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Abstract

The aim of this paper is to prove some viability results for semi-
linear reaction-diffusion systems governed by multi-valued continuous
perturbations of infinitesimal generators of Cy—semigroups.
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1 Introduction

The purpose of this paper is to prove some viability results referring to
a class of semilinear reaction-diffusion systems, results announced without
proofs in Burlica [1]. Let (X,| - ||x) and (Y, - ||y) be real Banach spaces,
A:D(A)CX — X and B: D(B) CY — Y the infinitesimal generators of
two Cp-semigroups, {S4(t) : X — X;¢t >0} and {Sp(t) : Y — Y;t > 0}
respectively, L a nonempty and locally closed subset in X xY, F: K — Xa
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given function and G : K ~ Y a given multi-function. We consider a semi-
multi-valued reaction-diffusion system of the form:

u'(t) = Au(t) + F(u(t),v(t)), t>0
V'(t) € Bu(t) + G(u(t),v(t)), t>0 (1)
u(0) =¢, v(0)=mn,

where £ € X, neY.

Definition 1. By a mild solution of the multi-valued Cauchy problem (1)
on [0,T] we mean a continuous function (u,v) : [0,T'] — K, for which there
exists g € LY(0,T;Y ) such that g(s) € G(u(s),v(s)) a.e. for s € [0,T] and

u(t) = Sa(t)€ +/0 Sa(t —s)F(u(s),v(s))ds
o(t) = SB(t)n+/0 Su(t— 5)g(s) ds

for each t € [0,T].

Definition 2. The set K is viable with respect to (A+ F, B+ G) if for each
(&,m) € K there exists T > 0 such that the Cauchy problem (1) has at least
one mild solution (u,v):[0,T] — K.

2 Preliminaries

We assume that the reader is familiar with the basic concepts and results
concerning multi-functions, linear evolution and semilinear differential inclu-
sions in Banach spaces and we refer to Carja [4] and Vrabie [9] for details.

In the sequel (X, | -||) will always be a Banach space. For £ € X and
p > 0, D(&, p) denotes the closed ball in X of radius p centered in £ and
dist(E, K) denotes the usual distance between the subsets E and K, i.e.
dist(E, K) = inf(:v,y)eExK |z —yl|.

We begin by recalling some definitions and basic results concerning u.s.c.
multi-functions, the Hausdorff measure of noncompactness and uniqueness
functions.

Let K be a subset in X and F : K ~ X a given multi-function, i.e a
function F : K — 2%,
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Definition 3. The multi-function F : K ~ X is upper semicontinuous
(u.s.c.) at & € K if for every open neighborhood V of F (&) there exists an
open neighborhood U of & such that F(n) CV for each n € UN K. We say
that multi-function F : K ~ X is upper semicontinuous (u.s.c.) on K if it
15 u.s.c. at each & € K.

In all that follows, strongly-weakly u.s.c. designates a multi-function
which is u.s.c. if its domain is endowed with the strong (norm) topology and
its range is endowed with the weak topology.

Lemma 1. Let X be a Banach space, K a nonempty subset in X and
F: K~ X a nonempty and ( weakly ) compact valued, ( strongly-weakly )
u.s.c. multi-function. Then, for each compact subset C of K, UgecF(§) is
(weakly) compact and, in particular, there exists M > 0 such that ||n|| < M
for each & € C and each n € F(§).

See Carja-Necula-Vrabie [6], Lemma 2.6.1, p.47.

Lemma 2. Let X be a Banach space, K a nonempty subset in X and
F: K~ X be a nonempty, closed and convex valued, strongly-weakly u.s.c.
multi-function. Let uy, : [0,T] — X and f,, € L'(0,T;X) be such that
fm(t) € F(um(t)) for each m € N and a.e. fort € [0,T]. If limy, unm(t) =
u(t) a.e. fort € [0,T] and lim,, f,, = f weakly in L*(0,T; X), then f(t) €
F(u(t)) a.e. forte[0,T].

See Carja-Necula-Vrabie [6], Lemma 2.6.2, p. 47-48.
Let B(X) be the family of all bounded subsets of X.

Definition 4. The function 3 : B(X) — Ry, defined by
n(e)

B(B) =inf { & > 0;3 a1, 22, .0y) € X, B C | J D(wi,¢)
=1

is called the Hausdorff-measure of noncompactness on X.

Remark 1. We have (B) = 0 if and only if B is a relatively compact
set. If X is finite dimensional, the class of relatively compact subsets of X
coincides with B(X), so, in this case, = 0.
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Lemma 3. Let Y be a subspace in X, let B € B(X) and let

n(e)
,By(B) =inf< e > 0;3.1‘1,1‘2,...%”(8) €Y, BC U D(.%'i,E)
i=1

Then for each B € B(Y) we have

B(B) < By (B) <26(B).
For details, see Carja-Necula-Vrabie [6], Problem 2.7.2, p.49.

Definition 5. A function w : Ry — Ry which is continuous, nondecreasing
and the only solution of the Cauchy problem

is x = 0 s called a uniqueness function.

Remark 2. Ifw: Ry — Ry is a uniqueness function, then, for each k > 0,
kw is a uniqueness function too.

Next, we recall for easy reference the basic viability results, established
in Carja-Necula-Vrabie [5] and [6], concerning the autonomous multi-valued
semilinear Cauchy problem

u'(t) € Au(t) + F(u(t)), t>0
L e ¥

where A : D(A) C X — X is the infinitesimal generator of Cy-semigroup
{S(t) : X — X;t >0}, K is a nonempty subset in X and F : K ~ X is a
given multi-function.

Definition 6. By a mild solution of the problem (3) on [0,T] we mean a
continuous function u : [0,T] — K, for which there exists f € L*(0,T; X)
such that f(s) € F(u(s)) a.e. for s € [0,T] and

t
u(t) = S(t)€ + /0 S(t—s)f(s)ds (4)

for each t € [0,T].
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Definition 7. The set K C X is viable with respect to A + F if for each
€ € K, there exists T > 0 such that the Cauchy problem (3) has at least one
mild solution u:[0,T] — K.

In Carja-Necula-Vrabie [5] and [6] a new concept of tangent set is defined
and used in order to prove necessary and sufficient conditions for viability
with respect to A + F. We recall that the subset K C X is locally closed
if for each £ € K there exists p > 0 such that D(§, p) N K is closed. Each
subset in X which is either open or closed is locally closed. Moreover, each
subset K in X which is closed relative to some open subset D, i.e. for which
there exists a closed subset C' C X such that K = C'N D, is locally closed
in X.

If F is a nonempty subset in X, we denote by

E={feL'R;X);f(s) €F ae. forsc Ry }.

Definition 8. Let A : D(A) C X — X be the infinitesimal generator of a
Co—semigroup, {S(t) : X — X;t >0}, K a subset in X and { € K. We say
that the set E C X is A— quasi-tangent to the set K at the point & if for
each p > 0, we have

i i - dist (S2 ()6 K 1 DI, p) =0, (5)

where

Se(h)€ = {S(h)§+/0h S(h—s)f(s)ds; f € 5}.

We denote by Q’Z'S’;}(ﬁ) the class of all A-quasi-tangent sets to K at
e K.

Remark 3. Let K C X, £ € K and E C X. Then the following conditions
are equivalent:

(i) E € QTSE(6);
(ii) for each e >0, p>0 and é > 0 there exist h € (0,6), p € D(0,¢) and
f € & such that

h
S(h)§+/0 S(h—s)f(s)ds+ hp e KN D(, p);
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(iii) there exist three sequences, (hy)n in Ry with hy | 0, (pp)n in X with
limy, p, = 0, and (fn)n € &, with limy, [ S(hy — 5) fu(s)ds =0 and

hn

S(hn)€ + S(hp — 8)fn(s)ds + hypp € K.
0

Before proceeding to the main results in this section,we introduce first:

Definition 9. A set C' C X is quasi-weakly (relatively) compact if, for each
r >0, CND(0,r) is weakly (relatively) compact.

We present now a necessary condition for mild viability.

Theorem 1. Let X be a Banach space, A : D(A) C X — X the infinitesimal
generator of a Co-semigroup, {S(t) : X — X; t >0}, K a nonempty subset
m X and F : K ~ X a nonempty valued multi-function. If K is viable
with respect to A+ F' then, for each £ € K at which F is u.s.c. and F(&) is
convex and quasi-weakly compact, we have

F(¢) € QTS (9). (6)
The main sufficient condition for mild viability is:

Theorem 2. Let X be a Banach space, A : D(A) C X — X the infinites-
imal generator of a compact Cy-semigroup, {S(t) : X — X; t > 0}, K
a nonempty and locally closed subset in X and F : K ~ X a nonempty,
weakly compact and convex valued, strongly-weakly u.s.c. multi-function. If
for each £ € K, the tangency condition (6) is satisfied, then K is viable with
respect to A + F.

3 The main results

We focus our attention to the main necessary and sufficient conditions for
viability in the case of reaction diffusion systems of the form (1).

Let (X, |- |lx) and (Y, || - |ly) two real Banach spaces, X C X x Y, F :
K—- X, G: K~ Y and £ € X, n € Y. We assume that the operators
A:DA) C X —- X and B: D(B) CY — Y are the generators of two
Co-semigroups, {Sa(t) : X — X;t > 0} and {Sp(t) : ¥ — Y;t > 0}
respectively.
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The system (1) can be written as a multi-valued semilinear Cauchy prob-
lem in a product space. Let X = X x Y be endowed with the norm || - ||,
defined by [|(z,y)|lx = ||zllx + ||lylly, for each (z,y) € X. Let A = (A, B) :
D(A) C X — X be defined by D(A) = D(A) x D(B), A(x,y) = (Az,By)
for each (z,y) € D(A) and let F : K ~ X, F(z) = (F(z),G(z)) for each
z = (z,y) € K, where (F(z),G(2)) = {F(2),n); n € G(2)}. So, the system
(1) can be written as

2(t) € Az(t) + F(z(t))
{ 2(0) =¢. ")

where ¢ = (£, 7). We notice that, in the hypotheses above, A is the infinites-
imal generator of a Cyp-semigroup { S(t) : X — X;t > 0}, given by

S()(&,m) = (Sa(t)s, Sp(t)n)

for each ¢t > 0 and (£,7n) € X. Let us remark that I is viable with respect
to (A+ F, B + G) in sense of Definition 2 if and only if K is viable with
respect to A+ F in sense of Definition 7, which means that for each ¢ € K,
there exists 7' > 0 such that the problem (7) has at least one mild solution
z:[0,T] — K.

From Theorem 1 we deduce the necessary condition for viability.

Theorem 3. Let X andY be Banach spaces, K a nonempty subset in X XY,
A:DA) CX — X, B:D(B) CY — Y the infinitesimal generators of
two Cy-semigroups, {Sa(t) : X — X;t > 0} and {Sp(t) : Y — Y;t > 0}
respectively, F : K — X a continuos function and G : K ~ Y a nonempty,
convez and quasi-weakly compact valued, u.s.c. multi-function. If IC is viable
with respect to (A + F, B+ G) then, for each ( € K we have:

(F(C),G(C)) € QTSE(0). (8)

In order to state and prove some sufficient conditions for viability, we
need the hypotheses below.

(H)) A: D(A) C X - X, B: D(B) CY — Y are the generators of two
Co-semigroups, {Sa(t) : X — X;t >0} and {Sp(t): Y — Y; ¢t >0}
respectively;

(H2) K C X xY is nonempty and locally closed;
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(H3) F: X xY — X is continuous and globally Lipschitz with respect to
its first argument, i.e. there exists L > 0 such that

£ (u, v) = F(w, 0)[| < Ljju = ull
for each (u,v), (w,v) € X xY;

(Hy) A+ F is Y —uniformly locally of fx—compact type, which means that
F is continuous and, for each { = (£,n7) € K, there exist p > 0,
a continuous function ! : R4+ — Ry and a uniqueness function w :
R — R such that, for each subset C' C Dxxy((, p) N K, with Iy C
relatively compact, and for each t > 0, we have

Bx (Sa(t)F(C)) < l(t)w(Bxxy (C));

(Hs) {Sp(t): Y — Y,t > 0} is compact;

(Hg) G : K ~ Y is strongly-weakly u.s.c. multi-function with nonempty,
convex and weakly compact values.

Theorem 4. Assume that (Hy), (H2), (Hs), (Hs) and (Hg) are satisfied.
If, for each ¢ € K the tangency condition (8) is satisfied, then K is viable
with respect to (A+ F, B + Q).

Theorem 5. Assume that (Hy), (H2), (Hs), (Hs) and (Hg) are satisfied.
If, for each ¢ € K the tangency condition (8) is satisfied, then K is viable
with respect to (A+ F, B + Q).

A nonautonomous variant of Theorem 4 is stated below. Let us consider
the quasi-autonomous semilinear system

= Au(t) + F(t,u(t),v(t)), t>71
€ Bu(t) + G(t,u(t),v(t)), t>T (9)
=& u(r)=n

where CCR XX XY, F:RxXXxY >Xand G: K~ Y.

Let X = R x X endowed with the norm ||(,x)||x = |t| + ||z| x, for each
(t,z) € X. Let A= (0,4), z(s) = (s+T1,u(s+ 7)), w(s) =v(s+7) and let
F:XxY — X, F(z,w) = (1,F(z,w)) for each (z,w) € X x Y. With the
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notation above the system (9) can be written as an autonomous one in the
space X XY
Z'(s) = Az(s) + F(z(s),w(s)), s>0
w'(s) € B(s) + G(z(s),w(s)), s>0 (10)
2’(0) = (7_7 5)7 w(O) ="

From Theorem 4 we deduce:

Theorem 6. Assume that X and Y are Banach spaces and (Hy), (Hs) are
satisfied. Let K C R x X XY be a nonempty and locally closed set, F : R x
X XY — X be continuous and G : I ~ Y be locally bounded, strongly-weakly
u.s.c. multi-function with nonempty, conver and weakly compact values. Let
us assume that F is globally Lipschitz with respect to its first and second
arguments i.e. there exists L > 0 such that

1F(t,u,0) = F(,a,0)|| < L(jt — ] + lu—al]).
If, for each (1,£,7m) € K the next tangency condition

(LF(r.€n),G(r.&m) € QTS (7€) (11)
is satisfied, then IC is viable with respect to (A + F, B + G).

The nonautonomous case was studied in Necula-Vrabie [8] in the case
when A and B are m-dissipative possibly nonlinear operators, while both F
and G are single-valued, F' is jointly continuous and locally Lipschitz with
respect to its second variable, GG is continuous and the semigroup generated
by B is compact.

4 Proofs of Theorem 4 and Theorem 5

The proofs are essentially based on the construction of an e—approximate
solution for the Cauchy problem (3), i.e. a 5—uple (0,0, g, f,u) given by
lemma below.

Lemma 4. Let X,Y be real Banach spaces, A: D(A) C X XY — X xY
the infinitesimal generator of a Co-semigroup, {S(t) : X xY — X xY;t >
0}, K a nonempty and locally closed subset in X XY and F : K~ X xY
a given nonempty-valued and locally bounded multi-function satisfying the
tangency condition (6). Let ¢ € KC be arbitrary and let r > 0 be such that



12 Monica Burlica

Dx vy (¢, m)NK is closed. Then, there exist p € (0,7] and T > 0 such that, for
each € € (0,1), there exist o : [0,T] — [0,T] nondecreasing, 0 : { (t,s);0 <
s <t<T}—[0,T] measurable, G : [0, T] - X xY,f:[0,T] - X xY
Bochner integrable and z : [0,T] — X X Y continuous such that:

(i) s —e < a(s) < s for each s € [0,T];

(i1) z(o(s)) € Dxxy((,7)NK for each s € [0,T] and 2(T) € Dxxy ({,7)N
K;

(iii) |G(s)|| < e for each s € [0,T] and f(s) € F(z(o(s)) a.e. fors e
[0,T];

(iv) O(t,s) <t for each 0 < s <t <T andt— 0(t,s) is nonexpansive on
(S7T:|;
t 3 t
(v) 2(t) = S(t)C+/ S(t - S)f(Z(S))dS+/ S(0(t,5))G(s) ds
0 0
for each t € [0,T];

(vi) ||z(t) — z(a(t)) || < e for each t € [0,T].
See Carja-Necula-Vrabie [5] and [6], Lemma 9.3.1, p.185.

Remark 4. Let K C X XY be a nonempty, locally closed set and G : K~ Y
be a strongly-weakly u.s.c. multi-function with nonempty, convex and weakly
compact valued, then G is locally bounded.

See Remark 7.1 in Carja-Necula-Vrabie [7].

Proof of Theorem 4 Let ¢ = ({,n) € K and r > 0 such that Dx(¢,r)N
K be closed. Let us choose p € (0,7], N >0, M > 1 and a > 0 such that
|F(2)|lx <N and ||y|ly <N for every z € Dx((,p) NK and every y € G(z)
and ||S(t)l gy < Me™, for every t > 0. Since t — S(t)¢ is continuous in
t =0 and S(0)¢ = ¢, we may find a sufficiently small 7" > 0 such that

sup [|S(t)¢ — {lla + TMe"" (N +1) < p
te[0,T']

and all the conclusions of Lemma 4, for the Cauchy problem (7), be satisfied.

Let (en)n | 0 be a sequence in (0,1) and let ((oy,,0n, Gn, fn, 2n))n be a
sequence of (&, ), — approximate solutions defined on [0,T] whose existence
is ensured by the Lemma 4. This means that f, = (fn,gn) is Lebesque
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integrable, fn(s) = F(zn(on(s))) and gn(s) € G(zn(on(s))) ae. for s €
[0,T], and z,(0n(t)) € Dx({,p) NK, for n = 1,2,... and each ¢t € [0,T],
and

_S(t)c+ /0 S(t— 5)Ju(s)ds + /O SO (L, 5))Gn(5)ds

for each n € N and t € [0,T']. Put z, = (un, vy). So, (un,vy,) satisfies

un(t) = Sa(t 5—1—/ SA(t — 8)F(zn(on(s)) ds—I—/SA ts))gX()

nlt) = Sn0+ [ Snlt = )gu(s)ds + [ $n(6(0.9)6) ()i

(12)
where G,(t) = (GX(t),GY (t)) for each n = 1,2,... and ¢t € [0,T]. Since
lgn(s)|ly < N for each n = 1,2,... and for a.a. s € [0,T], the family
{gn(-); n € N} is uniformly integrable subset in L'(0,7;Y). Since the Co-
semigroup {Sp(t) : Y — Y; t > 0} is compact and ||GY (s)|y < &, < 1, from
Theorem 8.4.2 in Vrabie [9] it follows that {v,; n = 1,2,...} is relatively
compact in C([0,T];Y). As lim, 0,(t) = t uniformly for t € [0,T] we
deduce that there exists v € C([0,T];Y) such that, on a subsequence at
least, limy, v, () = v(t) and limy, v, (0, (t)) = v(t) uniformly for ¢t € [0,T].

At this point let us consider the problem:

{ Z’((g)) :;lu(t) + F(u(t),v(t)), t>0 (13)

where v € C([0,T'];Y) is as above. Since A is the infinitesimal generator of
a Cp-semigroup and F' is continuous on X x Y and globally Lipschitz with
respect to its first argument, it follows that the problem (13) has an unique
mild solution w : [0,T] — X, i.e.

u(t) = Sa(t)é + /O Sa(t — s)F(u(s), v(s))ds (14)

for each ¢t € [0,T']. We will prove next that lim,, u,(¢) = u(t) uniformly for
€ [0,T]. Indeed, we have

[un(on(t)) — u(t)||x < lJun(on(t)) = un(®)llx + lun(t) —u(®)llx.  (15)
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From (12) and (14), it follows that

Hun(t)—u(t)HXS/O 1Sa(8a(t, )lLex) G ()l xds

+/ 15a(t = 8)lx | (un(on(s)), valon(s))) — F(u(s), v(s)) xds
0

for each t € [0,T']. Using (iii)!, (vi) and the Lipschitz’s condition for F, from
(15) we obtain

[un(on(t) —u(t)llx < Me*ey,
S MeaT /0 IF (u(s), vn(0n(s))) — Flu(s), v(s))| xds "

t
LM [ (a(5)) = us) s,
0
for each ¢t € [0,7']. On the other hand, ¢, | 0, v, (0, (s)) — v(s) uniformly

for s € [0,T'] and F' is continuous. So, for each ¢ > 0 there exists ng = ng(¢)
such that, for each n € N, n > ng and for each t € [0,T'] we have:

Me e, + MeaT/O | E(u(s),vn(on(s))) — F(u(s),v(s))|lxds < e.

In view of (16) and the last inequality, we deduce

t
[un(on(t)) —u®)][x <e+ LM@aT/ [un(on(s)) —u(s)|xds
0
for all n € N, n > ng and ¢t € [0,T]. Gronwall’s Lemma implies

Jun(on(t)) —u(®)llx < ™M

for each n € N, n > ng and each ¢ € [0,T']. Therefore lim,, u, (0, (t)) = u(t)
uniformly for ¢ € [0,7"]. Taking into account (i) we deduce that lim,, u,(t) =

!Throughout this section, reference to (i)—(vi) are to the corresponding items in
Lemma 4.



Viability for RDS 15

u(t) uniformly for ¢ € [0,T']. Since (up(on(t)), vn(on(t))) € Dx (¢, p)NK, for
n=1,2,...and each t € [0,T] and Dx((,p) N K is closed, it follows that
(u(t),v(t)) € Dx(¢,p) NK for each t € [0,T].

Next, we will prove that (g,), is weakly convergent in L'(0,7;Y) to
some function g. Indeed, since G is strongly-weakly u.s.c. with weakly com-
pact values and since {(up(0,(5)),vn(0n(s))); n=1,2,..., s € [0,T]} is
relatively compact in X x Y, from Lemma 1 and using by Theorem 1.3.2. in
Carja-Necula-Vrabie [6] , it follows that the set

C = conv U U G(un(on(s)), vn(on(s)))

n=1s€[0,T]

is weakly compact. Since g,(s) € C for n = 1,2,... and a.e. for s €
[0,T], we obtain that {g,(-); n = 1,2,...} is weakly relatively compact
in L1(0,T;Y). So, on a subsequence at least, (g,), is weakly convergent
in LY(0,7;Y) to some function g. From Lemma 2 it follows that g(s) €
G(u(s),v(s)) a.e. for s € [0,T].

Now, let us consider the mild solution operator @ : LY(0,7;Y) —
C([0,T];Y), defined by

(Qa)(t) = Sp(t)n + /0 Sp(t - s)g(s) ds,

for each t € [0,T] and for each g € L'(0,T;Y). As the graph of Q is
strongly xstrongly closed and convex, it is weakly xstrongly closed. So, we
may pass to the limit in the second relation of (12) and, taking into account
1GY (s)|ly < en, we obtain

v(t):SB(t)n—i—/O Sp(t—s)g(s)ds.

Thus (u,v) is a mild solution of (1). The proof is complete.
We prove now, that, in the hypotheses of Theorem 5, there exists at least
one sequence (ep)n, with €, | 0 such that the e,-approximate mild solutions
sequence ((on,0n,Gn, fn, 2n))n has the property that z, = (up,v,) is, on
a subsequence at least, uniformly convergent on [0,7'] to some function
(u,v) : [0,T] — K which is the mild solution of (1).

Proof of Theorem 5 Let ( = ({,n7) € K be arbitrary and let r >
0, pe(0,r], N>0, M>1, a>0and T > 0 as in proof of Theorem 4.
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Since A + F is Y-uniformly locally of Gx-compact type, diminishing p > 0
and T > 0, if necessary, it follows that there exist a continuous function
[: R4+ — R4 and a uniqueness function w : R4 — R such that

Bx (Sa(t)F(C)) < I(t)w(Bx (IIxC)) (17)

for each subset C' C Dx((,p) N K, with IIyC relatively compact, and
for each ¢t > 0. Let (,)n, with €, | 0 be a sequence in (0,1) and let
(0 0n, Gns frs 2n))n be a sequence of (e,),— approximate mild solutions
for (7), defined on [0,T']. Put f,, = (fn,gn) and z, = (un,vn). So fu(s) =
F(zp(on(9))), gn(s) € G(zn(on(s))) ae. for s € [0,T], and z,(on(t)) €
Dx((,p)NK, for n =1,2,... and each ¢t € [0,T']. From (v), we have

o) = S(H)C + /O S(t — ) Fo(s)ds + /0 S(0n(t,$))Gn(s)ds,  (18)

for each n =1,2,... and ¢t € [0,T]. This means that (u,,v,) satisfies

un(t) = Sa(t)€ —1—/0 Sa(t — 8)F(zn(on(s)))ds +/0 S4(0n(t,5)GX(s)ds

vn(t) = Sp(t)n —|—/0 Sp(t — s)gn(s)ds +/0 Sp(0n(t,5))GY (s)ds,
(19)

where

Gn(s) = (G (5), G5 (5))
S(On(t, 5))Gn(s) = (Sa(On(t, $))G (5), SB(On(t, 5))Gy (),

foreachneNand 0<s<t<T.

Since the family {g,(-); n € N} and {GY (-); n € N} are uniformly integrable
subsets in L1(0,7;Y) and the Cyp-semigroup {Sp(t) : Y — Y;t > 0} is
compact, from Theorem 8.4.2 in Vrabie [9] it follows that {v,; n =1,2,...} is
relatively compact in C([0,7'];Y). As lim,, 0,,(t) = ¢ uniformly for ¢t € [0, 7]
we deduce that there exists v € C([0,T'];Y) such that, on a subsequence at
least, lim,, v, (t) = v(t) and lim, v, (0, (t)) = v(¢t) uniformly for ¢ € [0,7T].
We will prove that {u,; n =1,2,...} is relatively compact in C([0,T]; X ).

We consider first the case when X is a separable space.

Since IIy{ (un(on(t)),vn(on(t)));n >k } = {vn(on(t));n >k } is relatively
compact in Y, A+ F' is Y —uniformly locally of Sx —compact type, from (17),
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we get
Ax ({Sa(t = 8)F(un(on(s)), vn(on(s)));n = k})
(20)
< Ut = s)w(Bx ({un(on(s) );n > k})),

for each k = 1,2,...and 0 < s < t < T. Since ||GX(s)||x < &, for each s €
¢

[0,T] it follows that Bx <{/ Sa(On(t,5)GX (s)ds;n > k}) = 0. Similarly,
0

from (vi) we have that {u, (o (s)) — un(s);n > k} is relatively compact, for
each k € N and s € [0,T'], and so B({un(on(s)) —un(s);n > k}) = 0.

Using these arguments, the inequality (20), Lemma 2.7.2 and Problem
2.7.1 from Carja-Necula-Vrabie [6], we deduce that

Bx{unttn = 1) < 0 ({ [ a6 - 9 Fenlon(stsin > 1} )
rox ({ [ $a0a0)6Y yasin > 1} )
< [ BxiSalt = FCalons)in > s
< [ 16— 51O funlon(s))in > Kh)ds

< /0 Ut — $)(Bx ({un(s);n > k} + {wn(0u(s)) — un(s)in > k}))ds

< [ e (Bxn(s)im = 1) + Bx (a7 (5) = o) > k) ds

where m = supyc(or1!(t). Hence

By ({un(t);n > k} ) < /0 mw (Bx ({un(s);n > k1)) ds,

for each k=1,2,...and t € [0,T].
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Since Ox({un(t);n > k}) = Bx{un(t);n > 1}) and we set x(t) =
Bx ({un(t);n > 1}), wog = mw, we deduce that

() < /0 wo((s))ds,

for all t € [0,T].
But wg is a uniqueness function, so by Lemma 1.8.2 in Carja-Necula-
Vrabie [6], we have z(t) = 0, for all ¢ € [0,7'], which means that

Bx ({un(t);n > 1}) = 0,

for all ¢t € [0,T]. It follows that for each t € [0,T'], {un(t);n = 1,2,...}
is relatively compact in X. Since (F(zy))n is bounded, it is uniformly inte-
grable, so, by Theorem 8.4.1 in Vrabie [9], there exists u € C([0,7T']; X) such
that, on a subsequence at least,

lim ( un(t) — /0 A (6n(t,5))GX (s)ds) — u(t),

uniformly for ¢t € [0,7T]. But, by (iii),

t
lim/ S4(0n(t,5)GX(s)ds =0,
mJo

uniformly for ¢ € [0,7], so limy, u,(t) = u(t), uniformly for ¢ € [0,T'].

If X is not separable, in view of Theorem 1.1.3, p.3 and Remark 1.1.2,
p.4 in Vrabie [9], there exists a separable and closed subspace Z of X such
that

Sa(t)€, Sa(r)F (un(0n(s)), vn(0n(s))), Sa(ba(r, $))Gx (s) € Z

for n = 1,2,... and a.e. for t,7,s € [0,7]. Using Lemma 2.1 and the
monotonicity of w, we have

Bz(Sa(t)F(C)) <26x(Sa(t)F(C)) < 2(t)w(Bx(IxC)) < 2(t)w(Bz(I1xC)),

for each ¢ > 0 and for each set C' C Dy ((, p)NKN(Z xY') with Iy C relatively
compact. Since the restriction of 5z to B(Z) is the Hausdorff measure of
noncompactness on Z, we repeat now the arguments in the separable case
with Bx replaced by 87 and w replaced by 2w.

So, limy, u,(t) = u(t), uniformly for ¢ € [0,7"]. From now on the proof
follows the same lines as those of the proof of Theorem 4.
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Remark 5. We cannot deduce Theorem 3.2 from Theorem 11.1 in Cérja-
Necula-Vrabie [5] because the multi-function G is only strongly-weakly u.s.c.,
so, in this case, A+ F it cannot be locally of compact type.

5 An example

Let Q C R", n = 1,2,... be a bounded domain with C? boundary T, let
01 >20,0,>0,p>0,¢g>0,let f:RxR—>R;, gs: RxR — R_
for ¢ = 1,2 be given functions and let us consider the following general
semilinear predator-pray system

uy = 01Au — pu + f(u,v) (t,x) € Qrr
vy € 02Av +qu + [gl(u7 U)a QQ(U, U)] (tv .TL‘) S QT,T (21)
u(t,z) =v(t,z) =0 (t,x) € X7,
’LL(T, :E) = g(IE)v U(T7$) = n(l’) x €,
where 0 <7 <T <00, Qrr = (1,T) xQ, o7 = (1,T) xI', A is the usual
Laplace operator, i.e. Au = Z 8712& and &,n € L%(Q). We assume that f is
“

i— 7
continuous function, ¢g; is bOlelllded and l.s.c. and g9 is bounded and u.s.c.
function on R x R and ¢1(u,v) < ga(u,v) for each (u,v) € R x R.
Let f: RxR — Ryandg: RxR — R_ be two continuous functions such
that ~
{ f(u7 U) S fﬂgua U) (22)
g2(u,v) > g(u,v)
for each (u,v) € R x R. Let us consider also the comparison predator-pray
system B
ug = 01Au — pu+ f(u,v) (t,x) € Qo0
vy = 02Av + qu + g(u, v) (t,z) € Qo,00
u(t,z) =v(t,z) =0 (t,x) € Xo,00,
u(0,z) = up(z), v(0,2) =wvo(x) =€

(23)

Y

where ug,v9 € L?(2), ug(x) > 0,v9(z) > 0 ae. for x € Q. Let (u,?) :
Ri x Q — Ry x Ry be a mild solution of (23).

Using the viability result, we are interested to show that, in the specific
hypotheses, for each (£,1) € L%(Q) x L?(£2), with

0< &) < ilr.)
{ n(@) > 5(r, ) (24)
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a.e. for x € Q, the system (21) has at least one solution (u,v) : Ry x Q —
R, x R4, such that, for each t € [T, 00), we have

{ 0 < u(t,z) <u(t,z) (25)

o(t,z) > Bt z)

a.e. for x € Q.
Let K C R x L?(Q) x L?(Q) be defined by

K = {(t,u,v) € Ry x L*(Q) x L*(Q); (u,v) satisfies (27) below} (26)

{ 0 <u(z) <u(t,z)

o(z) > 5(t, 2) (27)

a.e. for z € Q.

Theorem 7. Let Q CR™, n=1,2,..., be a bounded domain with C* boun-
dary T, 61 > 0,02 > 0 and let f : R x R — Ry be continuous on R x R
and globally Lipschitz with respect to its first argument, g1 : R x R — R_
be bounded and l.s.c., g2 : R X R — R_ be bounded and u.s.c. such that
g1(u,v) < go(u,v) for each (u,v) € RxR. Let f : RxR — Ry, 7 :
R xR — R_ be continuous such that (22) are satisfied. Assume that, for
each (uo,vo) € RXR, u+ f(u,v) and v — g(uo,v) are nondecreasing, u
g(u,vo) and v — f(ug,v) are nonincreasing and there exist the constants c; >
0,i=1,...,5 such that |f(u,v)| < c1|u|+c2, and |g(u,v)| < eslu|+cq|v|+c5
for each (u,v) € R x R. Let (up,vp) € L*(2) x L*() with up(x) > 0 and
vo(x) > 0 a.e. forx € Q and let (u,v) : Ry — L*(Q) x L*(Q) be a global
mild solution of (23) with u(t,x) > 0 for each t > 0 and a.e. for x € Q.
Let K be defined by (26). Then, for each (1,£,1) € KC, the problem (21) has
at least one global mild solution (u,v) : [7,00) — L2(Q) x L?() satisfying
(t,u(t),v(t)) € K, for each t € [T,00).

Proof. Let us denote by X = L2(Q). We rewrite (21) and (23) as
an evolution systems in X x X. Let us define A : D(A) € X — X and
B:D(B)C X — X by

D(A) = H}(Q) N H*(Q) and Au = 6;Au—pu for u € D(A)
and respectively by

D(B) = HY(Q) N H*Q) and Bv = 6Av+qu forv e D(B).
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Let usdefine F: X x X - X and G: X x X ~ X by

F(u,v)(x) = f(u(z),v(x)) for each (u,v) € X x X and a.e. for x € Q

and respectively by

G(u,v) = {g € L*(Q); g1(u(2),v(x)) < g(x) < ga(u(x),v(x)) ae. forz € Q}

for each (u,v) € X x X. Let us observe that F' is well-defined, continuous on
X x X and is globally Lipschitz with respect to its first argument. Since ¢;
is L.s.c., g2 is w.s.c. and both are bounded, we conclude that G is strongly-
weakly u.s.c. with nonempty, convex and weakly compact values. Let us
define F: X x X —» X and G: X x X — X by

F(u,v)(z) = f(u(z),v(@)) and G(u,v)(z) = Glu(x),v(x))

for each (u,v) € X x X and a.e. for x € €. Since f and § are continuous and
have sublinear growth, F and G are well- defined, continuous and have sub-
linear growth. With the notations above, the problem (21) can be rewritten
as the abstract system

c Bo £) + G(u(t), v(t)) (28)

while (23) takes the abstract form

o (t) = Au(t) + F(u(t), v(t))
V'(t) = Bu(t) + G(u(t),v(t)) (29)
u(0) = up, v(0) = vy.

We have to show first that I is viable with respect to (A + F,B + G)
and second that every mild solution (w,v) : [7,T) — X x X, satisfying
(t,u(t),v(t)) € K for each t € [7,T'), can be extended to a global one obeying
the very same constraints. Let X C Ry x L2(Q) x L2() be defined by

K ={(t,u,v) € Ry x L*(Q) x L*(Q); (u,v) satisfy (31) below}.  (30)

u(x) <u(t,z), v(z)>o(t ) (31)

a.e. for x € Q. To prove that K is viable with respect to (A + F, B + G)
it suffices to show that K is viable with respect to (A + F, B + G). This is
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a direct consequence of the maximum principle for parabolic equations—see
Theorem 1.7.5. in Carja-Necula-Vrabie [6]- combined with the fact that F’
and u are nonnegative. In view of Theorem 6, to show that K is viable with
respect to (A + F, B + G), we have merely to check the tangency condition

((r + h, Sa(h)& + hF(&,m), Sp(h)n + hG(&,m)) € QTSA(r,&,m)  (32)

for each (1,¢&,n) € K, where {S4(t) : X — X, t > 0} is the Co-semigroup
generated by A and {Sp(t) : X — X, t > 0} is the compact Cpy-semigroups
generated by B and A = (A, B) .

Let (7,&,n) € K. To prove (32) it suffices that for each h > 0 there exist
(up,vp) € X x X and g, € G(&,n) with (7 + h,up,vp) € K and

1
liminf —[|Sa(h)€ + hF(&,n) — upl =0
h10 flb (33)
hri?lbnf EHSB(h)n + hgpn — vnl| = 0.

Let us define gp(x) = g2(&(x),n(z)) a.e. for z € Q and uy, and vy, by

T+h
wn = Sa(h)é + / Sa(r+h— s)F(€,n) ds

T+h "
—i—/ SA(t+h—s)[F(u(s),v(s)) — F(u(r),v(r)) ] ds

and respectively by

T+h
vh—SB(h)n—i-/ Sp(T+ h— s)gnds

T+h
+/ Sp(t+h—35)[G(u(s),v(s)) — G(u(r),v(r))] ds.

Now let us observe that, inasmuch as { < u(7) and n > v(7) a.e. on €, we
have both

Sa(h)§ < Sa(h)u(r) and Sp(h)n > Sp(h)o(T).

See Theorem 1.7.5 in Carja-Necula-Vrabie [6]. Recalling that f < f and
taking into account of the monotonicity properties of f, we get

F(&n) < F(&n) < F(a(r),o(r)).
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Using the fact that go > ¢ and the monotonicity properties of g, we deduce

gn > G(&,m) > G(u(r),v(r)).

So, we get both uy, < u(r+h) and v, > v(7+h) and thus (7+h, up, vy) € K.
On the other hand

T7+h
1S4(R)E + hE(E,m) — unl| < / 1Sa(r + h — $)F(E,m) — F(E,m)]| ds

T+h ' "
M / \E(@(s), 5(s)) — F(@(r), 5(r)| ds,

where M > 1 and a > 0 are the growth constants of the Cp-semigroups
{S4(t): X — X, t >0} and {Sp(t) : X — X, t > 0}. Since F, u and v are
continuous we conclude that the first equality in (33) holds. Similarly, we
have

T+h
1S5 + hgn — vl < / 1S5(r+ h — $)gn — gull ds

T+h .
+M€ah/ |G (u(s), v(s)) — G(u(r),v(7))| ds,

and we get the second equality from (33). This completes the proof of the
viability of K and consequently the viability of K. Let us observe that
K satisfies the next property: for each sequence ((tn,&n,Mn))n in K with
limy, (t,, &) = (8, €,1m) and ¢ < Ty, where Tx is given by (34) below, it
follows that (¢,&,7n) € K.

Tk = sup{t € R; there exist (§,7) € X x X, with (¢,£,n) € K}.  (34)

Then it follows that each mild solution (u,v) : [7,T] — X x X of (21)
satisfying (¢,u(t),v(t)) € K for each t € [7,T'] can be continued up to a
global one (u*,v*) : [1,Tx) — X x X satisfying the very same condition
on [71,Tx). Since (w,v) is defined on Ry and (¢,u(t),v(t)) € K for each
t € [0, 00), we conclude that Tic = oo and this completes the proof.
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