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Abstract

In this paper we have shown that if ¢ € h° (D) and T(;a) is the
Toeplitz operator with symbol ¢ defined on the weighted Bergman
space L2(dA,) and if the set {(Téa)) Td()a)f, (T(z()a)) fs Tq(sa)f, f} is

linearly dependent for all f € L2(dA,) then either ¢ is a constant
function or there exists Ay, o, € C such that ¢;(‘:“ is a real-valued
function in A*°(D). Here h*°(D) is the set of all bounded harmonic
functions on the open unit disk D.

MSC: 47B38, 47B32
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1 Introduction

Let dA(z) = Ldxdy be the area measure on the open unit disk D = {z €
C : |z| < 1} in the complex plane C. It is normalized so that the area of
Dis 1. For a > —1, let L?(D,dA,) be the space consisting of all abso-
lutely square-integrable, Lebesgue measurable functions on D with respect
to the measure dA,(z) = (a + 1)(1 — |2|?)*dA(z), z € D. The measure
dA, is a probability measure on D. Let L2(dA,) be the subspace of all

analytic functions of L?(ID,dA,). The space L2(dA,) is called the weighted
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Bergman space of the disk . The space L2(dA,) is a closed subspace of
the Hilbert space L?(ID,dA,) with respect to the inner product defined by

(f,9) = / f(2)9(2)dAa(2), f,g € L*(D,dA,). We shall denote L2(dAg) =
D
L2(dA), the unweighted Bergman space. The reproducing kernel of L2(DD)

is given by K(z,w) = (1_#)2 Let K,(w) = K(z,w). The reproducing
kernel of L2(dAg) is given by K (z,w) = W for z,w € D. Thus

K@ (2,w) = [K(z,w)]*"2. Let Kéa)(w) = [K.,(w)]*"? = K@) (z,w). The
orthogonal projection P, from space L?(ID,dA,) onto the space L2(dA,) is

given by P, f(z) = / K@ (z,w) f(w)dAq(w). Let k. (w) = ((11:5;;%, zZ,w €
D

o 1+g . 2 1+Q
D. The functions ki+2(w) = [((11:5;;%] F = %7

the normalized reproducing kernels of the space L2(dA,). Let L>(D,dA)
denote the Banach space of Lebesgue measurable functions f on D with
| fllo = ess sup{|f(z)|:z € D} < oo and H*(D) be the space of bounded
analytic functions on . Let h*°(ID) be the space of all bounded harmonic
functions on D.

z,w € D are

For any z € D, let ¢, be the analytic mapping on D defined by ¢,(w) =
==, w € D. An easy calculation shows [5] that the derivative of ¢, at w
is equal to —k,(w). It follows that the real Jacobian determinant of ¢, at

w is Jy, (w) = |k, (w)|* = (‘11__55‘)5. Given a function ¢ € L*>(D), we define
the Toeplitz operator T¢a) on the space L2(dA,) by qua)f = P.(of), f €
L2(dA,). The operator Tq(sa) is called the Toeplitz operator with symbol ¢.
Since || P,|| < 1, hence ||T<;(s
be written as,

[0}

)H < ||@]|oo- The Toeplitz operator Td()a) can also

701(:) = [ 0w K wpfwitdaw) = [ L8 04, w),

D (1 _ Z@)a+2

Let £ (L2(dAq,)) be the space of all bounded linear operators from the
weighted Bergman space L2 (dA,) into itself. An operator T' € £ (L2(dAy)),
the numerical range W (T') of T' is defined by

W(T) = {{Tf,[): f € Li(dAa), | f =1}

The numerical radius of T' € £ (L%(dAq)) , denoted by w(T), is defined by
w(T) =sup{|A|: A € W(T)}. It is well-known that w(-) defines a norm on
L2(dA,), and is equivalent to the usual operator norm given by, ||T|| =
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sup{|Tf|| : f € L2(dAs), || f]l = 1}. In fact, for every T € L (L2(dAs)),
1
ST = w(T) < |- (L.1)

For details see [3]. Define B, : L(L2(dA,)) — L®(D) by B.(T)(z) =
<Tki+5, ki+§> , z € D. Since

142
k, 2

1+2 142 2
[Ba(T)(2)] = [(The 2 8277 < 17| = |71,

hence ||Bo(T)|| < ||T'||. The map B, is linear and one-one. For more details
refer [4].

It is not so difficult to see that if ¢ € H>*(D), z € D then (Tq(sa)y k:;r%

and kiJr% are linearly dependent. In this work, we have established that
if ¢ € h>°(D) and if the set {(Tdﬁ“)) T\, (T;f“)) £ T, f} is linearly
dependent for all f € L2(dA,) then either ¢ is a constant function or there

exists Ag, fta € C such that % is a real-valued harmonic function in
h* (D).

The plan layout of this paper is as follows. In section 2, we proved some
preliminary lemmas. We showed that if z € D and ©, is the projection

onto spcm{k?_%} then the operator T € L (L2(dA,)) is normal if and

only if ||(I — ©,)T0,| = ||(I — ©,)T*6.,]| for all z € D. Further, we have

shown that if T € L (LZ (dAa)) is a normal operator, O, 7 is the projection
onto span {k:" %, Tk:"* } and [[(1 = ©.1)T€.7] = (I = ©-1)T* 6.1
1+35 1+9 1+5 1451 . 4.
for all z € D, then the set {T*Tk, *,T*k, 2 ,Tk, ?,k, *} is linearly
dependent for all z € . In section 3, we established the main results
of the paper. We have shown that if T € £ (L%(dA,)) is normal and
if the set of vectors {T*Tf,T*f,Tf, f} is linearly dependent for all f €
L2(dA,), then B,(T)(2) = AaWal2) + pta Where A, i € C and either
VYo = Ba(R), R € L (L2(dAy)) is a self-adjoint operator or 1o = Bq(e")
where K € £ (L2(dA,)) is a self-adjoint operator. As a consequence of this

result we showed that if ¢ € h>°(D), T(z()a) is the Toeplitz operator with sym-
bol ¢ defined on L2(dA) and if the set { (T;ﬁ)) Ty, (T;j")) TS, f}
is linearly dependent for all f € L2(dA,) then either ¢ is a constant function

or there exists Ay, o, € C such that d’;g“ is a real-valued harmonic function

in h(D).
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2 Preliminaries
In this section, we proved some preliminary lemmas that are needed to prove
the main result of the paper. In the following lemma, we shall show that if

¢ € H*(D), then Tg‘)k;Jr% and k‘?% are linearly dependent.

Lemma 2.1. For any ¢ € H>*(D) and z € D, nga)k;+% _ Mk;r%.

Proof. Notice that for any g € L2(dA,) and z € D, we have g(z) =
Jp K@ (2,w)g(w)dAs(w). Further the Toeplitz operator nga) is an inte-

gral operator and is given by
(25) () = [ K e widw flwda(w)
for f € L2(dA,). Now since ¢ € H*(D), we obtain

(TSQ)K(O‘)(-, Z)) (w) = /DK(oc) (w, U)K(a) (v, 2)p(v)dAy(v)

:/DK(O‘)(w,U)K(a)(v,z)qb(v)dAa(v)

(2, w)¢(2)
= () K@ (w, ),

_ /D K@ (0, ) K@ (2, 0)¢(v)dAn (v)
_ K(

and so Tg‘)K(a)(‘, z) = ng(z)K(a)(.’ z)
—— 5 145

Dividing both sides by /K (®)(z, ), we obtain nga)k?r% = ¢(2)k, *. The
result follows. O

Lemma 2.2. Fix o > —1. Let z € D and ©, be the projection onto the
span {k;ri}. If T € L (L2(dAy)) then

2

. 1+g
(i) (I — ©.)Te.|? = Hm >

| Ba(T)(2)[*.

2 Y ay (2 o
e =
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(it) If w(T) < %, then

HI—@aTemf;<¢1_KT¢+2k5%>f+1>
=Q+¢L+&@wwf

2

Proof. (i) Notice that

(I = ©:)TO.| = e, I = ©:)TO.f].

Let f = (5ki+% + h, 6 € C and where <h, ki+%> = 0. Then

142 142
LA = F ) = (ks "%+ hooks ™ ) = |6 + |h]?

14+

k. = 1. Thus

as’

1+¢
(1= ©)70.f| = o] ||(1 = ©.)TH: "

For any vector f1 € L2(dAs), ©.f1 = (f1, ki+5)k;+5 and hence

(1 — ©.)TO.f|* = |5 HT’fT% - <T’€i+%’ki+%> B H2

Let Thi™2 = 8k2T2 + b where <b, ki+5> — 0. Then

1+2 2 1422
| 7w 2| = 182 + o0 or ol = ||T2"E |- 182

a ay |2 a a o o
But 512 = |(Th:" %k TE ) and b= ThTE - (TRTE RTE )RR S0

()
[

C BT )

(7 - 076 = sup (73"
lo]<1

o

- e
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(74) Multiplying T' by a unimodular scalar, we may assume that
<Tki+7, ki+5> > 0.

we obtain

HCkH2 <C’ki+% k;+%> i+%

i HDkHQ <Dk1+2 kH >k;+%

Let C = T£I° and D =

HTkH? <Tki+%, ki+%> pite

But
|7t (TR ) R 2
(i (1 (i )

a (12 a [ a a
_ ‘Tki*? ‘ —<Tki+2,ki+2><Tki+2,ki+2>
1+4 |2

o a a a a 2
—<Tk1+ k”2><k”2 TET > ’<Tk;+ ,ki+2>‘ ’k

a2 a ay |2 a ay (2 a ay |2
[ ) ()

_ ‘TkHQ ‘2 ’<Tk1+2 k1+ >’2

©|

and this also holds for the operators C' and D. Further, the operators
C = ReT, D = ImT are self-adjoint operators and have numerical radius
at most 5. This implies by (1.1), ||T]| < 1. Thus ||C|| < 1 and ||D|| < 1.

Again <Tk:1+% k1+%> > 0 implies that <Ck;+%,ki+%> = <Tk;+%,ki+%>
and <Dk1+a kH > = (. Hence

HCkHQ <Ck1+2 kH >k;+% 1+3

= \<C’fz“ 2l

1t

and

HDksHa <Dk1+a J! >ki+a 1+

‘<Dk1+2 K2 >(2 <1.

- o
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Combining these inequalities, we obtain

a a2
\/HTk:H? Tkz+2,ki+ \/HTk: Tkz+2,ki+2> ot
- HTk: —<Tkz+% k:1+%> i+2

HC,kH2 <Ck1+2 /-cH >ki+%

< \/1 _ ‘<Tki+%,ki+%>f +1
— 141 [Bu(T)(2)

i HDkHQ <Dk1+2 kH >ki+%

O]

Lemma 2.3. Let for z € D, ©, be the projection onto span {kiJr%} The
operator T € L (L2(dAq)) is normal if and only if

(I = ©:)TO;| = [[(I-06.)T"6.]|
for all z € D.
Proof. By Lemma 2.2,
(I —0.,)TO.| =|(I—-6.)T*e,| for all z €D (2.1)

if and only if

T e R e
1+22 W 1212
for all z € D. That is, if and only if ‘Tk 2 ) Tk, H for all z € D.
(o) o a
But k.2 — ”Iijm Thus (2.1) holds if and only if HTK§ )| = HT*K,& )H
for all z € D. That is, if and only if
<T*TK§°‘),K§O‘)> - <TT*KZ(°“),K§O‘)> for all z € D. (2.2)

But (2.2) holds if and only if

< zc] Zc] >:<TT* 3 6K ,f;ch;;v>>
j=1

=1
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for all z1,z29,...,2, € D and c¢q,c9,...,c, € C. Since the set of vectors
n
chKg?‘) :C1,C2, .y Cn € C, 21, 29, .0, 2, €D 3 is dense in L2(dA,), hence

(2.2) holds if and only if

(T*Tf, f) = (TT*f, f) for all f € L2(dAy). (2.3)
But (2.3) holds if and only if 7" is normal. O
Lemma 2.4. Let f1, fo € L2(dA,) be such that || fi]| = ||f2]l = 1 and
(fi,fa) = 0. Let T € E(Lg(d a)). Let Oy, 5, be the projection onto
span{ fi, fa}. Let (I — Oy )T fi = p and (I — O p,)Tfo = q. Let
= |pl?, B = llql* and C = [(p, @] Then
2 1 2
(I =04, 1)TO5, 1 |I* = 5[(A+ B) + V/4C? + (A - B)?].

Proof. We shall calculate the norm ||(I — Oy, ,)TOy, f,||. This is obviously

attained by vectors in span{fi, fo}. Let g = oy f1 + B1f2 € span{fi, fo} =
Range Oy, 7,. Assume ||g|| = 1. That is, |a1|*+|81|> = 1. Then Oy, r,g =g
and

(I =05.0)T0f 1,9= 1 = Oy p,)Tg=Tg— (Tg, f1)f1 — (Tg, f2) f2
=a[Tfi — (Tf1, i) L = (Tf1, f2) fa] + BT fa — (T fa, f1) fr — (T fa, f2) f2]
= a1p + B1q.

Hence

I(I—04.0)TOs plIP = sup  Jop+ Bl
|1 [24+|B1]2=1

= sup  [JeaPllpll® + B llal® + eaBi(p, @) + axBi(a, p))
|1 [2+]61]2=1

= sup  [Jeallpll® + |81/ llqll* + 2Re(c1 B (p, a))] -
la1]?2+]B1]2=1

Now the supremum will be attained for those values of a1 and Sy for which
a1P1(p, q) is real and positive. Thus

H(I - @f17f2)T@f17f2 ||2

= sup  [leafllpll® + 181 all* + 2lea] [B1] (. a)| ]
la1[2+[B1]2=1
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= sup  [Alaaf +B|sf +2C|cu] |B1]]
|12 +]81]2=1

where A = ||p||?, B = ||¢||* and C = |{p, q)|. Assume A > B. For if A # B,
then interchange the role of f; and fs to make it so. Let t = |a1|?. Then
|31]> =1 —t. We then have

I(I = ©4,1)TO pll” = Sup tA+ (1 —1)B+20Vi(1—1)

=B+ sup (A— B)t+2C\/t(1—1).

0<t<1
If (p,q) =0, then C' = 0 and we have

”(I - @f17f2)T@f1,f2||2 = sup B+ (A - B)t = A,
0<t<1

since we have assumed A > B. If C' # 0, then

A-B
I(I = 0Oy,,1,)TOf, pll> =B+ C sup otV -1

0<t<1

=B+ C sup rt+2/t(1—1)

0<t<1

where r = A*TB > 0. The maximum value of the continuous function ~(t) =

rt+2y/t(1 —t), 0 <t <1is attained at my = 3 (1 + \/Zka) and y(my) =
%(T+\/4+T2>. Thus

I(I = ©5,.1,)TO4, plI> = B+ Cy(my)

:B+g<r+ 4+r2)

2
Cl|A-B A—B\?
e O | +¢4+(C>

:%[(B+A)+\/4CQ+(A—B)2}.

If C =0, then ||({ — Oy, 1,)TOy, 1,|| = A. Thus the last equality holds for
any C' > 0. Notice that the expression is symmetric of B and A, so we can
drop the restriction A > B. O

Lemma 2.5. Let T € L (L2(dAa)) be a normal operator. Let ©. 1 be
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the projection onto spcm{k 3 Tlf1+2 } If (I =0,7)T0.r| = (I —

©.7)T*0, 1| for all z € D, then the set {T*Tk;+%, T*k;+%,Tk;+%, ki+%}
is linearly dependent for all z € D.

Proof. Let z € D. Assume that H(I @Z T)T@ZTH = H(I @Z 7)T*0. 7|
We shall show that the set {T *Tk T2 , T *k:l 2T k: k } is linearly

dependent. If Tk1+2 = )\k: T2 for some A € C, then the set { 1+2 TklJr 2 }

is linearly dependent. If k:z t2 is not an eigenvector of 7', then let g

o

L2(dA,), |lg]l =1 and g L ki 2 and suppose g € span{k 5 TkH?} =

N. We shall first show that the components of T*k‘z T2 and T g in Nt are
linearly dependent. Let
TT? — okl 4 89, TR —akl T2 L ag 41

Tg= k™2 +6g+h; T g=PBki 2 +38g+H.

This is so, since <Tl<:1+§ > = <T*g,k1+§>. Since T is normal, we have

1+5 |2 5], 1+5 2 2 _ 2 2 2 24
HTk: H HT 2||”. That is, o2 + |82 = || + A2 + |12 or [A2 +
||l’||2 = |ﬁ\2 Similarly, since |T*g|| = ||Tg||, we obtain |)\|2 + ||h”2 =
|6+ ||1']|?, and hence Hl'HQJth'H2 = HhH2 Let A" = |[l']>, B = ||N[|?>, A=
|lp||*> = 0 where p = (I — ©, T)Tk = |{p,h)| = 0 and B = ||h||?> where

h=(I-0,7)Tg, I'=(I-0,7)T*k: “2 W = (I—0.7)T*g, C" = |{I', k).

Then A’ + B' = ||I'|> + |V||?> = HhH2 B Now the equation

(I = ©:1)TO 7|l = (I = ©.7)T"6:,

can be written as

A’+B \/40'2 B')? :%(A+B)+%\/4CZ+(A—B)2:B

as A = C = 0. Since A’ + B’ = B, hence we obtain (4’ + B')*> = 4C"* +
(A’ — B")2. Thus A’'B’ = C’*. That is, |I'|[[|F/| = [(I',h)] . Equality
in Cauchy-Schwartz inequality can occur only if the vectors I’ and I’ are
linearly dependent. Thus T’ *k1+7 and T*g are linearly dependent. If I’ = 0,

the vectors Tk, s Tk1+2 nd k T2 are linearly dependent. If I’ # 0,
then A/ = ayl’ for some a1 € C. From the decomposition of the vectors
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Tki+5, T*k;+5,Tg and T*g we have

T*Th: 2 = aT*ki"2 4 BT g = oT ki % + B2k 4 859 + Baul.

a

1+2 1+2 1+9
Writing I’ in terms of kz+2 ,T*l{:z+2, and g and writing g in terms of k:z+2

1

and Tkz+2, gives the linear dependence relation. Thus the set of vectors
1ie 1L 14e (4o

{T*Tkz+2 , T*k‘z—s_2 , Tk‘z+ 2 kz+2 } is linearly dependent. ]

Let 0(A) be the spectrum of the operator A € L(L2(dA,)) and B(f2) be
the set of all bounded, complex-valued measurable functions on 2 C C.

Lemma 2.6. Let T € L(L2(dAy)) be a normal operator. Let g : C — C be
a continuous function. Then (qo f)(T) = q(f(T)) for all f € B(o(T)).

Proof. The result is easy to verify if ¢ is a polynomial in z and Z. Now
suppose ¢q : C — C is an arbitrary continuous function. Then by applying
the Stone-Weierstrass theorem [2] to C'(A), the space of continuous complex-
valued functions on A, we obtain ¢ is the uniform limit of polynomials ¢,
in z and Z on the disk A = {A € C| |A| <|/f|lsc}. Here C(A) is equipped
with the supremum norm. ]

Lemma 2.7. Let V € L(L2(dA,)) be unitary. Then there exists a Hermi-
tian operator S in L(L2(dAg)) such that V = e and ||S| < 2~.

Proof. Let T be the unit circle in C. Then the function h : [0,27) — T
defined by h(t) = e is a continuous, bijective function with Borel measur-
able inverse . Since (V) C T, we can set S = 6(V). The operator S
is self-adjoint as 6 is a real-valued function. Further, ||S| < ||0]|c < 2.
By Lemma 2.6, (ho8)(V) = h(0(V)) = h(S) = €. But (hof)(A\) = A
for all A\ € T. Hence (h o 6)(V) = V. Therefore, V = ¢**. The proof is
complete. ]

3 Main results

In this section, we established the main results of the paper. We have shown
that if T € £ (LZ(dAa)) is normal and if the set of vectors {T*T f, T*f,Tf, f}
is linearly dependent for all f € L2(dA,), then By (T)(2) = Aa¥a(2) + pa
where Aq, 1 € C and either ¢y = Bs(R), R € L(L2(dAy)) is a self-
adjoint operator or ¢, = Bqa(e') where K € £ (L%(dA,)) is a self-adjoint
operator. As a consequence of this result we showed that if ¢ € h*°(D),
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qua) is the Toeplitz operator with symbol ¢ defined on L2(dA,) and if
the set {(quo‘)>*TQ(5a)f : (Téa)yf ; qua)f o } is linearly dependent for all

f € L%(dA,) then either ¢ is a constant function or there exists \q, fto € C
such that % is a real-valued harmonic function in A*°(D).

Theorem 3.1. If T € L (L2(dA.)) is normal and if the set of vectors
{T*Tf,T*f,Tf, f} is linearly dependent for all f € L2(dA,), then

Ba(T)(Z) = )\a@ba('z) + ba

where Ay, pto, € C and either 1o = Bo(R), R € L (LZ(dAa)) 18 a self-adjoint
operator or 1o = B (') where K € £ (L%(dAq)) is a self-adjoint operator.

Proof. The operator T' is normal. Hence by the spectral theorem [2], there
is a function ¢, € L>°(D) such that T is unitarily equivalent to a multipli-
cation operator My, on L2(dA,). Now for all f, € L2(dA,), the function
|6al? fas Pafas Pafa and fo are linearly dependent as T*T'fo, T* fuo, T fo and
fo are linearly dependent for all f, € L2(dA,). Thus there exists com-
plex numbers (14, 520, 830 B4a 10t all zero (depending on f,) such that

Bla"baﬁf& + /820[@fa + 53a¢afa + 54afoz = 0. This implies there exists a
square integrable function g, € L2(dA,) such that g,(z) is never zero for
any z € . For this g,, we have

(Braldal® + Brada + Baada + Bia) ga =0

or

(51a‘¢a|2 + B200a + B3ada + 54a) =0.

Since gq(z) # 0 for all z € D, hence B1,T*T + BooT™ + B3aT + Baa = 0. If
Bia = 0, then T'= A\,S + po where S is a self-adjoint operator. If 51, # 0,
we can assume that §1, = 1. Then

/BlaT*T + ﬁ2o¢T* + /83aT + 5404 =0. (31)
Further
B1aT*T + B2aT + B3aT* + Bia = 0. (3.2)

Subtracting (3.2) from (3.1) we obtain (Baa — B3a)T* + (B3a — B2a)T +
20 Im Bao = 0. If Bog # B3a; then T = A\oS + f1q where S is self-adjoint.
If f304 = Poo and Baq is real then we have T*T + BooT* + BoaT + Baa = 0.
Let R = T + (2. Then R is normal and R*R = |Ban|? — Bia, a multiple
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of a unitary operator S and T = AyS + po where S is unitary. Thus
B.T(z) = Aa¥a(z) + o where Ay, 1o € C and 9, is the Berezin transform
of a self-adjoint or a unitary operator. The Theorem follows from Lemma

2.7. O

Theorem 3.2. Let ¢ € h*°(D) and Td()a) be the Toeplitz operator with symbol

¢ defined on L2(dAy). If the set {(Tqﬁ"‘))*Td@ f, (Td(f“))* 1T, f} is
linearly dependent for all f € L2(dA,) then either ¢ is a constant function

or there exists Ay, o, € C such that % is a real-valued harmonic function
in h>°(D).

Proof. Assume that the set of vectors {(qua))* T(z()a)f, (Td()a)y fs Td()a)f7 f}

is linearly dependent for all f € L2(dA,). From Theorem 3.1 it follows that
qua) = AoS + tq Where S is either a self-adjoint or a unitary operator. This

implies that T (Of)ua = S is either a self-adjoint or a unitary operator. If S is

Ao

unitary, then T' ;oiLa is unitary. It follows from [1] that qﬁgﬂ is a constant
X - {3

o

= 1. This implies that % = ¢ for some 6, € R.

Hence ¢ is a constant function. If Téa)ua

by
% is a real-valued harmonic function in A% (D). O

function and ‘ %

is self-adjoint, then it follows that
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