u € X into the ele-
ment V¢ (u) is called the gradient operator of ¢. The convexity of Gateaux
differentiable functions can be characterized as follows.

Theorem 2. Let (X, (-,")x,| - |lx) be a Hilbert space and let ¢ : X — R be
a Gateauz differentiable function. Then, ¢ is convex if and only if

6(v) — $(u) > (Vo(u),v —u)x, Vo€ X,

For the proof of this theorem we refer e.g. to [10, 16].
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3 The model and its weak formulation

We consider a body that occupies the bounded domain Q C R2, with the
boundary partitioned into three measurable parts, I'y, I's and I's, such that
meas(I'1) > 0. The unit outward normal to I' is denoted by v and is defined
almost everywhere. The body (2 is clamped on I'1, body forces of density f,,
act on 2 and surface traction of density f, act on I's. On I's the body can
be in contact with a rigid foundation. In order to describe the behavior of
the materials, we use a nonlinear constitutive law expressed by the subdiffer-
ential of a proper, convex, lower semicontinuous functional and the contact
will be modelled using Signorini’s condition with zero gap. We denote by
u = (u;) the displacement field, by € = (g;5) the infinitesimal strain tensor
and by o = (0;;) the Cauchy stress tensor. To resume, we are interested to
study the following problem.

Problem 1. Findu:Q — R3 and o : Q — S3, such that

Divo(x) + fo(x) =0 in £,
o(x) € dw(e(u(x))) in Q,
u(x) =0 on I'y,
ov(x) = fy(x) on Ta,

o.=0, u,(x) <0,0,(x) <0,0,(x)u,(x) =0 onTs.
Let us assume that the densities of the volume and surface forces verify
fo€ H; fy€ L*(I2)". (5)
Concerning the constitutive function w we assume:

w: 8% —[0,00) is a convex, lower semicontinuous functional, (6)
there exists a1, as > 0: agle|? > w(e) > asle|* Ve € S3.

To give an example of such a function, we can consider
. g3 1 g 2
w:S? —[0,00), w(s)—iAs-s+§|s—PK€| (7)

where A is a fourth order symmetric tensor satisfying the ellipticity condi-

tion, 3 is a strictly positive constant, K C S3 denotes a closed, convex set

containing the element Ogs and Py : S — K is the projection operator.
We are interested to write a weak formulation of Problem 1.



Weak solvability for a class of contact problems 31

Let us define a functional as follows,
W:H—[0,00), W(rT)= / w(T(x))dx.
Q

Since o(x) € dw(e(u(x)), we have

w(e(v(@))) —w(e(u(@) = o(@)-(e(v(z)) - e(u(2))),

a.e. in Q, Vv € H;y.

For regular enough functions involved in the writing of Problem 1, after
integration on 2 and using Green’s formula (4), we get

W(e(v)) — W(e(u)) > /FO'I/ < (yv — yu)da
—(Dive,v —u) g, Yv € Hy,

and from this
W(e(v)) — W(e(u)) 2 g fa (yv —yu)da
+ [ ov- (o yudat (Fov - wa eV,
I's

where V' is the functional space defined by (2).
Next, we define the functional

TV = [0,00), J()=W(e)). (8)

Using Riesz’s representation theorem, we define f € V' as follows,

(f,v)y = f2~'y'vda+/f0-vdx, Vv e V.
Ty Q
Let us denote by D the dual of the space (V). We define the following
subset of D,
A={peD: (p~yv)<0,Vyv € K}, (9)

where
K={yve~vy(V):v,<0ae. onls}.

Here and everywhere below, (-, -) denotes the duality pairing between D and
y(V).
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In addition, we define the bilinear form

b:VxD— R, blvpu)= (uyv) YveV,ueD (10)

and the Lagrange multiplier A € D,

</\7'7'U> = _/ oyvda, Vv € 7(V)
I's

Thus, we are led to the following weak formulation.

Problem 2. Findu € V and X € A such that

Jw) = J(u) +bv—u,A) > (f,v—u)y, YveV
b(u,p — ) <0, Yu € A.

The solvability of this weak formulation of Problem 2 will be analyzed

in Section 5, based on the abstract results in Section 4 .

4

Abstract results

Let (X, (-, )x,|| - llx) and (Y, (-,-)y, || - ||y) be Hilbert spaces. We consider
a functional J as follows,

J : X — [0,00) convex, lower semicontinuous, (1)
there exists m1, ma > 0: my||v||% > J(v) > ma|jv]|3 Vv e X.

In addition, we consider

b: X xY — R a bilinear form such that
i) there exists My, > 0: |b(v, p)| < Myp|jv||x||nllyVv € X, n €Y,

b(o. ) ()
ii) there exists « > 0:  inf sup @t > q.
neYut0y vex ooy |Vllxllelly
Finally,
A is a closed, convex, unbounded subset of Y that contains Oy . (13)

We are interested to prove the existence of the solutions of the following

variational problem.
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Problem 3. Find u € X and \ € A such that

Jw) = Ju)+bv—u,\) > (fio—u)xy YveX
b(u,pp—A) <0 Vi e A.

Theorem 3. Assume (11), (12) and (13). Then, Problem 3 has at least one
solution.

The proof of this theorem will be carried out in several steps.
We underline that A is an unbounded subset of the space Y. Let us define

Ap={p €A |ully <n},

a bounded subset of A, for every n € N*.
We state the following auxiliary problem.

Problem 4. Find u, € X and X\, € A,, such that

JW) = J(up) +b(v — up, Ap) > (fyv—up)x Yo e X, (14)
b(un, pt = Ap) <0 Vi € Ay (15)

Lemma 1. Problem 4 has at least one solution.
Proof. Let us define
L:XxA,— R, L(vu):=Jw)—(f,v)x +bv,u).

A pair (up, Ap) is a solution of Problem 4 if and only if it is a saddle point
of the functional L, i. e.

L(tn,y ) < L(tun, An) < L(v, \p), Vo € X,Vu € A,. (16)
Indeed, the first of the inequalities above is equivalent to the inequality
b(un, b — Ap) <0, Yu € A,

After replacing £ from its definition, the second of the two inequalities (16)
becomes

J(U) - J(un) + b(U — Un, )\n) > (fv v = un)Xa NORS Xa

so the equality between the set of solutions of the Problem 4 and the set of
saddle points of the functional £ is proved.
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Now we prove that the functional £ has at least one saddle point.

Keeping in mind the definition of the functional £ , as J is convex and
lower semicontinuous and the functional b is bilinear and continuous, it is
straightforward to deduce that, for all p € A, v — L(v, p) is convex and
lower semicontinuous, and, for all v € X, u — L(v, p) is concave and upper
semicontinuous. In addition, we note that

L(v,0y) = J(v) +b(v,0y) = (f,v)x =ma|vlk — | fllx[lvllx,
which allows us to say that

lim L(v,0y) = 0.
[[v]l x —o0

Then, also taking into account that A, is a bounded subset of the space
Y, we apply Theorem 1 to deduce that the functional £ has at least one
solution. Since the set of the solutions of Problem 4 is the same with the set
of the saddle points of the functional £ , we conclude that Problem 4 has at
least one solution.

Lemma 2. There is some ng > 0 such that | An,|ly < no.
Proof. Let us assume that |\, ||y = n,Vn > 1. By using the inf-sup property
of the form b, see (12), we get

b(w, A
allh\lly < sup M
weX, w0y |lwllx

Let us take w € X w # 0x, arbitrarily chosen. Putting v = u,, — tw with
t > 0in (14), we have

b(tw, Ap) < (f,tw)x + J(up — tw) — J(uyp,).
Therefore, taking into account (11) we reach to
th(w, A\p) < t(f,w)x + ma|u, — tw|%-
Consequently, we get

b(w, An) mi||u, — tw||3
s < Ifllx + t||nw—||XX
2m ([lun|% + #*[wl%)

tlwlix

< [Ifllx +
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As we have considered ¢t > 0, now we put t = W and so
b(w, A\,
) <+ 2+ 1) a7)

If v=0x in (14), then

J(un) < =b(up, A\n) + (f, un)x
Then, if we put p = Oy in (15),

—b(tn, An) < 0.

So,

J(un) < (frun)x < [|flLxllunllx-
Since

J(un) = malun|%

we infer that

So, by (17) , we deduce
b(w, An) I1£1%
= < fllx +2m 1),
ol (o )
and then
b(w, A f
sup ( ) < HfHX + o, (” HX )

weX w0y [lwlx

Thus, by our assumption, for all n > 1,

I1£11%
an < | fllx + 2m 5
m

2

+1),

which is impossible.
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[Proof of Theorem 3] Let ng > 0 be a positive integer such that || Ay, |y < no
and let € A be arbitrarily fixed. We define

0= Ang + (1 — Ang)-

This element o is an element of A,,,. Indeed, if © = A,,, we can take ¢ = 1;
if 1 # A\, then, we take € such that |¢| < w. Since
0 I )\n()”Y
b(Ung, 0 — Ang) <0,
we have
eb(Ung, o — Any) < 0.
As p was arbitrarily fixed, we deduce

b(Ung, b — Ang) < 0, Y € A.

It follows that (un,, An,) is a solution of Problem 3.

Under additional assumptions, we investigate the uniqueness and the
stability of the solution of Problem 3. More precisely, in addition to (11),
(12) and (13), we consider the following assumptions

J: X — [0,00) is Gateaux differentiable, (18)
there exists L > 0: ||VJ(u) — VJ(v)|x < L||u—v||x
Yu,v € X, (19)
there exists m > 0: (VJ(u) — VJ(v),u —v)x > mllu—v|/%
Yu,v € X. (20)

Theorem 4. Assume (11), (12), (13), (18) and (20). Then, Problem 3 has
a unique solution. If we assume in addition that (19) holds, then the solution
depends Lipschitz continuously on the data f.

Proof. The set of the solutions of Problem 3 coincide with the set of the
solutions of the following problem: find u € X and A € A such that

A (VJ(u),v)x +b(v,\) = (f,v) VYo € X,
(P)‘{ b@,u—A)go : Vi€ A
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Indeed, if (u, \) is a solution of the problem (P), then
(VJ(u),v —u)x +b(v —u,\) = (f,v—u)x YvelX.

As J is Gateaux differentiable and convex we know that

(VJ(u),v —u)x < J(v)—J(u), YveX.

Taking into account the last two relations, we conclude that

Jw) = J(u) +bv—u,\) > (f,v—u)x YveX,

and due to the fact that b(u,u — ) <0 Vu € A, this means that (u, \) is
a solution of Problem 3.
Conversely, let (u, A) be a solution of Problem 3. Consequently,

JW) = J(u) +bv—u,\) > (f,v—u)x YveX. (21)

Let ¢ > 0 be arbitrarily chosen. Using the above inequality with u + tv
instead of v we get
J(u+tv) — J(u)
t

> (f,v)x —b(v,\) YveX.
By taking ¢ — 0 we have
(VJ(u),v)x > (f,v)x —b(v,\) YvelX. (22)

On the other hand, if we put u — tv instead of v in (21) it follows

J(u+ (=t)v) — J(u)
—t

< (f,v)x —blv,A\) Wve X,
and taking again ¢ — 0 we have
(VJ(u),v)x < (f,v)x —b(v,\) YvelX. (23)
The relations (22) and (23) lead to the equality
(VI (w),0)x = (f,v)x —b(v,\) Vo€ X,
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which allows us to conclude that (u, A) is a solution of the problem (P). The
problem (P) has at least one solution since we already know that Problem
3 has at least one solution.

We prove now that the solution of the problem (P) is unique. For this
purpose we consider (u1, A1) and (ug2, A2) solutions of the problem (P). Thus,

(VJ(U1) - VJ(UQ),U)X + b(v, Al — /\2) =0 YveX,

and for v = ug — uy

(VJ(ul) — VJ(UQ), Uy — ul)X + b(UQ — UL, A — )\2) =0.

Since
b(uz —u1, A1 — A2) <0,
we deduce that

(VJ(ul) - VJ(uQ),ul — UQ)X S 0.

Using (20), we obtain
mljuy — usl|% < (VJ(ur) — VJ(ug),uy —ug)x <0,
and from this, we conclude u; = us. Moreover, as
(VJ(u1) = VJ(u2),v)x +b(v,A\1 —A2) =0 Yve X,
we get
b(v,A\i — X)) =0 VYveX.

Thus, by the inf-sup property of the form b we get

b(v,\{ — A\
alAd — Aslly < sup M

=0,
veEX vA0x vl x
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and so it follows that A\; = A2. Finally, we conclude that the problem (P)
has a unique solution. Consequently, Problem 3 has a unique solution.

Next we prove that the solution of the problem (P) depends Lipschitz
continuously on the data f. For this purpose we consider (u1, A1) and (ug, A2)
solutions of the problem (P) corresponding to the data fi; and fs, respec-
tively. Therefore

(VJ(U1>,’U)X+b(’U,)\1) = (fl,’l))X Yv € X,
(VJ(u2),v)x +b(v,A2) = (f2,v)x Vve€EX,

and then
b(v, A1 = A2) = (f1 = f2,0)x + (VI (uz) = VJ(wm),v)x Vv € X,
which, for v = u; — ug, leads to
(VJ(u1) = VI (u2), ur —uz)x = (f1— f2,u1 —ug) x +b(ug —u1, Ay —Aa). (24)
From the inf-sup property of the form b we get

al]d; — Xolly £ sup M
veEX,w#0x HUHX
—  sup (fr— fo,v)x + (VJ(uz) — VJ(u1),v)x
veX,vA0x HUHX

< [[VJ(u1) = VI (u2)l[x + lf1 — follx,
and, using (19), it follows that
al|Adr = dolly < Lfur —usl[x + [lf1 — follx- (25)
Now, from (24) and b(ug — u1, A1 — A2) < 0, we can write
(VJ(u1) = VJ(uz),ur —u2)x < (fi — fo,ur —u2)x
<|If1 = fallx[lur — uallx.
This inequality together with (20) leads us to
mllur —usllx < |[fi — follx. (26)

Thus, from (25) and (26), we conclude that there exists A = A(L,a,m) >0
such that

lur — uallx + [|A1 = A2lly < Allf1 = fallx-
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5 The solvability of Problem 2

The purpose of this section is to study the solvability of Problem 2 using the
abstract results delivered in the previous section.

Theorem 5 ( An existence result ). Assume (5) and (6). Then, Problem 2
has at least one solution.

Proof. Using (5) and (6) we deduce that the functional J, see (8), has the
properties (11). As w is a convex lower semicontinuous function, it follows
that J is also a convex lower semicontinuous function. In addition,

J(w) = /Q wle((@))de > oy /Q e(v(@))2dz = as(e(v), e(v) = as|lv].

J(w) = /Q w(e(@))dz < ar o]

The bilinear form b, see (10), and the subset A, see (9), verify the required
properties (12) with X =V and Y = D. We can write

b(v, )| < lelipllvll vy,

and from this, due to the fact that -+ is a linear and continuous operator, we
deduce that there exists M > 0 such that (12)-i) is verified.

Using the operator R, see (3), it can be proved that there exists o > 0
such that the form b defined in (10), verifies (12)-ii). Indeed, there exists
¢ > 0 such that

< p,w >
lullp = sup W
wey(V), w#0~ YV)
< ¢ sup blfiw, p)
B wey(V), w#0,y, | Rwlv
b
< ¢ sw (v, )

veV,v£0Qy ||vHV ’

and we can take o« =

Il =
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We end the proof of this theorem by applying Theorem 3, thus getting
the existence of the solution of Problem 2.

Let us assume in addition to the hypotheses (5) and (6) the following
hypotheses.

w is Gateaux differentiable, (27)
there exists L > 0: |Vw(e) — Vw(7)| < Lle — 7|
Ve, T € S3, (28)
there exists m > 0 : (Vw(e) — Vw (7)) - (€ = T) > m|e — 7|2
Ve, T € 53, (29)

Taking into account the properties of the projection operator, it can be
proved that the function w given by example (7), verifies also (27)-(29).
Let us prove the following theorem.

Theorem 6 ( An existence, uniqueness and stability result ). Let us assume
(5), (6), (27)-(29). Then, Problem 2 has a unique solution. Moreover, if
(u1, A1) and (ug, A2) are two solutions of Problem 2 corresponding to the
data f, fo €V, then there exists C > 0 such that

lur —wzllv + [[A1 = A2llp < O f1 — Fallv (30)

Proof. The set of the solutions of Problem 2 coincides with the set of the
solutions of the following problem: find w € V and A € A such that

(VJ(u),v)y + b(v, A)

(f,v)v YveV
blu,p—A) <0

Y € A.

IA I

Using (27)-(29), we deduce that J : V' — [0, 00) verifies (18)-(20). Indeed,
J(u+tv) = J(u) _ / w(e(u(@) +tv(@))) —wle(u(®)) ,
Q

t t '

and, as w is Gateaux differentiable, for any 6 > 0 there exists some 1 > 0
such that for |[t| < n we have

J(u+tv) — J(u) > / Vw(e(u(x))) - e(v(x))dz — dmeas(Q),
t Q
J(u +tv) — J(u)

; < /QVw(s(u(cc))) -e(v(x))dx + dmeas(Q).
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Consequently, J is Gateaux differentiable and

(VJ(u),v)y = /QVw(e(u(:n)))'e(v(m))d:c.

Then, in order to prove (19) , we consider

(VJ(u) = VJ(v),w)y

IVJ(u) = VJ(v)|y =  sup
WeV,WHA0y |wl|v
— swp Jo(Vw(e(u(z)) — Vu(e(v(z)))) - e(w(z))dz
WeV, W0y |wllv
L (Vele®) - Vele(v)), e(w)n
WeV, W0y |wllv
< sup [Vw(e(u)) — Vw(e(v))llnHe(w)HH’
WeV, W0y |w|lv

which, together with |e(w)|x = |wl|yv and (28), implies that the next
relations hold true:

V() = VI(@)lly < [Veo(e(u) - Veolew)lh
< Llle(u) - e(v)x
— Llu - oy

Now, using (29), we prove that J verifies (20):
(VJ(u) —VJ(v),u —v)y =
= /(VW( (u(®))) = Vw(e(v(@)))) - (e(u(x)) — e(v(x)))dx

> m [ le(u(@)) — (ol@) e =

= mfu— vl

At this point, we recall that J is also convex and lower semicontinuous
and the form b verifies (12) with X = V and Y = D. Thus, we may ap-
ply Theorem 4, getting that Problem 2 has a unique solution and also, for
(u1, A1) and (w2, A2) two solutions of Problem 2 corresponding to the data
f1, fo2 €V, there exists C' > 0 such that (30) holds.
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Hence, the weak solvability of Problem 1 is substantiated.
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