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Abstract

We consider a dynamic contact problem between an elastic-visco-
plastic body and an obstacle, the so-called foundation. The contact
is frictionless and is modelled with normal compliance of such a type
that the penetration is restricted with unilateral constraint. The ad-
hesion of contact surfaces is taken into account and the evolution of
the bonding field is described by a first-order differential equation. We
provide a weak formulation of the contact problem in the form of an
integro-differential system in which the unknowns are the displacement,
the stress and the bonding fields, then we present an existence result
for the solution. We consider a sequence of penalized problems which
have a unique solution, derive a priori estimates and use compactness
properties to obtain a solution to the original model, by passing to the
limit as the penalization parameter converges to zero.
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1 Introduction

Processes of adhesion are important in many industrial settings where parts,
usually nonmetallic, are glued together. For this reason, adhesive contact
between bodies, when a glue is added to prevent the surfaces from relative
motion, has recently received increased attention in the literature. General
models with adhesion can be found in [3, 4, 5, 12]. The new idea in these
models is the introduction of a surface internal variable, the bonding field
B € [0,1], which describes the fractional density of active bonds on the
contact surface. At a point on the bonding contact surface I3, when § =1,
the adhesion is complete and all the bonds are active; when 8 = 0 all the
bonds are inactive, severed, and there is no adhesion; when 0 < 8 < 1 the
adhesion is partial and only a fraction 3 of the bonds is active. Results on
the mathematical analysis of various adhesive contact problems can be found
in [1, 13, 14].

In this paper we study a dynamic frictionless contact problem with ad-
hesion for elastic-visco-plastic materials with a constitutive law of the form

o(t) = Ae(u(t)) + Ee(u(t)) +/0 G(o(s) — Ae(u(s)), e(u(s)))ds, (1)

where u denotes the displacement field while o and e(u) represent the stress
and the linearized strain tensor, respectively. Here A and £ are linear opera-
tors describing the purely viscous and the elastic properties of the material,
respectively, and G is a nonlinear constitutive function which describes the
visco-plastic behaviour of the material. In (1) and everywhere in this pa-
per the dot above a variable represents derivative with respect to the time
variable t.

Examples and mechanical interpretation of constitutive laws of the form
(1) can be found in [11]. Here we restrict ourselves to note that for G = 0
the constitutive law (1) reduces to the well-known Kelvin-Voigt viscoelastic
constitutive law

o = Ae(u) + Ee(u). (2)

Quasistatic contact problems for materials of the form and (2) were investi-
gated in a large number of papers, see e.g. |6] for a survey. There, both the
variational analysis and the numerical approach of the problems, including
the study of semi-discrete and fully discrete schemes, were provided. Exis-
tence results in the study of dynamic problems with Kelvin-Voigt materials
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of the form (2) can be found in in [8, 9, 10] and, for more details, we send the
reader to the monograph [2]. Finally, note that existence results for adhesive
contact processes with materials of the form (2) were obtained in [14].

Dynamic frictionless contact problem for rate-type materials of the form
(1) were studied in [7, 11]. In [11] we assumed that the contact is frictionless
and it is modelled with normal compliance of such a type that the penetration
is limited and associated to a unilateral constraint for the displacement field.
The novelty of the method used in that paper was in the treatment of the
compliance term, which do not necessarily represent a compact perturbation
of the original problem, without contact. For the problem in [7] the contact
was modelled with normal compliance of such type that the penetration is
not limited and the adhesion of the contact surfaces was taken into account.
The results in [7, 11] concern the solvability of the corresponding dynamic
problems. In addition, the results in [7] concern also the study a fully discrete
scheme for solving the problem, including convergence and optimal order
error estimates results.

The present paper represents a continuation of [7, 11]. Its novelty arises
in the fact there here we use the contact condition in [11] combined with
the boundary conditions in |7], which describe the adhesion of the contact
surfaces. As a result, we arrive to a new mathematical model, different of
those in |7, 11|, for which we study the problem of weak solvability.

The paper is organized as follows. In Section 2 we describe the contact
problem, list assumptions on the data and provide its variational formula-
tion; then we state an existence result for the weak solution of the problem,
Theorem 1. In Section 3 we consider a sequence of penalized problems and
state their unique solvability. Then, in Section 4, we provide the proof of
Theorem 1; to this end we use compactness properties and a limit procedure
as the penalization parameter converges to zero.

We end this introductory section by presenting the notation we shall use
in the rest of the paper. We denote by r; and r_ the positive and negative
part of r, i.e. ry = max {0,7}, r_ = maz {0, —r}. We also denote by SV
the space of second order symmetric tensors on RY (N = 2,3), while “.”
and |- || will represent the inner product and the Euclidean norm on SV and
RY. Let 2 € RN be a bounded domain with a Lipschitz boundary I" and let
v denote the unit outer normal on I'. We assume that I" is partitioned into
three disjoint measurable parts I, I's and I5. Everywhere in what follows
the index 7 and j run from 1 to IV, summation over repeated indices is implied
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and the index that follows a comma represents the partial derivative with
respect to the corresponding component of the independent spatial variable.
By R4 we denote the interval [0, +00).

We use the standard notation for Lebesgue (L,, L, = (L,)",p€[1,00]) and
Sobolev-Slobodetskii spaces Wz?, HY =w§ H* = (HF)N k> 0,p € [1,))
associated to 2 and I" and their duals. For the spaces with zero traces H k.
2 - (H*)N is used if £ <k ¢ 3+N. Moreover, for a domain M C R? (d €
N), a Banach space X, k € N and p € [1,00], we use the standard notation
for the Lebesgue spaces Ly(M; X) and for the Sobolev spaces Wé‘/’(M; X). If
d =1and M = (0,7) is a time interval we shall write L,(0,7;X) and
WI?(M;X). For k = (ki,k2) € R2 and some domains M; € RM i =
1,2 and M = My x My, H¥(M) = Lo(My; H*?(Ms)) N Lo(My; H* (M)
is the corresponding anisotropic Sobolev-Slobodetskii space. For us M; will
be a time interval J and Ms the domain {2, its boundary or its parts. The
inverse Fourier transform immediately proves that the space HY/21(J x 2)
takes its (lateral) traces in H'/41/2(JxI"). For details see [2]. Moreover, we
use also the spaces H = Lo(£2;SV), H'(2) = (H'(2))" and

Hi={oc€H; Dive € Ly(2) }.

Here and below € and Div are the deformation and the divergence operators,
respectively, defined by

e(u) = (g45(u)), eij(u) = % (uij +uji), Dive = (04;).

The spaces H, H'(£2) and H; are real Hilbert spaces endowed with the
canonical inner products given by

(o, 7)n = /QUijTijde = (0, T) Ly (28>

(u’v)l = (uvv)Lg(Q) + (E(’U,), E(”))Ha
(o, 7)1, = (o, 7)1 + (Dive,Div T)LQ(Q).

In general, we denote by | - || x the norm on a Banach space X, this holds,

in particular, for the associated norms on the spaces H, H 1((2) and H;.
For every element v € H'(£2) we also use the notation v to denote the

trace of v on I' and we denote by v, and v, the normal and the tangential
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components of v on I" given by v, = v v, v, = v —v,v. We also denote by
0, and o, the normal and the tangential traces of a function o € Hy, and we
note that when o is a regular function then o, = (ov) - v, 6, = ov — o, v,
and the following Green’s formula holds:

(0,e(v))n + (Diveo,v)p,0) = /FO'I/ ‘vda VYo e HY(N). (3)

We introduce the closed subspace of H'(£2) given by
V={vcH(2);v=0 on I}

and let " > 0. For each ¢t € [0,7] we use the notation Q¢ = (0,t) x 2,
Sy = (0,t) x [ and, if t = T we write @ = Qr = (0,7) x 2, S; =
Sti = (0,T) x I;. Also, for every real Banach space X we use the notation
C([0,T); X) and C([0,T]; X) for the space of continuous and continuously
differentiable functions from [0,7] to X, respectively, with their standard
norms.

2 Problem statement

The physical setting is as follows. An elastic-visco-plastic body occupies a
bounded domain 2 C RY (N = 2,3) with a regular boundary I" that is
partitioned into three disjoint measurable parts I, I and Is. Let T" > 0
and let [0, 7] denote the time interval of interest. The body is clamped on
S1 = (0,7) x Il and thus the displacement field vanishes there. A volume
force of density f acts in @ = (0,7") x {2 and a surface traction of density
fo acts on Sy = (0,T) x I5. In the reference configuration the body is in
adhesion frictionless contact on S3=(0,7") x I's with a foundation. The con-
tact is modelled with normal compliance in such a way that the penetration
is limited and the evolution of the bonding field is given by a differential
equation of the first order. Under these conditions, the classical formulation
of the problem is the following.

Problem P. Find a displacement field w : 2 x [0,T] — RN, a stress field
o:02x[0,T] — SN and a bonding field 3 : I3 x [0,T] — [0, 1] such that
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o(t) = Ae(u(t)) + Ee(u(t)) + /0 G(o(s) — Ae(u(s)),e(u(s)))ds  (4)

pu = Diveo + f
u=20
ov =f,

in Q,
in @,
on Sy,

on So,

on Ss,

on Ss3,
on S,
in (2.

on Fg.

We briefly describe problem (4)—(12) and provide explanation of the equa-
tions and the boundary conditions. Note that here and below p, and p, are
given functions, 7, v, and €, are given positive material parameters and

L if s<—L,
R,(s) = —s if —L<s<0,
0 if s>0;
v if |v|| <L,
Br0)=93 1 % i jo|>1L
v

(13)

(14)

with L > 0 being a characteristic length of the bond, beyond which there is

no any additional traction (see, e.g., [12]).

Equation (4) is the elastic-visco-plastic constitutive law already presented
in Section 1, (5) represents the equation of motion in which p denotes the
density of mass, (6) and (7) are the displacement and traction boundary
conditions, respectively. Condition (9) is the tangential boundary condition
on the contact surface I3, and equation (10) describes the evolution of the
bonding field, see [7, 14] for details. The functions ug and w; in (11) denote
the initial displacement and velocity, respectively, and the function [y in (12)

represents the initial bonding field.
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Using (10) it is easy to see that if 0 < fy < 1 a.e. on I3, then 0 <
86 < 1 ae. on I3 during the process. Indeed, let * € Ij3; the equation
(10) guarantees that t — [(a,t) is a decreasing function and, therefore,
B(x,t) < B(x,0) = fo(x) <1 forallt>0,ie [ <1. On the other hand, if
there exists ¢ > 0 such that G(x,t;1) < 0, then there exists 0 <ty < t; such
that S(x,tp) = 0. It follows that B(x,t) < 0 for all t > tg and (10) shows
that B(a:,t) = 0 for all ¢ > tp which implies that G(x,t) = 0 for all ¢t > .
We deduce that G(x,t1) = 0 which is in contradiction with the assumption
B(x,t1) < 0. We conclude that 5(x,t) > 0 for all t € [0,T], i.e. 5> 0.

Our main interest is on the contact condition (8). Here o, denotes the
normal stress, u, is the normal displacement, g > 0 is given and p, is a
function which satisfies

(a) py:] —o0,g9] = R.

(b) There exists ¢, > 0 such that
Py (r1) = pu(r2)] < Lyl — 12| Vry, re <g. (15)

(c) (pu(r1) —pu(r2))(r1 —12) >0 Vri, m <g.

(d) pu(r) =0 for all r <0.

Condition (8) combined with assumption (15) and definition (13) of R, shows
that when there is separation between the body and the obstacle (i.e. when
u, < 0), then o, = v, R, (u,)3?, i.e. the normal stress reduces to its adhe-
sive component; it is tensile and proportional to the square of the bonding
field and to the normal displacement, as long as it does not exceed the bond
length L. When 0 < u, < g then —0, = p,(u,), i.e. normal stress reduces
to the reaction of the foundation, and is uniquely determined by the normal
displacement; finally, when u, = ¢, the normal stress is not uniquely deter-
mined but is submitted to the restriction —o, > p,(g). We conclude from
above that the contact follows a normal compliance condition with adhesion
but up to the limit g and then, when this limit is reached, the contact follows
a Signorini-type unilateral condition with the gap g. For this reason we refer
to the contact condition (8) as a normal compliance contact condition with
adhesion, finite penetration and unilateral constraint. Also, note that when
g = 0 and p, = 0, condition (8) becomes Signorini contact condition with
adhesion used in 12, 14].
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We now describe the assumptions on the data we consider in the study
of the mechanical problem (4)—(12). We assume that the operators .4 and &
are linear and, moreover, the following condition is satisfied for 7 = A, &:

() _( zyk@) 2 x SN — s,

(b) zngeL (Q) 1<4,5,k £ <N.

(c)To-T=0-T1, Vo, 7 cSY, ae in 2. (16)
(d) There exists ag > 0 such that

T7-7>aol|7|?> VT €SV, ae. in 2.

54

The operator G may be nonlinear and satisfies

(a) G: 2 x SN xSV - SV, )
(b) There exists {g > 0 such that

Hg(ma 0-1751) - Q’(:c, 02, EQ)H

<lg(llor — o2l + |ler — e2f]) (17)
Voi,09,€1,€9 € SN, a.e. x € (2.

(c) For any o,e € SV,  — G(x,0,¢)

is measurable on {2.
(d) The mapping = — G(x,0,0) belongs to H.

The tangential function p; is such that

(a) pr : [3 X R — R,
(b) There exists ¢, > 0 such that
pr(, 81) — pe(@, )| < Lr 61 — Bl
Vﬂl,ﬁgeR, a.e. x € I3. (18)
(c) There exists M; > 0 such that |p;(x, 3)| < M-
VB eR, ae. x € I5.
(d) For any 8 € R, & +— p,(x,3) is measurable on I}.
(e) The mapping x — p,(x,0) belongs to L?(I3). )

We also suppose that the mass density satisfies
p € Loo(£2), there exists p* > 0 such that p(x) > p* ae. z € 2, (19)
and the body forces and surface tractions have the regularity
fo € La(Q), fa€ La(52). (20)

We remark that conditions (20) may be weakened.



Dynamic contact problems with adhesion 199

The adhesion coefficients 7, v, and ¢, satisfy the conditions
Yoy Vr € Loo(I3), €4 € La(I3), v, Vr, €a >0 ae. onl3 (21)
and, finally, the initial data satisfy
uo €V, wvo€ La(2), Lo € La(I3). (22)

In the rest of the paper we will use a modified inner product on the
Hilbert space H = Lo(£2), given by

(u,v)p = (pu,v),2) Yu,v€H, (23)
that is, it is weighted with p, and we let || - ||z be the associated norm, i.e.,

ol = (v, v)2,, VoeH.

It follows from assumption (19) that || - ||z and || - ||z,(0) are equivalent
norms on H, and also the inclusion mapping of (V.|| - ||v) into (H, || - ||z) is
continuous and dense. We denote by V' the dual space of V and we use the
notation (-, -)y/xy to represent the duality pairing between V' and V' and we
recall that

<u7'v>V’><V = (uav)H Vue HveV. (24)

Finally, we denote by || - ||y the norm on V.
Assumptions (20) allow us, for a.e. t € (0,T), to define f(t) € V' by

(f(t),'v>vfxv/ﬂf0(t)-'vdx+ i fa(t) - vda VveV, (25)

and note that
f e Lx(0,T;V'). (26)

Also, define j : Loo(I3) X V x V — R by the formula
i(B,u,v) = /F [(po(un) = W Ry (w,) %) vy + pr(B) Re(ur) - vr] da.  (27)
3

and note that the integral is well-defined due to the assumptions (15), (18)
and (21).
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Next, we need the set of admissible displacements field and the set of
admissible bonding fields defined by

K={veV ;v <g ae onls}, (28)
Q={pB€La(l3); 0<B<1 ae. onljy} (29)

respectively. Finally, we reinforce assumption (22) with
ug € K, (30)
fo € Q. (31)

We continue with a brief description of the steps in the derivation of a
variational formulation for this mechanical problem. To this end, assume
that (u,o, ) are smooth functions satisfying (4)—(12). We use the set of
admissible displacements fields, (28), as well as the functional j, (27). Also,
we introduce the sets

K={veHY0,T;V); v(t)e K Vtel0,T]}, (32)
Q={BeWL(0,T;Ls(I3)); B(t) €Q Vte[0,T]}.  (33)
)

Let t € [0,7] and let w € K. We take the dot product of equation (5
with w(t) — u(t), integrate the result over {2 and use Green’s formula (3) to
obtain

w(t) — u(t ))LQ(Q) ((t), e(w(t)) —e(u(t)))n (34)

(pa(t)
/ fol(t) de + [ ot u(t)) da.

Applying the boundary conditions (7) and (9) and noting that w(¢) = 0 on
I, we have

/ oty - (w(t) —u(t) da= | Falt) - (w(t) — u(t)) da (35)
r I>
+ /F o) (1) —  (6) do — /F PG R(ue(1) (1) da
Moreover, (8) yields
/F (00(t) — 3 Ro (1 (1) B2(1)) (w (£) — u (1)) da (36)
> /F ol (8) (1) — 1) d
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We combine now (34)—(36) and use (23)—(25) and (27) to find that
(w(t), w(t) — w(t)vxv + ((t), e(w(t)) — e(u(t)))n (37)
+i(B(), u(t), w(t) —u(t)) = (f(t), w —ut))y/xv-.

Then, we integrate (37) on [0,7], perform an integration by part, use the
initial conditions (11), and combine the resulting inequality with the consti-
tutive law (4), the differential equation (10), the initial condition (12) and the
unilateral constraint in (8). As a result we obtain the following variational
formulation of Problem P.

Problem PV. Find a displacement field w : [0,T] — V, a stress field
o :[0,7] — H and a bonding field 3 : [0,T] — Loo(I3) such that u € K,
peqQ,

(1) = Acta(0) + Eelult) + [ Glo(s) - Actils).c(uls))ds  (39)

a.e. t € (0,7),

T T
/ (U(t),s(w(t)—U(t)))Hdt—/ (w(t), w(t) — a(t))m dt (39)
0 0
T
+/0 J(B(8), u(t), w(t) — u(t)) dt + (w(T), w(T) — w(T))n

T
ZA<ﬂWw@—mewﬁ+hmw@—umfVwe&

B(t) = (B (wRu(w,)* + 7| R(ur)|*) = ea), ae.t €(0,T), (40)

B(0) = fo. (41)

The main result of this section concerns the solvability of Problem PV
and can be stated as follows.

Theorem 1. Assume that conditions (15)—(22), (30) and (31) hold. Then
Problem PV has at least a solution. Moreover, the solution satisfies
wuek, weHY*(Q), (42)
o€ Ly(0,T;H), (43)
B e Q. (44)
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We conclude by Theorem 1 that the frictionless contact problem with
normal compliance, adhesion and unilateral constraint, (4)—(12), has at least
a weak solution and it satisfies (42)-(48). The question of the uniqueness of
the solution is left open.

3 Penalized problems

We turn now to the proof of Theorem 1 which will be carried out in several
steps and it is based on a limit procedure on estimates for the solutions of a
sequence of regularized problems, similar to that used in [2, Ch. 4] and [11].
Since the modifications are straightforward, sometimes we omit the details.

We start with the construction of the penalized problems. To this end,
for every A > 0 we consider the function p,) : R — R defined by

(7 if r <y,
o) =" o (15)
sr—g)+plg) ifr>g,

and let P,y : R — R be the function defined by P,)(r) = / pua(s) ds, ie.
0

/ pu(s)ds it r<g,
— 0

Bya(r) = g (46)
n(r—9)° +pu(g)(r—g)+/0 pu(s)ds if r>g.

We also consider the functional jy : Loo(I3) X V x V — R given by

Ja(Bru,v) = /F [(pur () — 70 Ro(10,)5%) (47)

+p-(B) Rr(ur) - ’UT] da.

We use the notation above to define the following penalized frictionless
contact problems.

Problem 77;\/ Find a displacement field wy : [0,T] — V, a stress field
o :10,T] = H and a bonding field B : [0,T] — Loo(I3) such that for almost
every t € (0,7

o\ (t) =Ae(u(t)) + Ee(ux(t)) (48)

/ Glaa(s) — Ae(iin(s)), e(un(s))) ds,
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(Ux(t), w)v v + (oA(t), e(w))n + Ja(Br(t)unr(t), w) (49)
= (f(t),w)yyxy YweV,

Br(t) = (Bx (0 B (ur)? + 7o | R(unr|*) = €a) , (50)

ux(0) =uo, ur(0)=wu1, Br(0) = Fo. (51)

Clearly, Problem 77/‘\/ represents the variational formulation of an adhe-
sive contact problem similar to that studied in [7], in which the penetration
is allowed and unlimited. Moreover, keeping in mind the definition of the
function p,, we formally recover condition (8) in the limit as A — 0. For
this reason we refer to Problem 73/‘\/ as a penalized of the original frictionless
contact problem PV

Note that the function p,) defined in (45) is monotone and Lipschitz
continuous. This allows to obtain the following existence and uniqueness
result.

Theorem 2. Under the assumptions (15)—(22) and (31), Problem Py has
a unique solution (uy, oy, y), and

uy € W3(0,T;V)NCHY([0,T]; H), dan € La(0,T5 V"), (52)
o) < LQ(O, T H), Divey € LQ(O, T; V/), (53)
Oy € Q. (54)

The proof of Theorem 2 is based on arguments similar to those presented
in [7, 14] and, therefore, is omitted. Nevertheless, we note that the regularity
B € Q of the bonding field follows from the differential equation (50), the
initial condition £)(0) = By and assumption (31).

4 Proof of Theorem 1

We now proceed to a prior: estimates. Everywhere below we assume that
(15)—(22), (30) and (31) hold. Also, below ¢ will represent a generic positive
constant which may depend on the problem data but does not depend on A
or T', nor on the positive numbers k& and Ty which will be specified later; also
its value may change from line to line.
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(i) A priori estimates. Let A > 0. We put w = 4, (t) in (49) to obtain

(@x(t), wr(D)vrxv + (oa(8), €(@r () + ia(Oa(t), u(t), ar(t)  (55)
= (f(t), ur(t))vrxv, ae te(0,T).

We integrate equation (55) with respect to time, use (13)—(18), the definition
(46) of the function P,y, and the regularity (30) of the initial data ug. After
some calculation, based on monotonicity arguments, we obtain that there
exists Tp € (0, 7] such that

lealZ 010 La(2)) + NEAl 700201 (56)
+||UAH%OO(0,TO;V) + ||P/\(u>\u)||Loo(0,To;L1(F3)) <c

Here and below uy, and o), represent the normal trace of wy and o, re-
spectively. Also, note that the restriction of the length of the interval of time
arise from the need to obtain a convenient estimate involving the integral
term in (48); a similar argument will be used in the step (v) of the proof
which we present below.

(ii) Dual estimate. To obtain the dual estimate we test in (49) with an

o

arbitrary element w € Lo (0, Ty; H 1((2)). This together with (56) yields

. 2
”“A”Lg(o,To;H*l(Q)) =c (57)

Interpolating (56) and (57) we finally arrive at
Az 2 g ) + 1AL 010520 + IPACA e 0,10, 21 (1)) < 0 (58)

Hence by the standard use of the extension operator and Fourier transform,
we can prove that 4 belongs to the dual of the space H'/>1(Qq,) and (49)
has a sense from test functions from HY/?!(Qr,). For details cf. [2], Chapter
2. Moreover, since —oy, = pyx(un,) — vyRy(uAy)ﬂ?\ on Sz, using the Green
formula and standard trace theorem we have

o (x| g-1/a-1/2(55, ) < € (59)

(iii) First convergence results as A\ — 0. We prove now some conver-
gence results involving the approximate displacement field w). To this end,
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consider a sequence of positive numbers {\,} converging to zero as n — 0.
The validity of (56)—(58) shows that there exists an element u such that

@ e H'Y*N(Qr) N Loo(0, Tp; La(£2)) (60)

and, for a subsequence {\,,} C {A,}, the following convergences hold as
k — oo:

e(ug) — (@) in Lo(0,To; H), (61)

iy — 4@ in Le(0,To; H1(R2)), (62)

a, —u in HY/*Y(Qg), (63)

’ibk — U in LQ(QTO), (64)

U — U in LQ(STO), (65)

up — w  in La(Sp). (66)

Here and below we use the notation u, = uy,, and Ay = A\,,. Indeed,

(64) follows from (63) by the standard compact imbedding theorem. An
analogous argument works also for (65), and it is based on the convergence
in the space H'(0, Ty; Ly(£2)) N Lo (0, To; HY?(I)).

(iv) w is an locally admissible displacement field. We use the
notation p, = Pun,, and we denote by wug, the normal trace of uy. Let
k € N. It follows from (59) that

To
/ pr(ugy ) (ug, — g)dadt < ¢ (67)
0 I3

which implies that

To TO
/ / Dk (Uky ) Ugey, da dt — / / pr(ugy,)gdadt
0 FBH{ukugg} 0 F3r‘l{uk,1§g}

To
+/ / Pk () (Upy — g) dadt < c.
0 Isn{ug,>g}

We neglect the first term in the left hand side of the previous inequality and
note that pg(ur,) < p(g) on I3 N {ug, < g}. As a result we obtain

To
/ / Pr(Uky) (g, — g) dadt < c. (68)
0 JIsN{uk,>g}
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We use in (68) the definition of the function py, (45), and elementary ma-
nipulations to see that

To
1 / (upy — g)? dadt < c.
0 FSH{uku>g}

This last inequality shows that

To
/ / (Ugy — >dadt < cy. (69)
I3

We pass now to the limit in (69) as k — oo and use (65) to see that

To
/ / dadt<0
I3

which shows that (u,(t) —g)+ = 0 a.e. on Iy, for all ¢ € [0, Tp]. We conclude
that
ult) e K Vte0,Ty, (70)

i.e. u is an locally admissible displacement field.

(v) A strong convergence result. Let k¥ € N. Consider the functions

a,é, o! and /3 defined by the equalities

ol (t) = Ee(uxt / G(oh(5), (un(s)) ds, (71)
ol () = Ee(u(t)) + / G(o (5), e (u(s))) ds, (72)

t
B(t) = —/0 (B(s) (9 R (un () + 77 | R(ur (s)II*) — €a) , ds + fo, (73)
for all ¢ € [0,Tp]. The definition of these functions is based on the Banach
fixed point theorem, which show that the integral equations (71), (72) and
(74) have a unique solution. In addition we denote B = Sy, . It follows
from (50) and (51) that [ satisfies

Br(t) = —/0 (Br(s) (v Bo (urw (5))* + 77| R(upr () %) — €a) . ds+ fo (74)
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for all ¢ € [0,T)] where, here and below, uy, represents the tangential trace
of ug.

We write (49) for A = A, take w = u — uy, and use (71) to obtain

(b, w — wg)yry + (Ae(tg), e(u — up))n + (oh, e(u — up))x
+ /1“3 pk(uku)(uy - Ukl/) da — /]“3 rYVRV(ukIJ)B]?;(UV - Ukl/) da

4 / Pr () R(ugr) - (s — wpr) dalF, e — wg)vrey
I

a.e. on (0,7p). Next, using the monotonicity of the function pg, (70) and
the properties of the operators R, and R, we obtain

(U, u — up)vixv + (Ae(tg), e(u — ug))n

Hoh e(u —wg)) + / P (1, — ) da

I3

+C/ |u —ugllda > (f,u —up)y/xv,
I3

a.e. on (0,7p), which shows that

(Ae(ty — ), e(up — u))y + (o} — ol e(up — )y
< (Ae(w),e(u —ug))n + (O'I, e(u —ug))y + (Ug, u — Ug)yrxy

—i—/ pu(uy)(uy — ugy) da + ¢ |lu — ug| da + (f,ur — w)yrxvy.
I3 I3

a.e. on (0,7p). Let t € [0,Tp]. We integrate the previous inequality over
[0,t], use standard integration by parts and the initial conditions to find that
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(Ae(ur(t) — u(t)), e(ur(t) — u(t))n (75)

+/O (aé(s) — al(s),e(uk(s) —u(s)))n ds
< / (Ae(i(s)), e(u(s) — ux(s)))r ds

0

+ /0 (0 (5), (un(s) — u(s)))py ds

+ / (i (), i () — () ev ds — (i (8), wn(t) — w(t))

¢
/ / o (uy)(Uy — Upy dadt~|—c/ lu — ug|| da
I3 0 Jy

/ (f ur —w)y v = Cy(k).
0
With the bound

(Ae(up(t) —u(t)), e(ur(t) —u(t)))n >0,

inequality (75) leads to

/O (ok(s) — ' (5), e(ur(s) — u(s)))n ds < Cy(k). (76)
On the other hand, it follows from (71) and (72) that
(ok(s) — o' (5), e(ur(s) — u(s))n (77)
= (Ee(u(s) —ui(s)), e(uls) — ur(s)))n

+</05 (G(or(r), e(ur(r)) — Gla (r),e(u(r))] dr, e(ux(s) — u(s))) .

H

for all s € [0,7]. We combine (76) and (77) and use assumption (16) and
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(17) on the operators £ and G to obtain

co [ lletun(s) — (o)) feds < Culk) + (79)
T [ Llorktr) = o @)l + e(an(r) — u(r)) I ar)
[ etuets) — )t
We use again (71), (72), (17) and Gronwall’s inequality to see that
o (r) — o (Pl < e (leuer) — u(r)lh (19)
+ [ letunle) — (€l de) Ve 0.7

and using this inequality in (78) we obtain

o [ letunls) = u(s)lfeds < i) + (30)
cT0(1+T0)</O le(aus(s) — w(s))llpeds)
Since
([ etaur(s) ~wtsnlbeds)” <o [ etunts) ~ uts)leas,

it follows from (80) that for Ty small enough we have

/0 le(un(s) — u(s))|Z ds < e Cu(k). (s1)

We use now the convergences (61)-(66) and the definition of Cy(k) in (75) to
see that
c(w) — e(w) i Lo(0,TosH), ask— ox. 52)

This convergence combined with inequality (79) shows that

ol — ol in Ly0,To;H), ask — oo. (83)
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Finally, we note that from (74) and (73) it follows that

¢
181 () = B Lary) < /0 [ur(s) —uls)|lv ds
and, combining this inequality with the convergence (65) yields

ﬁk — ﬁ in LQ(O,T(); LQ(Fg)), as k — oo. (84)

(vi) Existence of the solution. Let £ € N. We write (49) for A = A,
take w = v — uy, where v € K is an arbitrary test function and use (71) to
obtain

(i, v — wp)yry + (Ae(ig), e(v — wp))y + (of, €(v —up))y  (85)
+ /F3 pk(“kv)(”u - uku) da — /['3 ’YVRV(UkV)ﬁlz (UV - uk‘l/) da

+/1M&ﬂ%wﬁ%%—umﬂa=Uw—uwww
I3

a.e. on (0,7p). Now, since the function pj is nondecreasing and v € K we
find that

/F3 P (k) (Vy — ugy) da < / Pi(vy)(Vvy — upy) da

I3

and, using this inequality in (85), yields
(i, v — up) iy + (Ae(inr), €(v — ug))y + (o, €(v — up))n
+ [ )= u)da— [R50, - u) da
Fg FS

+/ pr(Br)R(ugr) - (V7 —upr)da > (f,v — up)y xv
I3

a.e. on (0,7p). We integrate the last inequality on (0,7p), perform inte-
gration by parts and use the convergences (61)—(64), (82), (83) and (84) to
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obtain

To

/0 (Ae(ia(t)), e(w(t) — u(t)))p dt (36)
To To

" /0 (o (£), e(w(t) — u(t)))p dt — /0 (), (1) — (1)) g dt
To

+ /0 /F Pt () (0) ~ (1)
To

- /0 /F o R (1 (8)) (1) (0, () — (1)) dadt

To
+ [ pBOR@0) - wr(0) - wrt) dade

o Jny
+(u(To), v(To) — w(To))u

To
> /(; <f(t),v(t) — u(t))V/Xv dt + (ul,v(O) — ’LLO)H Vv e K.

Next, we take v = u 4+ 6(w — u) in (86), where w is arbitrary in K and
0 €]0, 1], then we divide the resulting inequality by 6. As a result we find

To
/O (Ae(ia(t)). e (w(t) — u(t)))y dt (87)
To To
4 /0 (o (1), e (w(t) — (u(t)))p dt /0 (), () — (1)) r
To
+ /0 /F 8+ 00 (8) (1)) €) — s 1) dr

To
- / /F o R (1 (£) + 0w, (£) — (1) B2(8) (w (£) — 0, (1)) da it

v/ K /F el 1)+ 00 (t) — un (1))

(wr(t) — ur(t)) dadt + (u(To), w(To) — w(To))u

To
2/0 (F(0)sw(t) = w(t))yrey di+ (w1, w(0) — wo)yr Vw € K.
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We now use the properties (15) of the functions p,, R, and R, to see
that, as # — 0, the following convergences hold:

To
/0 /F P (1 (£) + 0(wy (1) — 1 (£))) (wo (£) — up(£)) dadt (88)
To
. / / oot (1)) (o (1) — () dadt,
0 I3
To
/0 /F o Ryt (£) + 0, (1) — (1)) B2 (D) (0, (8) — wp(8)) dadt  (89)
To
- / / o Ry (1t (1)) B2(8) (0, (1) — (1)) da
0 I3
To
/0 /F Pr(BE) Rt (£)) + 0(w () — s () - (wr(t) — ur (1)) dadt  (90)

To
—>/O /Fpf(ﬂ(t))R(UT(t))'(wr(t)—’ur(t))dadt-

Therefore, passing to the limit in (87) as # — 0 and using (88)-(90) and
the definition (27) of the functional j we obtain

To
/0 (Ae(a(t))., e(w(t) — u(t)))p dt (01)
To To
+ /O (o (t), e(w () — e(ult)))n dt — /0 (alt), w(t) — a(t))p dt
To
+ /O J(B(E), ut), w(t) — u(t)) dt + (@(To), w(To) — w(To))n

To
> /0 (f(t),w(t) — ’u(t))V/XV dt + (ul,w(To) — uo)H Yw e K.

Let o : [0,To] — H be the function given by
o(t) = Ae(u(t)) +ol(t) ae te(0,Tp). (92)

It follows from (91), (92) and (72) that (u,o,3) satisfy (38), (39) on the
interval (0,7p). Also, (73) implies that (40) and holds on (0,7}), too, and
the initial condition (41) is satisfied. It follows from (60), (72), (92) and
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(73) that (u,o, ) has the regularity expressed in (42)—(44) on the time
interval (0,7p). We conclude that (u, o, ) is a local solution of the Problem
PV. Using now the standard successive approximation argument we obtain
a solution on the whole interval (0,7), which concludes the proof. ©
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