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SINGULARLY PERTURBED CAUCHY
PROBLEM FOR ABSTRACT LINEAR
DIFFERENTIAL EQUATIONS OF
SECOND ORDER IN HILBERT SPACES*

Andrei Perjan' Galina Rusu?

Abstract
We study the behavior of solutions to the problem

{ e (u(t) + Aruc(t)) + ul(t) + Aouc(t) = fo(t), t€(0,T),
Ue (0) = Uoe, u/s (0) = Ule,

as € — 0, where A; and Ag are two linear self-adjoint operators in a
Hilbert space H.

MSC: 35B25, 35K15, 35L15, 34G10
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1 Introduction

Let H be a real Hilbert space endowed with the inner product (-,-) and the
norm |-|. Let A; : D(A4;) — H, i =0, 1, be two linear self-adjoint operators.
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Consider the following Cauchy problem:

{ e (u(t) + Arue(t)) + ul(t) + Aous(t) = fo(t), t€(0,T),

UE(O) = UQe, U,E(O) = Uig, (PE)

where ¢ > 0 is a small parameter(e < 1), u,, fe : [0,T7) — H.

We will investigate the behavior of solutions u.(t) to the perturbed sys-
tem (P:) when ¢ — 0, upe — up and f. — f. We will establish a relationship
between solutions to the problem (P:) and the corresponding solutions to
the following unperturbed system:

{ V'(t) + Agu(t) = f(t), te€(0,T),

v(0) = uo. (F)

In our study we will use the following conditions:
(H1) The operator Ay : D(Ag) € H — H is self-adjoint and positive
defined, i.e. there exists wg > 0 such that

(Aou,u) > wo |u|2, Yu € D(Ap);

(H2) The operator Ay : D(A1) C H — H s self-adjoint, D(Ag) C
D(A;) and there exists wy > 0 such that

(Aru,u)| <wy (Aou,u), Yu € D(Ap).

If, in some topology, u.(t) tends to the corresponding solutions v(t) of the
unperturbed system (Fy) as e — 0, then the system (P) is called regularly
perturbed. In the opposite case system (FPp) is called singularly perturbed. In
the last case, a subset of [0, 00), in which the solution wu.(¢) has a singular
behavior relative to e, arises. This subset is called the boundary layer. The
function which defines the singular behavior of the solution u.(¢) within the
boundary layer is called the boundary layer function.

Many physical processes are described by systems of type (P.). For
example, the equation

pugt + vy = o Av

(where p,~,o0 are the mass density per unit area of the membrane, the co-
efficient of viscosity of the medium, and the tension of the membrane, re-
spectively), which characterizes the vibration of a membrane in a viscous
medium, can be rewritten as

62utt + up = A’U,,
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with e = (po)V/2 /.

In the case when the medium is highly viscous (v > 1), or the density p
is very small, we have ¢ — 0 and the formal ”limit” of this equation will be
the following first order equation

Ut = Au.

Let us mention some works dedicated to the study of singularly perturbed
Cauchy problems for differential equations of second order in Hilbert spaces.
In [2], [3], [4], [5], [7], [8], [9], the behaviour of the solutions u. to the abstract
linear Cauchy problem (P.) has been studied as € — 0 in the case when Ay
and A are positive operators, B = 0 or B is an linear integrodifferential
operator. All results from these papers were obtained using the theory of
semigroups of linear operators.

Our approach is based on two key points. The first one is the relationship
between the solutions of the problems (P:) and (FPy). The second key point
consists in obtaining a priori estimates for the solutions of the problems (P),
estimates which are uniform with respect to small parameter e.

2 Preliminaries

The goal of this section is to remind the notations and main assertions which
will be used in that follows.

Let k€ N*, 1 <p < 400, (a,b) C (—00,+00) and let X be the Banach
space. We denote by W¥P(a, b; X ) the Banach space of all vectorial distri-
butions u € D'(a,b; X), u) € LP(a,b; X), j =0,1,...,k, endowed with the

norm
1/p

k
ullwesary = | 3 1090
=0
for p € [1,00) and

HuHkaoo(a,b;X) = Orgfgxk ||’LL(]) HLOO(a,b;X)

for p = oo.
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In the particular case p = 2, we denote W*2(a,b; X) = H*(a,b; X). If
X is a Hilbert space, then H*(a,b; X) is also a Hilbert space with the inner
product

b
(s V) fr (a b x) = zk:/ uld)( ))th-

J=

For each arbitrary but fixed s € R, k € N and p € [1,00], we define the
Banach space

Wf’p(a,b;H) ={f:(a,b) — H;f(l)(~)e_3t € LPa,b;X),1=0,...,k},

with the norm

1 e ey = 1™ Nwtn(a,pix) -

Theorem 1. Let p € [1,00] and X be a reflexive Banach space. Then the
embedding WHP(0, T; X) — C([0,T]; X) is continuous, i.e., there exists
C(T,p) > 0 such that, for each f € WIP(0,T; X), we have

1 leqorixy < CTp) ([ fllwreor; x)-

Theorem 2. Let k € N, p € [1,00] and let X be a Banach space. Then there
exists C(k,p,T) > 0 such that, for every f € WkP(0, T; X), there exists an
extension f € W P(0,00; X) of f satisfying

||f||kap(0,oo;X) < C(kvva) ||f||kaP(O,T;X)‘

Theorem 3. Let X be a reflexive Banach space. Let f: (0,T) — X and let
fu(t) =h=H(f(t+h) = f(t), t,t +h e (0,T).

(i) If 1 < p < +oo and for each (a.b) C (0,T) f € WhP(a,b; X), then
1fnllze(a:x) < Ifllwre(apx), 0 < |h| <min{a/2, (T - b)/2}.
(i) If 1 < p < 400, f € LP(a,b; X) and there exists C > 0 such that
I fnll o apx) < €, 0 < |h| < min{a/2, (T - b)/2},
then f € WHP(a,b; X) and

HfHlep(a,b;X) <C.
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Theorem 4. Let H be a real Hilbert space, and let A : D(A) ¢ H — H
be a linear self-adjoint positive operator. If w € W12(0,T; H) such that
u(t) € D(A) a.e. fort € [a,b] C [0,T] and Au € L*(0,T;H), then the
function t — (Au(t),u(t)) is absolutely continuous on [a,b] and

%(Au(t),u(t)) = 2(Au(t),v'(t)), a.e. te€[a,bl.

Definition 1. The operator A : D(A) C H — H is called monotone if
(Au1 — AuQ,ul — UQ) > 0, Vul,uQ € D(A)

The operator A is called mazimal monotone if it is monotone and A does
not have (possible multivalued) monotone extensions in H.

Theorem 5. [1] Let A: D(A) C H — H be a monotone operator in H. A
is mazximal monotone if and only if for every X > 0 (equivalently for some

A>0), R(I+\A) =H.

Theorem 6. [1] The linear monotone operator A : D(A) C H — H is
maximal monotone if and only if A is closed and (A*u,u) > 0, Yu € D(A*),
where A* is the adjoint operator to A.

For a maximal monotone operator A : D(A) C H — H and A > 0, we
denote by .J its resolvent Jy = (I +AA)~!, and by Ay = A~1(I — J)) the
Yosida approximation.

Theorem 7. Let A: D(A) C H — H be mazimal monotone operator. Then
for every A > 0:

(7) Jy is lipschitzian on H with the constant 1;
(1) Az = Adyx, Ve e H and Az = J\Az, Vz e D(A);

(1i1) Ay is a monotone and lipschitzian operator on H with the constant
)\—1 :

() |Axz| < |Az|, Vz € D(A);
(v) limyx_ oAz = Az, Vz € D(A);
(vi) |Axz|? < (Ax, Ayz), Vz € D(A).
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Definition 2. The function v : [a,b] — H is called strong solution to the
Cauchy problem

{ u/'(t) + Au(t) = f(t), t€ (a,b), (2.1)

u(a) = ug

if u is absolutely continuous on [a,b], v’ € L'(a,b; H), u(t) € D(A) a.e. for
t € (a,b), u(t) satisfies the first equality in (2.1) a.e. for ¢ € (0,7) and
u(a) = up.

Theorem 8. [1] Let A : D(A) C H — H such that A + wl is mazimal
monotone. If ug € D(A) and f € WHL(0,T; H) then there exists a unique
strong solution uw € W1°°(0,T; H) to the problem

{ ' (t) + Au(t) = f(t), te(0,T),
u(0) = ug

and

lu(t)| + (/Ot 7 09) (A4 wlyu(s), u(s)) ds) 1/2
< ewt/2 <|U0\ +/Ot e ws/2 f(8)|d8) , Vtelo,T],

d+ d,
0] < e 170 - ul+ [ e |

Lemma 1. [10] Let v € L'(a,b) (—o0 < a < b < 00) with 1 > 0 a.e. on
(a,b) and c be a fized real constant. If h € Cla,b] verifies

t

w(t—s) ds, Ytel0,T).

t
%hZ(t) < ;CQ—{—/G D(s)h(s)ds, Vit € [a,b)],

then .
h(t)g]c\—i—/ W(s)ds, Vit € [a,0)].

3 Existence of strong solutions to both (P.) and
(Fo)

In this section we will study the solvability of problems (P:) and (F) and
also the regularity of their solutions.
The following two theorems were inspired by [1].
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Theorem 9. Let T > 0 and let us assume that Agy satisfies the condition
(H1). If ug € D(Ap) and f € WHL(0,T; H), then there evists a unique
strong solution v € W°°(0,T; H) to the problem (Py). Moreover, v satisfies

h@n+(4tpyagﬂdﬁuzgmd+lﬂﬂ@M& vt € [0,7]

VO] < Ao = FO)+ [ [7@)]ds. e T

Theorem 10. Let T > 0. Let us assume that A : D(A) C H — H s linear
self-adjoint and positive. If ug € D(A), u1 € H and f € WH1(0,T; H), then
there exists a unique function u : [0,T] — H such that:
we W20, T;H), AY?ueWbHe(0,T;H), Auec L>(0,T;H),
AY2y and ' are differentiable from to the right in H for every t € [0,7")
and

dt du du
(O O+ Au(t) = £(1), e 0.T), (3.1)
uw(0) = ug, '(0) = uy. (3.2)

In what follows this function will be called the strong solution to the
problem (3.1), (3.2).

Proof. Let us denote by H = D(AY?) x H which, endowed with the inner
product

(U1, Ua)y = (AY?uy, AV2ug) + (vi, ), Ui = (ugsvi) € H, i=1,2,

is the real Hilbert space. Let us further denote by £ : D(L£) C H — H, the
operator defined by

D(L)=D(A) x H, LU= (-v,Au+v), VU= (u;v)e D(L).
As
(LU, U)y = —(Av,u) + (Au+v,0) = [v[* >0, VYU € D(L),

it follows that £ is monotone. Now we are going to show that it is maximal
monotone. To this aim, let us consider the equation (A +L£) U = F, A > 0,
where F' = (f,g) € H and U = (u,v) € D(L), which is equivalent to the

system
Au—v=f
w4+ Aut+v =g,
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i.e.

Au—v=f
{ AA+Du+ Au = g1, (3.3)

where g1 =g+ (A + 1) .

As A is a positive self-adjoint operator, therefore using Theorem 6, we
can infer that A is a maximal monotone operator. Due to Theorem 5, we
have that

V>0 D((BI+A)~Y)=H, R((BI+ A" CDA.

Therefore (3.3) is equivalent to the system

Au—v=f
{ u=(BI+A) g, (3:4)

with 3 = A(A 4 1). Hence, if f € D(AY?) and g € H, it follows that
u = (Bl + A)"tgy € D(A). From the first equation in (3.4), we deduce
that v = \u — f € D(AY2). So, for every F' € H there exists a unique
solution U € D(L) to the equation (Al + £) U = F. So, R\l + L) = H
and, by Theorem 5, the operator £ is maximal monotone. By Theorem 8,
the problem
U'(t)+ LU(t) = F(t), te(0,7),
{ U(0) = U, F0)
v(

where U(t) = (u(t); v(t)), Uy = (uo, w1), F(t) = (0, f(t)) has a unique
strong solution U = (u,v) € W°°(0,T;H) which implies that A'/?u,v €
Whee(0,T; H). As the equation in (P.U) is equivalent to the system

it follows that w satisfies (3.1) and (3.2). Thus, (3.1), (3.2) has a unique
strong solution u € W2*(0,T; H).

Finally, we have A2y € Wh°(0,T; H) and Au € L>°(0,T; H) and this
completes the proof. ]



Singularly perturbed Cauchy problem 39

4 A priori estimates for solutions to the
problem (F:)

The goal of this section is to establish some a priori estimations for solutions
to (P:) which are uniform relative to the small parameter e.
Consider the following problem:

{ e (u(t) + Aue(t)) + ul(t) + Aoue(t) = f(t), t€(0,7),

us(0) = up, ul(0) =ui. (4.1)

Lemma 2. Let T' > 0. Suppose that, for each € € (0,1), the operator
A(e) = (A1 4+ Ag) : D (A(e)) € H — H is self-adjoint and satisfies

(A(e)u,u) > wlul®, Yue D(AE), w>0, ee(0,1]. (4.2)

If f e WHY0,T; H),ug € D (A(¢)), u1 € H, then the unique strong solution,
Ue, of the problem (4.1) satisfies

142 @)oo, iy + Idllze, m < C@W) M@, (43)

for each t € [0,T] and each € (0,1/2]. If, in addition, u € D (AY?(e)),
then
oo, o 11y + A2 () ulll 20,111y < Clw) M(t), (4.4)

for each t € [0,T], and each € € (0,1], and
|A(e)ucll oo, 4 1) < Clw)Mi(t), Vte[0,T], Vee(0,1], (4.5)
where

M{(t) = Mt uo,ur, f) = |AY3(e)uo| + [ur] + 1w o 1 + 1 £ (O,

M (1) = Ma(t,uo, s, ) = |4V (@ |+ Aol + 1 s o) + £ O]
Proof. We begin with the proof of (4.3). Let us denote by

E(u,t) =¢ (u’(t),u(t)) —i—/o (A(e)u(r),u(r)) dr + % \u(t)|2
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+£/0 |u'(7’)‘2 dr + €2 ‘u’(t){Q + e (A(e)u(t),u(t)) .

For every solution, u., of (4.1), by direct computation, we obtain

%E(ua,t) = (f(t),uc(t) + 2eul(t)), ae. te(0,T).

As
E(ue,t) >0, |ua(t) + 2eul(t)] < 2 (E(ue,t)"?,

for each t € [0,T7], and each ¢ € (0, 1], it follows that

%E(us,t)§2|f(t)| (B(us, t)Y?, ae. Vte (0,T).

Integrating the last inequality, we obtain

%E(ug,t)g E(uE,O)—i—/ ()] (Blue, P dr, W€ [0,T).
0

DN | =

Applying Lemma 1 to the last inequality, we get

t
(E(uc, t))"/? < (BE(u.,0))"/? +/ |f(T)] dr, Vtel0,T],
0
from which we deduce

uell (o, g; 1) + IIAY2(€) ell 20,1 11y < Clw)M(2), (4.6)

for each t € [0,7] and each Ve € (0, 1]. Let now

E(u,t) = elu/ (t)|* + [u(t)|* + (A(e)u(t), u(t)) + 2(1 — E)/O [u'(s)|*ds

1+2¢ (u(t), o/ (8)) + 2 /0 (A(e)u(s), u(s)) ds.

Then, for every strong solution u. to the problem (4.1), we have

%S(ue,t) =2 (f(t),uc(t) +uL(t)), ae te(0,T),
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and thus
E(ue, t) = E(ue, 0) + 2 (ue, f(t)) — 2 (uo, f(0))
t
+2 / (f(s) = f'(s),ue(s)) ds, Vte[0,T). (4.7)
0

Since

E(ue,0) < Clw) M?(t), Vte0,T], Vee (0,1]
and, in view of (4.6), we have
2|(ue, £(£)) = (uo, f(0))] < Clw) M?(t), Vte[0,T], Vee(0,1],
from (4.7), we get
E(ue,t) < C(w) M?(t), te[0,t], Vee(0,1],

which implies (4.3).

Proof of (4.4). Let h > 0 such that t,¢ + h € [0,T]. Denote by ucy(t) =
ue(t 4+ h) — us(t), where u. is the strong solution to problem (4.1). Then for
uzp, we have the equality

%E(uah,t) = (fu(t),ucn(t) + 2euly,(t)) ae. € (0,T —h).

Integrating this equality and applying Lemma 1 and Theorem 3, we obtain
¢
(B(uen, 1))'? < (E(uen, 0)"/? +/ |f/(7)] dr, Vte[0,T - h].
0

As 4/(0) = uy and

time [, (0)] = 1/(0) = w1 = A£)ual.

9

: —1 | 41/2 — | A41/2
lim ‘A (s)ugh(O)’—‘A (€)ur

dividing the last equality by h and passing to the limit as h — 0, we get
(4.4).

Proof of (4.5). Let Ay(e) be the Yosida approximation of the operator
A(e). Let

Ey(u,t) = e (Ax(e)u(t), /(1)) + (Ax(e)u(t), u(t))
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+ (Ax(e)u(t), Ale)u(t)) + 2¢ (A,\(a)u(t), u'(t))
+o(1—e) /0 (An(e)(s), 0/ (s)) ds +2 / (Ax(2)u(r), A(2)u(s)) ds.

0

Then every strong solution, u, of the problem (4.1) satisfies

%El(ug t) =2 (f(t), Ayuc(t) + Ayul(t)), ae. te(0,T).

Integrating this equality, we obtain
Ey(ue,t) = Eq1(ue, 0) + I (t,e) + Ia(t,e), Vte[0,T], (4.8)

where

It,2) = 2(7(8), Ax(e)ue(0)) — 2 (F(0), Ax(E)uo).
)=2 [ (76) = ) Al d.

Let us evaluate I (t,¢), Is(t, ). Using (iv), (vi) in Theorem 7, we get

Ig(t, 9

116,0)] < 5 [ AEu(OF +21f(@)F +|FOF + | Az(E)uol?

< 3 (ANOue(t), Alhua(t) + C) ME(H), Vi€ [0,T].  (49)
As (Ax(e)u,u) > 0, Yu € H, it follows that
(Ax(e)u,v)* < (Ax(e)u,u) (Ax(e)v,v), Vu,v € H.
Therefore, due to (vi) in Theorem 7, we get
(AN (E), L)) + (An(2)ua (), e (8)) + (A (2)uue (), A(e)ue (1)

2z (Ax()ue(t). (1)) = (1) (Ax(2)us(t). us(1))
e (An (1) + ul(0), (uelt) + (1)) + (Ax()ue(t), Ae)us (1)
> (Ar©uelt), A€ue(t) 2 [Ar(Eu(O, Ve € (0,11

Ei(ue,t) >0, |Ax(e)ue| < B *(ue,t), Vt€[0,T], Vee (0,1],
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we have
muﬁ)gzﬁ(u(n+f<m EY2(u.,s)ds, Ve [0,T].  (4.10)
Due to (vi) in Theorem 7, we get
Bi(ue,0) < Cw) (JA@E)uof + 42w [?), vee (0,1)  (411)

Using (4.9), (4.10) and (4.11), from (4.8), we obtain
Ex(ue,t) < C(w) Mi(t)

2 [ U7+ 176 B s ds, (112)
0

for all t € [0,7] and all £ € (0,1].
Applying Lemma 1 to (4.12), we deduce

B (ue,t) < C(w) My(t), Vte[0,T), Vee (0,1],
from which it follows that
(Ax(e)us(t), A(e)us(t)) < C(w) M2(L)Y € [0,T], Ve € (0,1].

Finally, passing to the limit in the last inequality as A — 0 and using (v) in
Theorem 7, we get (4.5) and this completes the proof. O

Let u. be a strong solution of the problem (4.1) and let us denote by
ze(t) = ul(t) + ae 5, o= f(0) — uy — A(e)uo. (4.13)

Lemma 3. Let T > 0 and let us assume that, for each e € (0, 1), the operator
A(e) = Ay + Ag is self-adjoint and satisfies (4.2). If uy, f(0) — A(e)ug €
D (A(g)) and f € W?Y0,T; H), then there exist C(w) > 0, such that the
function z., defined by (4.13), satisfies

1/ 12
1472zl s + Natlleqo, s + A2 o

< C(w) My(t), Vtel[0,T], Vee(0,1], (4.14)

Ma(t) = |A(e) f(0) — A*(€)uo| + || fllw= 0,1y + [A()ua] + [ f/(0)].
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Proof. 1f u1, f(0) — A(e)ug € D (A(e)) and f € W21(0,T; H), then, due to

Theorem 10, z. is the strong solution of the problem

{ ezl (t) + zL(t) + A(e)z:(t) = F(t,e), ae. te(0,7),
2(0) = f(0) — A(e)uo, 2(0) =0,

where

Flt,e) = f'(t) + 7% Ale)a
Finally, let us observe that z. satisfies AY/2(e)z. € WL (0,T; H), =
W22°(0,T; H) and A(g)z. € L*°(0,T; H). Therefore, (4.14) follows from
Lemma 2 and the proof is complete. O

5 The relationship between the solution of (F.) and
(Fo)

Now we are going to establish the relationship between the solution to the
problem (P.) and the corresponding solution to the problem (Fy). This
relationship was inspired by [6]. To this end, we begin by defining the
transformation kernel which realizes this relationship.

Namely, for € > 0, let us denote

K(t,r,e) =

(K1(t,m,e) + 3Ka(t,T,e) — 2K3(t, 7,¢))

375—27'} <2t—7'>
de 20/et )’

3t 4 67 2t+ 1
Ks(t,1,e) = exp " oVt )
-

1
2e /T

where

Ki(t,7,e) = exp

K3(t7 T, 6) - exp

t+r) ):/ .

The properties of the kernel K (t, ,€) are collected in the next lemma.
Lemma 4. [11]. The function K(t,,€) has the following properties:
(i) K € C([0,50) x [0,00)) N C2((0,00) x (0,00)) ;

(ii) Ki(t,1,e) =K r(t,1,6) — K- (t,7,¢), Vt>0,Y7 >0;
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(i7i) eK(t,0,e) — K(t,0,6) =0, Vt>0;
1 T
(iv) K(0,T,¢) 5z exp { 25} , Vr>0;

(v) For every t > 0 and every q,s € N, there exist C1(q, s,t,e) > 0 and
Ca(q, s,t) > 0 such that

|0; 03K (t,7,¢)| < Ci(q, s,t,e) exp{—Ca(q, s, t)T/c}, V1 >0;

Moreover, for every v € R, there exist C1 > 0, Cy > 0 and g9 > 0,
depending on vy, such that:

(o)
/ e’ | Ky(t, T, e)| dTr < C4 e te®t Vt>0, Vee (0, 0],
0
oo
/ T NK,(t,T,e)| dr < Cre e V>0, Vee (0,e)],
0
o
/ VT Ky (t,1,e)| dr < Cre? e“t >0, Vee (0,0 ;
0

(vi) K(t,7,e) >0, Vt>0, VY72>0;

(vit) For every continuous ¢ : [0,00) — H, with |o(t)] < Mexp{yt}, we

have:
/ K(t,r,e)p )dT—/ e To(2eT)dr
0

for every e € ((), (2 7)*1) :

lim

= O7
t—0

H
(viid)
/ K(t,r,e)dr =1, Vt>0.
0

(iz) For every vy >0 and q € [0, 1], there exist C1 > 0, Co > 0 and g9 > 0,
depending on v and on q, such that :

/ K(t,7,e) |t —r|%dr < C1e“? 2 Wt >0, Ve e (0,20
0
If v <0 and q € [0, 1], then

/ K(t,r,e) e |t —7]9dr < Ce9/? (1+\/Z)q, Vi >0, Ve € (0,1];
0
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(z) Letp e (1,00 and f: [0, 00) — H, f € WiP(0,00; H). If y >0, then
there exist C1 > 0, Co > 0 and g9 depending on v and p, such that

Hf(t) - /Ooo K(t,r, ) f(r)dr

< Oy et? ‘|fIHLT§(O,oo;H) gD/ i >0, Ve e (0,e9).

If v <0, then
Hf(t) —/ K(t,r,e)f(r)dr
0

p—1
< Cv,p) 1 'l 22 (0,001 (1 + \/E> 72w >0, Ve € (0,1].

(xi) For every g >0 and « > 0, there exists C(q,a) > 0 such that
t 00
/ / K(r,0,e)e”1%% |7 —0|*df dr < C(q,a) T,

for each t > 0, and each € > 0.

Now we are ready to establish the relationship between the solution of
(P-) and the solution of (F).

Theorem 11. Suppose that A(e) satisfies (H1). Let f € L°(0,00; H) and
let ue € W2(0,00;H) be the strong solution of the problem (4.1), with
Aug € L(0,00; H), for some ¢ > 0. Then the function we, defined by

o
- [ Ko ar
0
is the strong solution of the problem

{ zégg))—i;xi(j)ws(t) = Fy(t,e), t>0, (5.1)

where

b /oo e Tus(2e7)dr,  Fol(t,e) = folt,e)ur + /°° K(t,7e) f(r)dr,
0 0

-l ()]
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Proof. Integrating by parts and using (7),(#¢) and (¢i7) in Lemma 4, we get

(wWi(t),n) = </Ooo Ki(t,7,¢)uc(7)dr, 77)

_ ( /0 Ko (67 ) — Ko (b7 2)] e (r)dr, 77)

= — ([eK;(t,0,e) — K(t,0,¢)] ucs(0),n) + (eK(t,0,&)us,n)

+ (/OOO K(t, 7€) (eul (1) + ul(7)) dr, 77)
= ett0. )+ ([ K 160 - A (e dron)
- <5K(t,0,5)u1 +/OOO K(t,7,e) f(r)dr, ?7) — (A(e)we(t),n)

= (ftteru + [T K fr)drn) - (A0,
for each n € D(A(g)). Thus
(w(t) + Aw.(t) — Fo(t,e),n) =0, Vne D(A(g)), a.e. t>0.

Let us observe that Fy(t,e) € LZ(0,00; H) and from (v) in Lemma 4,
we conclude that w. € L2 (0,00; H) (with some ¢; > 0), which implies that
A(e)we € L(0,00; H). Since D(A) = H, it follows that w,(t) satisfies the
first equation in (5.1) a.e. t > 0.

As the initial condition is a simple consequence of (iv) and (vii) in Lemma

4, the proof is complete. O

6 The limit of the solutions of the problem (P.) as
e—0

In this section we will study the behavior of solutions to the problem (Px)
as € — 0.
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Theorem 12. Let T' > 0 and p € (1,00]. Let us assume that the operators
Ao and A; satisfy (H1) and (H2). If

Ug, Uge € D(Ao), Ule € H, f, fa € Wl’p(O,T; H),

then there exist g = eo(wo,w1) € (0,1) and C = C(T,p,wo,w1) > 0 such
that

e — U||C([0,T];H)
<C (M5€6+\U05*U0|+ ||fs*f||Lp(o7T;H)) ) (6.1)

for all e € (0,e9], where ue and v are the strong solutions of problems (P:)
and (Py) respectively,

B =min{l/4, (p—1)/2p}

and
ME = ‘Aémw) e

+ [ure| + ([ fellwrro,r;m)-

If, in addition, u1. € D (A(l)/Q), then, for each ¢ € (0,¢e¢], we have

Jue — U”C([O,T};H)

<C (Mlge(pflwp + |uge — uol + || fe — fHLP(O,T;H)) ; (6.2)

and 1/2 1/2
146 *ue — Ay *vl| 20, 7 )

<C (Mls e’ + |uge — uo| + || f- — f||Lp(o7T;H)) ) (6.3)
where = min{1/4, (p — 1)/2p} and

M. = ‘Aé/2u1£

+ [Aouoe| + [Arvoe| + || fellwrw(o, 7y 1)

Proof. From (H1) and (H2), it follows that there exists v = 3w; > 0 such
that
[(Are o)) < [((Ar + w1 AoJu,v)| +wn |Ag*ul |45 0]

< (A1 + w1 Ag)u, u)? ((Ay + w1 Ag)v, )V + wy |AY u) |AY 0|
< 2wy (Agu, w)Y? (2wy (Agv, v))Y/?
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+w1 ‘A(l)/Qu’ ’Aémv‘ <% ‘A(l)/2u’ ‘Aéﬁv )

Vu,v € D(Ap). (6.4)

If f. € WhP(0,T; H) with p € (1,00] and [ € N*, then, due to Theorems
1 and 2, we have that f. € C([0,T]; H) and there exists an extension f, €
WP (0, 00; H) such that

||fa”0([0,oo);H) + HszWlm(o,oo;H) < C(T,p, 1) I fellwrro,r;m)- (6.5)
Let us denote by 4. the unique strong solution to the problem (P.) and by
¥ the unique strong solution to the problem (FP), defined on (0, c0) instead

of (0,7, and f. by f-. From Theorem 10, we have

Gle € W22(0,T; H), AY?(e)a. € W-(0,T; H),
A(e)t. € L>®(0,T; H), VT € (0,00).

From Lemma 2 and (6.4), it follows that

{ G € W2(0, 00 H), AY%a. € W2(0, 00; H),

A(e)te € L*°(0,00; H).
Moreover, due to the same lemma and to (6.4) and (6.5), we get
145 e lleqio, 1) + 1Ll 20,11) < € Me, ¥ >0, Ve € (0,20)- (6.6)
. . 1/2
If in addition, u;. € D (AO ), then

17 oo, 1y + 114> Tl 20,6 1) < C M, (6.7)

for all ¢ € [0,7] and all £ € (0, &g].
Proof of (6.1). According to Theorem 4, the function

o0
We (t) = / K(ta T, E) 2~/JE (T) dTa
0
is the strong solution to the problem

{ wl(t) + A(e)we(t) = F(t,e), t>0, in H,
we(0) = wo,
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for 0 < e < g, where

F(t,e) = fol(t,e) u16+/ooo K(t,1,e) fo(7)dr,

e = o Lo (I (1) -2 (347

o0
woz/ e T (2eT)dr.
0

Using Hélder’s inequality, (vi), (viii), (iz) (z) in Lemma 4, and (6.6), we
obtain

[ae(t) — we(t)l| gy =

au(t) — /0 T Kt ) i (r) dr

H

</ " Kt e) () — ae(r)l y dr
\ [l ds

< 1@l 2(0, 000 1) /0 K(t,m,e) |t — 7|2 dr < C M. eV,

< / K(t,,¢) dr
0

for all t € [0,7] and all € € (0, ). It then follows
liie — welleo, 1) 1y < C Mee'/*, Ve € (0,e). (6.8)

Let us denote by R(t,e) = 0(t) —w.(t) which clearly is the strong solution
of the problem

R'(t,e) + AgR(t,e) = e Ayw:(t) + F(t,e), t>0, (6.9)
R(0,¢) = R, '
where Ry = ug — wp and
Fl(t,e) = f(t) - /000 K(t,T, 5)]’1(7‘) dr — fo(t,e) uye. (6.10)

Taking the inner product by R in the equation in (6.9) and then integrating,
we obtain

ds

t 2
]R(t,a)\2+2/0 |42 R(s, )
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:|Ro\2+2/0 F(s,2)| |R(s. )| ds+2s/0 (Aywo(s), R(s,€)) ds,

for all ¢ > 0. Using (6.4), from the last equality, we get

¢ 2
RetP+ [ M#ﬁaa@)dsgu%ﬁ

+2/ IF(s,€)| |R(s,€)| ds +~2e / ‘A Puw.(s)| ds, (6.11)

for all ¢ > 0. Applying Lemma 1 to (6.11), we obtain

t 1/9 2 1/2
R(t,2)] + (/ 42 R(s.c)| ds> < |Ro|
0

t t e 9 1/2
—I-/ | F(s,e)| ds+ e (/ ‘AO/ we(s)’ ds> , Vt > 0. (6.12)
0 0

From (6.6), we deduce

o0
|Ro| < |upe — o] —i—/ e % lus(2es) — uge| ds < |uge — uol
0

e 2es
+/ e_s/ ‘ﬂ;(T)‘ drds < |ugs — ug| + C M. e'/?, (6.13)
0 0

for all € € (0,¢0]. Using (z) in Lemma 4 and (6.5), we get

' ) — /0 K(t,7.) J.(r) dr
<[~ Fo|+ [ Ko

+C(T,p) 12 | oo, 7. 11y €P /2P, Wt > 0, Ve € (0, ). (6.14)

folt) = fo()] dr < |Fe) = Foto)|

As e"A\(y/7) < C for all T > 0, we have

! 37 T é —7/4 o —7/4
expy — ¢ A —)dr <Ce e dr < Ce e dr < Ce
0 4e € 0 0
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and

for all t > 0. Hence

t
/ fo(r,e)druic| < Celure|, Vt>0. (6.15)
0

Using (6.10), from (6.14) and (6.15), we get

t
| 1Feal a0 (M0 w1~ florn) . (619

for every t € [0,T] and every € € (0, £].
As A(l)/ s closed, using (6.6), we obtain

A5 2w (1) / K(t,7e) |4y a(r)| dr < C M., (6.17)

for every t € [0,7T] and every € € (0, g¢].
Thanks to (6.13), (6.16) and (6.17), from (6.12), it follows that

1/2
IRl cqo, 1) 1) + HAO R‘ L2(0.7: H)
<O (M D20t ug ol + 1S = Fliporan) s (619)

for every e € (0,&p]. Finally, from (6.8) and (6.18), it follows that
[te — Olloqo,ry:m) < NEe — welleo,r;my + 1Rl or:m)

C (Mee? + fuoe = wol + 1Sz = flmozian) ) (6.19)

for every € € (0,e0]. According to Theorems 9 and 10, we have that u.(t) =
te(t) and v(t) = v(t) for t € [0,T]. Therefore, from (6.19), we deduce (6.1).

Proof of (6.2). If u;. € D (Al/Q) then, using (vi), (viii), (z) in Lemma
4 and (6.7), we get

e () — we(t)[| g =

_ /0 T K7 e) e (r) dr

H
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< /0 T Kt ) Jiet) — ae(n)lly dr

§/ K(t,T,¢) dr
0

/ ()1 ds
t

<Nlcqmm [ Keme)lt=rldr <0 My
for every t € [0,7T] and every ¢ € (0,g¢]. This yields
|te — wellc(o, 17, 1) < CM.e? Vee(0,e).
As, for p € (1,00], we have (p — 1)/2p < 1/2, the proof of (6.2) follows in

the same way as the proof of (6.1).
Proof of (6.3). Using (vi), (viii), (x) in Lemma 4 and (6.7), we get

‘Agﬂ(ag(t) —ws(t)) < /Ooo K(t,7,¢) ‘Aé/z(ag(t) fag(f)‘ dr

[

o0
< / K(t,7¢) [t — 7[V/2
0

g/ K(t,T,¢) dr
0

‘Aé/Qﬂ'E(s)HH ds

[

<OMy.eVt, vt>0, Vee (0, go]-

1/2

2
‘Aéﬂﬂ;(s) HH ds| dr

Hence uc(t) = u.(t), for ¢t € [0,T], and therefore

HAé/Q (e — we) < CMyce' Ve e (0,g). (6.20)

C([o,T]; H)

From (6.18), it follows that

45"

<C (Ms c(P=1)/2p
L2(0,T);H)

+|uwoe —uol + C || fe = fll oo, )v Ve € (0,&0]. (6.21)

Finally, (6.20) and (6.21) imply (6.3) and this completes the proof. O
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Remark 6.1. If, in the conditions of Theorem 12, we assume that f, f. €
Wheo(0,T, H), then (6.1), (6.2) and (6.3) take the form

||u5 — UHC([O,T];H) <C (Ms 51/4 + |u0€ - U()| + HfE - fHLOO(O,T;H)) ’

where

ME = ‘A(IJ/QU(]E

+ [ure| + [ fellwroo (0,05

H’U,E — UHC([O,T];H) <C <M1551/2 + ’U()e - uO’ + Hfa - fHLOO(O,T;H)) )

and 1/2 1/2
146 *ue — Ay *0l| 20, 7 )

<C (/\/hs eVt uge — uo| + | — fHLOO(O,T;H)) ;

with
Mie = ’A(l)/Qul 2

+ [Aguoe| + [Aruoc] + || fllw.oc o, 7; 1)-
for all € € (0, &)

Theorem 13. Let T > 0 and p € (1,0]. Suppose that the operators Ay and
Ay satisfy (H1) and (H2). If

U0, Uoe, Ao, A1uos, AoUoe, Uie, f(0), f=(0) € D(Ayp)

and

fife € W?P(0,T; H),

then there exist eg = eo(wo,w1) € (0,1) and C = C(T,p,wp,w1) > 0 such
that

HAé/2 <u/E —v' +a, e‘ﬁ)‘

/ ’ —
U, —V +Oag€ ¢

< (r=1)/2p 1 p 22
c((0,7); H) C<M255 * ) (6.22)

L2(0,T; H) <c (Mzggﬁ + Da) ’ (6.23)

where v and uz are the strong solutions of the problems (Py) and (P:) re-
spectively, # = min{1/4, (p — 1)/2p}, a: = f(0) — w1 — A(e)uoe,

D:=|f: - fHWLp(o,T;H) + [Ao(uoe — uo)l

My, = |A(E)u15| + ”f€||W27p(07T; H) + |A1UO€’ + |A(5)O‘€| .
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Proof. Within this proof, for u., v, f and fs, we will use the same notations
as in the proof of Theorem 12.
Let us denote by

() = 0l(t) + ace s, ae = £-(0) — upe — A(e)uge.

If uje + e € D(Ag) and f € W3H(0,T; H), then, due to (6.4) and (6.5),
u1e +a: € D(A(e)) and f € W2L(0,00; H). According to Theorem 10, .
is the strong solution in H to the problem

{ g3 (t) 4+ Z.(t) + A(e)2.(t) = F(t,e), t>0,
2(0) = f=(0) — A(e)uge,  2(0) =0,

where

F(t,e) = f/(t) + e A(e)ae

From Lemma 3 and (6.4), it follows that
€ W2(0,00; H), AY?2. € WH2(0,00; H), A(e)z. € L®(0, 00; H).
Moreover, from the same lemma, (6.4) and (6.5), we get
146" Ze ll oo, sefs 1) + I1ZE N0, 00): )

+ HA1/2 5! < C Mye, Ve e (0,e). (6.24)

L2(0,00; H)

According to Theorem 4, the function

oo
o) = [ Ktz
0
is a strong solution of

{ wy (1) + A()wie(t) = Fi(t,e), t>0,
w1(0) = [{¥ e TZ(2e T)dr,

where
Fi(t,e) :/0 K(t,T,¢) (fé(T) +e = A(s)ag) dr.

Moreover,

\Ag/zwle / K(t,7e) )AO 57 ‘dTSCMQg, (6.25)
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for all ¢ > 0. Using (vi), (viii), () in Lemma 4 and (6.24), we get

[2e(t) —wie(t)|y =

Ze(t / K(t,T,e) z(T)dr

H

gAwKquwa@—dwadf

< / K(t,re)
0

< ||Zé||C’([O,oo),H) /0 K(t’Ta 5) |t - T| dr < C M. 51/27

dr

)|z ds

for all t € [0, 7] and all € € (0, &],

|45 t) w0,

H A2z / K(t,7,¢) A5 () dr

g/ K(t,7,¢) HAS)/? (zs(t)—gg(T))H dr
0

S/mKwﬂ@/ﬁmﬁa@me

< ||AY? 2.1 220, 00: 1) / K(t,7,e)|t — 7|"?dr < C My Y4,

dr

for all t € [0, 7] and all € € (0,g¢]. It then follows that

12 — wiclloqo, 1. ) < C Mace'’?, Ve € (0,2, (6.26)

HAé/Q (% —wie) < C My, Ve e (0,e). (6.27)

L2(0,T; H)

Let Ry (t,e) = ¥ (t)—wie(t). If f(0)—Agug € D(Ag) and f € W21(0,T; H),
then, according to Theorem 3.1, & € W2°°(0, 00; H), A(l)/Q’D € WH2(0, 00; H).

Therefore R; € WH*°(0, 00; H) and

{ Ri(t,e) + AgRui(t,e) = f/(t) — Fi(t,e) + cAjwi(t), t>0,
Rl(O, 8) = f(O) — Aouo — le(O).
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Similarly to (6.12), we deduce

t 1/2 2 1/2
meal+ ([ | meaf @) <imoo)
0

t
+

i i (s) —]-'1(5,5)‘ ds+ e </Ot ‘Aé/zwls(s)r ds)l/Q, (6.28)
for all t > 0. Using (6.24), we get:
[R1(0, )] < [£(0) = f2(0)] + [Ao(uo — woe)| + € [Aruoe]

+/Ooo e %|Z:(2es) — 2:(0)| ds

<CD:+e |Aupe| + Maoe <CD.+ Ms.e, Ve e (0,e]. (6.29)

KSTE fi(r) — ;/()dT

g._;
(*)\

o0
+/ K(s,7,¢)e = dr | A(e)ae],
0
then, due to (iz), (zi) in Lemma 4, we obtain

'(s) — Fu(s, a)] ds < C (DE Mo e D2 1| Ao, 5)

0

<C (Dg + M%g(p*l)/%) . Vte[0,T], Vee (0,e) (6.30)

Using (6.25), (6.29), (6.30), from (6.28) we get

1Balloqo 7y + || 45 B

- (0-1)/20 _
o < 0 (Det+ My ). (631)
for all € € (0,1].

Finally, as (6.26), (6.27) and (6.31) imply (6.22) and (6.23), the proof is
complete. n
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Remark 6.2. If, in the conditions of Theorem 13, we assume that f, f. €
W2>(0,T, H), then (6.22) and (6.23) take the form

‘ c(o, T H)
HA1/2< v +ace” 2)

D. =|f: - f’WlaOO(O,T; H) + [Ao(uoe — uo)l,
Mae = [A(e)ure| + [ felw200 0, 7; 1) T [Aruoe] 4+ [A(e) ] -

<C (Mg 51/2+D>

! / -t
U, — vV tage =

<C(./Vl2 gl/4 +D>

L2(0,T; H)

7 An Example

Let © C R"™ be an open bounded set with C! boundary 9Q. In the real
Hilbert space L2(Q), with the usual inner product

(u,v) :/ u(x)v(x) dz,
Q
we consider the following Cauchy problem

EatQ u€($7t) + at ue(xat) + A0U5(33>t) + 5A1U€(x7t) = f(l‘a t)7
xeQ, t>0, (7.1)
ue(x,0) = upe(x), Opucs(z,0) = uie(x)

where D(A;) = H?(Q) N H(Q), i = 0,1,

Agu(z Z O, (ij(2)0z,u(z)) + alz)u(z), u € D(Ay),
i,j=1
aij € CHQ), a € C(Q), a(x) >0, a;;(z) =aji(x), x€Q, (7.2)

and
n

Z az](x)ﬁz §j > ap ’5‘2, T € ﬁ, f (S Rn, ag > 0. (73)
i,j=1

Aju(x) = — Z s (bij ()0, u(z)) + / K(z,y)u(y)dy,

,j=1



Singularly perturbed Cauchy problem 59

for u € D(Ay),
K:QxQ—R, KecL*(QxQ), (7.4)

bij € Cl(ﬁ), be C(ﬁ), b”(flf) = bji(ili), x € ﬁ, (75)

n

[b(2)] < bra(z Z bij(@)&i &) <bo Y aij(@)€i (7.6)

t,j=1 1,j=1

for z € Q and ¢ € R™. Under the hypotheses (7.2)-(7.3), the operator Ag is
positive and self-adjoint with D(Al/2) H} () and

1 4G 20y = /Q (Z a;j() %u(w)%um+a(x>u2<x>> da,

i,7=1

for u € HE(Q). If (7.5) holds, the operator A; is self-adjoint with

HAiﬂuH%Q(Q) :/ (Z bij (%) Op;u(w) Oy u( )+b(m)u2(x)> dx

i,j=1

+ /Q /Q K (x,y)u(z)u(y)dy de, Yu € Hi(Q).
Moreover, (7.2)-(7.6) imply (H2) with
w1 = max{bo, b1} + || K||L,(xq)/wo-
Let us now consider the unperturbed problem associated to (7.1)

{ Opv(z,t) + Agv(z,t) = f(x,t), z€Q, t>0, (7.7)

v(x,0) = up(x).
Using Theorem 12, we obtain:

Theorem 14. Let Q C R" be an open bounded set with C' boundary 05.
Let T >0 and p € (1,00|. Let us assume that (7.2)-(7.6) are satisfied. If

ug, upe € H2(Q) N HY(Q), wuie € LA(Q), f, f- € WHP(0,T; L*(Q)),

then there exist £g = £o(wo,w1) € (0,1) and C = C(T, p,n,wo,w1) > 0 such
that, for every e € (0,eq], we have

ue = vlleo,m;z2)
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<C (Ms e + |upe — uo| + || fc — f”m(o;r;p(g))) )
where ue and v are the strong solutions of (7.1) and (7.7) respectively,
f =min{1/4, (p — 1)/2p}

and -
ME = ‘A(l)/2U05

+ [ure| + I fellwrro.m;22(0)-

If, in addition, uy . € H}(Q), then
lue = vlleo,m;z2)

<O (Mie® /2 4 fug. — ol + £ = fll oo ey ) -
for each € € (0,g¢|, where 3 = min{1/4,(p —1)/2p} and

Mla = ‘A(l)/Qula

+ [Aouoe| + [Aruoe| + || fellwrr(o, 7 22(0)-
Using Theorem 13, we deduce:

Theorem 15. Let QO C R" be an open bounded set with C* boundary 0S).
Let T >0 and p € (1,00]. Let us assume that (7.2)-(7.6) are satisfied. If

g, Uoe, Aouo, A1tioe, Aotioe, ute, £(0), f-(0) € H*(Q) N Hg (),

and
fy f- € WP(0,T; L*(Q)),

then there exist £g = £o(wp,w1) € (0,1) and C = C(T,p,n,wo,w1) > 0 such
that, for every e € (0,¢eq], we have

|

where v and u. are the strong solutions of (7.1) and (7.7) respectively,
B = min{1/4, (p— 1)/2p}, ac = £2(0) — ur- — A(e)uoe,

/ / -t
U —V + Qg€ =

<0 (N -1/ 1 5
([0, T); L2()) C(M%E +D5>’

55 =|fe— f”wlm(o,T; Hi() T | Ao (uos — uo)!,

Mae = [A@)ure] + | fellweno, s ma oy + [Aruoe] + [Ale)ae]
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