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Abstract

The aim of this paper is to study the existence and maximal reg-
ularity for distributional solutions of degenerate anisotropic nonlin-
ear elliptic systems with variable exponents where the right-hand side
f is in Lq(·), q(·) : Ω → (1,+∞). The functional setting involves
anisotropic Sobolev spaces with variable exponents as well as weak
Lebesgue (Marcinkiewicz) spaces with variable exponents.
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1 Introduction

Let Ω be a bounded open set in RN (N ≥ 2) with Lipschitz boundary ∂Ω,
and let’s consider the anisotropic nonlinear elliptic system

−
N∑
i=1

Di

(
ai(x, u)σi(x,Diu)

)
+ g(x, u) = f, in Ω,

u = 0, on ∂Ω,

(1)
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Our aim is to prove the existence and maximal regularity at least one dis-
tributional solution u = (u1, . . . , um)> (m ≥ 1) to (1), where the right-hand
side f is in the anisotropic Lebesgue space Lq(x)(Ω;Rm), q(·) : Ω→ (1,+∞),
ai : Ω×Rm → R, i = 1, . . . , N are Carathéodory functions such that for a.e.
x ∈ Ω, for every t ∈ Rm, we have

α

(1 + |t|)γ(x)
≤ ai(x, t) ≤ β, i = 1, . . . , N, (2)

where α, β are strictly positive real numbers and γ ∈ C(Ω), γ(x) ≥ 0 for
all x ∈ Ω, and the vector fields σi : Ω × Rm → Rm, i = 1, . . . , N , are
Carathéodory functions and satisfying, a.e. x ∈ Ω and ∀ξ, ξ′ ∈ Rm (ξ 6= ξ′),
a ∈ Rm, the following :

σi(x, ξ) · ξ ≥ c1|ξ|pi(x) − c2, (3)

|σi(x, ξ)| ≤ c3

 N∑
j=1

|ξ|pj(x) + |h|

1− 1
pi(x)

, h ∈ L1(Ω) (4)

(
σi(x, ξ)− σi(x, ξ′)

)
·
(
ξ − ξ′

)
≥ Θi

(
x, ξ, ξ′

)
, (5)

σi(x, ξ) · [(I − a⊗ a) ξ] ≥ 0, i = 1, . . . , N, |a| ≤ 1. (6)

Where

Θi

(
x, ξ, ξ′

)
=

{
c4|ξ − ξ′|pi(x), if pi(x) ≥ 2

c5
|ξ−ξ′|2

(|ξ|+|ξ′|)2−pi(x)
, if 1 < pi(x) < 2

where cl, l = 1, . . . , 5 are positive constants, (I − a ⊗ a) is the rank m − 1
orthogonal projector onto the space orthogonal to the unit vector a ∈ Rm,
where ⊗ : Rm × Rm −→Mm×m defined by

(a1, . . . , am)⊗ (b1, . . . , bm) =


a1b1 a2b1 . . . amb1
a1b2 a2b2 . . . amb2

...
...

. . .
...

a1bm a2bm . . . ambm

 .

Remark 1. If σj,i, j = 1, . . . ,m, denotes the components of the vector σi,
then the angle condition can be stated more explicitly as

m∑
j,l=1

σj,i(x, ξ)ξl(δj,l − ajal) ≥ 0.

Clearly, condition (6) is void in the scalar case.
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The variable exponents pi : Ω→ (1,∞) i = 1, . . . , N are continuous func-
tions. We assume that the nonlinearity g : Ω× Rm → Rm is a Caratéodory
function and satisfies for a.e. x ∈ Ω the following conditions:

g(x, r) · (r − r′) ≥ 0, ∀r, r′ ∈ Rm, |r| ≤ |r′|, (7)

sup
|r|≤τ

|g(x, r)| ∈ L1(Ω;Rm) ∀r ∈ Rm and ∀τ ∈ R, (8)

g(x, r) · r ≥ |r|q(x)s(x)+1, ∀r ∈ Rm, (9)

g(x, r) · r ≥ |r|s(x)+1, ∀r ∈ Rm, if f ∈
(
W̊ 1,−→p (·)(Ω;Rm)

)∗
, (10)

where s(·) > 0 is continuous function on Ω.
As prototype example, we consider the following model:

−
N∑
i=1

Di

(
|Diu|pi(x)−2Diu

(1 + |u|)γ(x)

)
+ |u|s(x)−1u = f, in Ω,

u = 0, on ∂Ω,

(11)

where f ∈ Lq(·)(Ω;Rm), s(·) and pi(·) are restricted as in Theorem 1 or
Theorem 2.

In this paper we study the existence of solutions in the sense of distri-
butions for the anisotropic nonlinear elliptic system with variable exponents
and degenerate coercivity where the right-hand side f of the system is in
Lq(·)(Ω;Rm), q(·) : Ω → (1,+∞), with pi is assumed to be merely a con-
tinuous function, and we treat the regularity of distributional solution u
depending simultaneously on s(·) and q(·).
We note that, the existence and regularity results for weak solutions in the
framework of anisotropic Sobolev spaces for a nonlinear anisotropic elliptic
equations and systems with variable exponents are proved in [1, 2, 3, 6, 7, 8],
the scalar case (pi(·) = pi constant) processed in [4], and the isotropic case
(pi(·) = p constant) studie in [17].
We mention also that the existence results for distributional solutions of
nonlinear elliptic systems with variable exponents and measure data have
been obtained in [5], and anisotropic scalar case (pi(·) = pi constant) has
been studied in [4, 13].
Here we will prove the existence of a solution to (1), under the conditions

1 < q(x) < Np(x)
1+(N+1)(p(x)−1) , p(x) < N in Ω.

So, in the case when s(x) ≥ 1+γ(x)
q(x)−1 (see Theorem 1), then the case when

1+γ(x)
q(x)−1 > s(x) > max

(
1+γ(x)

pi(x)q(x)−1 ; (1 + γ(x))(pi(x)− 1)
)

(see Theorem 2).
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The proof requires a priori estimates for a sequence of suitable approximate
solutions (un), which in turn is proving its existence, and then to pass to
the limit .
We prove the a.e. convergence of the partial derivatives Diun, which can be
turned into strong L1 convergence. Equipped with this convergence we pass
to the limit in the strong L1 sense in the nonlinear vector fields σi(x,Diun)
then ai(x, Tn(un))σi(x,Diun), and the nonlinearity function g(x, un), and
finally conclude that the approximate solutions un converge to a solution of
(1).

2 Mathematical preliminaries

In this section we first recall some facts on variable exponent spaces Lp(·)(Ω).
We refer to [11, 12, 14] and references therein for further properties of vari-
able exponent Lebesgue-Sobolev spaces.
Let p : Ω → [1,∞) be a continuous function. We denote by Lp(·)(Ω) the
space of measurable function f(x) on Ω such that

ρp(·)(f) :=

∫
Ω
|f(x)|p(x)dx < +∞.

The space Lp(·)(Ω) equipped with the norm

‖f‖p(·) := ‖f‖Lp(·)(Ω) = inf
{
λ > 0 | ρp(·)(f/λ) ≤ 1

}
becomes a Banach space. Moreover, if p− = min

x∈Ω
p(x) > 1, then Lp(·)(Ω)

is reflexive and the dual of Lp(·)(Ω) can be identified with Lp
′(·)(Ω), where

1
p(x) + 1

p′(x) = 1. For any u ∈ Lp(·)(Ω) and v ∈ Lp
′(·)(Ω) the Hölder type

inequality:∣∣∣∣∫
Ω
uv dx

∣∣∣∣ ≤ ( 1

p−
+

1

p′−

)
‖u‖p(·)‖v‖p′(·) ≤ 2‖u‖p(·)‖v‖p′(·),

holds true.
We define also the Banach space W

1,p(·)
0 (Ω) by

W
1,p(·)
0 (Ω) :=

{
f ∈ Lp(·)(Ω) : |Df | ∈ Lp(·)(Ω) and f = 0 on ∂Ω

}
endowed with the norm ‖f‖

W
1,p(·)
0 (Ω)

= ‖Df‖p(·). The space W
1,p(·)
0 (Ω) is

separable and reflexive provided that with 1 < p− ≤ p+ = max
x∈Ω

p(x) < ∞.
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The smooth functions are in general not dense in W
1,p(·)
0 (Ω), but if the

exponent variable p(x) > 1 is logarithmic Hölder continuous (12), that is

∃M > 0 : |p(x)−p(y)| ≤ − M

ln(|x− y|)
∀x 6= y such that |x−y| ≤ 1

2
, (12)

then the smooth functions are dense in W
1,p(·)
0 (Ω).

For u ∈ W
1,p(·)
0 (Ω) with p ∈ C(Ω, [1,+∞)), the Poincaré inequality holds

(see [12])

‖u‖p(·) ≤ C‖Du‖p(·), (13)

for some constant C which depends on Ω and the function p(x).
The following Lemma will be used later.

Lemma 1 ([11, 12]). If (un), u ∈ Lp(·)(Ω), then the following relations hold

(i) ‖u‖p(·) < 1 (respectively = 1, > 1) ⇐⇒ ρp(·)(u) < 1 (respectively =
1, > 1),

(ii) min
(
ρp(·)(u)

1
p+ , ρp(·)(u)

1
p−
)
≤ ‖u‖p(·) ≤ max

(
ρp(·)(u)

1
p+ , ρp(·)(u)

1
p−
)
,

(iii) min
(
‖u‖p

−

p(·), ‖u‖
p+

p(·)

)
≤ ρp(·)(u) ≤ max

(
‖u‖p

−

p(·), ‖u‖
p+

p(·)

)
,

(iv) ‖u‖p(·) ≤ ρp(·)(u) + 1,

(v) ‖un − u‖p(·) → 0⇐⇒ ρp(·)(un − u)→ 0.

Remark 2. Note that the following inequality∫
Ω
|f |p(x) dx ≤ C

∫
Ω
|Df |p(x) dx,

in general does not hold (see [14]). But by Lemma 1 and (13) we have∫
Ω
|f |p(x)dx ≤ C max{‖Df‖p

+

Lp(·)(Ω)
; ‖Df‖p

−

Lp(·)(Ω)
}. (14)

Let pi : Ω→ [1,∞) be a continuous functions.
We introduce the anisotropic variable exponent Sobolev space

W 1,pi(·)(Ω) :=
{
u ∈ Lpi(·)(Ω) : Diu ∈ Lpi(·)(Ω)

}
,

W
1,pi(·)
0 (Ω) :=

{
u ∈W 1,1

0 (Ω) : Diu ∈ Lpi(·)(Ω)
}
,
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which are Banach spaces under the norm

‖u‖i := ‖u‖Lpi(·)(Ω) + ‖Diu‖Lpi(·)(Ω), i = 1, . . . , N.

we present the anisotropic Sobolev space with variable exponent which is
used for the study of problems (1). First of all, let pi(·) : Ω→ [1,+∞), i =
1, . . . , N be a continuous functions, we set −→p (·) = (p1(·), . . . , pN (·)) and
p+(x) = max

1≤i≤N
pi(x), p−(x) = min

1≤i≤N
pi(x), ∀x ∈ Ω .

Definition 1. The anisotropic variable exponent Sobolev space W 1,−→p (·)(Ω)
is defined as follow

W 1,−→p (·)(Ω) =
{
u ∈ Lp+(·)(Ω), Diu ∈ Lpi(·)(Ω), i = 1, . . . , N

}
,

which is Banach space with respect to the norm

‖u‖W 1,−→p (·)(Ω) = ‖u‖p+(·) +

N∑
i=1

‖Diu‖pi(·) .

Definition 2. We define the spaces W
1,−→p (·)
0 (Ω) as the closure of C∞0 (Ω)

in W 1,−→p (·)(Ω), and W̊ 1,−→p (·)(Ω) as the intersection of W 1,−→p (·)(Ω) and W 1,1
0 (Ω),

and we write

W
1,−→p (·)
0 (Ω) = C∞0 (Ω)

W 1,−→p (·)(Ω)
, W̊ 1,−→p (·)(Ω) = W 1,−→p (·)(Ω) ∩W 1,1

0 (Ω).

Remark 3 ([10]). If Ω is a bounded open set with Lipschitz boundary ∂Ω,
then

W̊ 1,−→p (·)(Ω) =
{
u ∈W 1,−→p (·)(Ω), u|∂Ω = 0

}
,

where, u|∂Ω denotes the trace on ∂Ω of u in W 1,1(Ω).

Remark 4 ([10]). It is well-known that in the constant exponent case,

that is, when −→p (·) = −→p ∈ [1,+∞)N , W 1,−→p
0 (Ω) = W̊ 1,−→p (Ω). However

in the variable exponent case, in general W
1,−→p (·)
0 (Ω) ⊂ W̊ 1,−→p (·)(Ω) and the

smooth functions are in general not dense in W̊ 1,−→p (·)(Ω), but if for each
i = 1, . . . , N,
pi is log-Hölder continuous, then C∞0 (Ω) is dense in W̊ 1,−→p (·)(Ω), thus

W
1,−→p (·)
0 (Ω) = W̊ 1,−→p (·)(Ω).

Remark 5. We use standard notation for the vector and matrix-valued
versions of the space/ norm introduced above. For example, the Rm-valued
version of W̊ 1,−→p (·)(Ω) is denoted by W̊ 1,−→p (·)(Ω;Rm).
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We set

C+(Ω) = {p ∈ C(Ω), p(x) > 1, for any x in Ω}. (15)

For any p ∈ C+(Ω), we denote

p+ = max
x∈Ω

p(x), and p− = min
x∈Ω

p(x).

And we set for all x ∈ Ω

p(x) =
N

N∑
i=1

1
pi(x)

, p+(x) = max
1≤i≤N

pi(x), p+
+ = max

x∈Ω
p+(x),

p−(x) = min
1≤i≤N

pi(x), p−− = min
x∈Ω

p−(x),

and we define

p?(x) =

{
Np(x)
N−p(x) , for p(x) < N,

+∞, for p(x) ≥ N.

We have the following embedding results.

Lemma 2 ([14]). Let Ω ⊂ RN be a bounded domain and −→p (·) ∈ (C+(Ω))N .
If % ∈ C+(Ω) and ∀x ∈ Ω, %(x) < max(p+(x), p?(x)). Then the embedding

W̊ 1,−→p (·)(Ω) ↪→ L%(·)(Ω),

is compact.

Lemma 3 ([14]). Let Ω ⊂ RN be a bounded domain and −→p (·) ∈ (C+(Ω))N .
Suppose that

∀x ∈ Ω, p+(x) < p?(x). (16)

Then the following Poincaré-type inequality holds

‖u‖
Lp+(·)(Ω)

≤ C
N∑
i=1

‖Diu‖Lpi(·)(Ω), ∀u ∈ W̊
1,−→p (·)(Ω), (17)

where C is a positive constant independent of u. Thus
∑N

i=1 ‖Diu‖Lpi(·)(Ω)

is an equivalent norm on W̊ 1,−→p (·)(Ω).
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Proposition 1. If u : Ω → R is a measurable function such that Tt(u) ∈
W̊ 1,−→p (·)(Ω) for all t > 0, then there exists a unique measurable function
v : Ω→ RN such that

∇Tt(u) = v1{|u|≤t} a.e. in Ω, Tt(r) = max{−t,min{t, r}}. (18)

Moreover, if u ∈ W 1,1
0 (Ω) then v coincides with the standard distributional

gradient of u.

A function u such that Tt(u) ∈ W̊ 1,−→p (·)(Ω) for any t > 0, does not nec-
essarily belong to W 1,1

0 (Ω). However, according to the above proposition, it
is possible to define its weak gradient, still denoted by ∇u, as the unique
function v which satisfies (18).

The following embedding results for the anisotropic constant exponent
Sobolev space are well-known [15].

Lemma 4. Let αi ≥ 1, i = 1, . . . , N , we pose −→α = (α1, . . . , αN ). Suppose

u ∈W 1,−→α
0 (Ω), and set

1

α
=

1

N

N∑
i=1

1

αi
, r =

{
α? = Nα

N−α if α < N,

any number from [1,+∞) if α ≥ N.

Then there exists a constant C depending on N, p1, . . . , pN if α < N and
also on r and |Ω| if α ≥ N , such that

‖u‖Lr(Ω) ≤ C
N∏
i=1

‖Diu‖
1
N

Lαi (Ω) . (19)

In this paper we will use the weak Lebesgue (Marcinkiewicz) spaces
with variable exponents Mh(·)(Ω) where h(·) a measurable function such
that h− > 0 (see [9]). They contain the measurable functions u : Ω→ R for
which there exists a positive constant M such that∫

{|u|>t}
th(x) dx ≤M, for all t > 0.

Moreover, it is clear that u ∈Mh(·)(Ω) if |u|h(·) ∈ L1(Ω) . Indeed,∫
{|u|>t}

th(x) dx ≤
∫

Ω
|u|h(x) dx
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In particular, Lh(·)(Ω) ⊂Mh(·), for all h(·) ≥ 1.
Similarly to the anisotropic Sobolev spaces with variable exponents, we
use standard notation for the vector/matrix-valued versions of the weak
Lebesgue spaces with variable exponents.

Remark 6. We remark that for h(·) = h constant this definition coincides
with the classical definition of the Marcinkiewicz spaceMh(Ω), they contain
the measurable functions f : Ω→ R for which the distribution function

λf (t) :=
∣∣ {x ∈ Ω : |f(x)| > t}

∣∣, t ≥ 0,

satisfies an estimate of the form

λf (t) ≤ Ct−h, for some finite constant C.

For any t > 0, the standard scalar truncation function Tt on [0,∞) (at
height t) is defined as

Tt(r) :=

{
r, if r ≤ t,
t, if r > t.

Now we need the following Lemma, thanks to Proposition 2.5 in [9], we have

Lemma 5. Let ρ(·), r(·) in C(Ω) such that r− > 0, (ρ− r)− > 0.
If u ∈ Mρ(·)(Ω), then |u|r(·) ∈ L1(Ω). In particular, Mρ(·)(Ω) ⊂ Lr(·)(Ω)
for all ρ(·), r(·) ≥ 1 such that (ρ− r)− > 0.

For any t > 0, define the spherial (radially symmetric) truncation func-
tion Tt : Rm → Rm by

Tt(r) :=

{
r, if |r| ≤ t,
r
|r| t, if |r| > t.

(20)

This function will be used repeatedly to derive a priori estimates for our
approximate solutions. We also need its derivative (see [1])

DTt(r) =

{
I, if |r| < t,
t
|r|
(
I − r⊗r

|r|2
)
, if |r| > t.

(21)

And if m = 1

DTt(r) =

{
1, |r| < t,
0, |r| > t.

(22)

In particular, (6) implies for all ξ, r ∈ Rm the crucial property

σl(x, ξ) ·DTt(r)ξ ≥ σl(x, ξ) · ξ χ|r|<t, l = 1, . . . , N. (23)

We refer to [16] for a discussion of Tt and other test functions for elliptic
systems, which indeed is a delicate issue.
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Definition 3. A distributional solution of (1) is a vector-valued function
u : Ω→ Rm satisfying u ∈W 1,1

0 (Ω;Rm), g(., u) and σi(., Diu) ∈ L1(Ω;Rm),
i = 1, . . . , N , and for all ϕ ∈ C∞c (Ω;Rm),∫

Ω

N∑
i=1

ai(x, u)σi
(
x,Diu

)
·Diϕdx+

∫
Ω
g(x, u) · ϕdx =

∫
Ω
f(x).ϕ dx.

3 Main results

Our main results are the following.

Theorem 1. Let q(·) : Ω → (1,+∞), pi : Ω → (1,+∞), and s : Ω →
(0,+∞) be continuous functions such that (16) holds and for all x ∈ Ω

1 < q(x) <
Np(x)

1 + (N + 1)(p(x)− 1)
, p(x) < N, ∇q ∈ L∞(Ω), (24)

and

s(x) ≥ 1 + γ(x)

q(x)− 1
, ∇s ∈ L∞(Ω),∇γ ∈ L∞. (25)

Let f ∈ Lq(·)(Ω;Rm) and let ai are satisfying (2), σ satisfying (3)-(6) and
g satisfy (7)- (9). Then, the problem (1) has at least one distributional
solution u ∈ W̊ 1,~p(·)(Ω;Rm) ∩ Ls(·)q(·)(Ω;Rm).

Theorem 2. Let f ∈ Lq(·)(Ω) with q as in (24), pi : Ω → (1,+∞), and
s : Ω→ (0,+∞) be continuous functions. Assume (16), and for all x ∈ Ω,

1 + γ(x)

q(x)− 1
> s(x) > max

( 1 + γ(x)

pi(x)q(x)− 1
; (1 + γ(x))(pi(x)− 1)

)
, (26)

and ∇s ∈ L∞(Ω), p(x) < N .
Let ai are satisfying (2), σ satisfying (3)-(6) and g satisfy (7)- (9). Then, the
problem (1) has at least one distributional solution u such that |u|q(x)s(x) ∈
L1(Ω) and u ∈ W̊ 1,~r(·)(Ω;Rm) where ri(·) are continuous functions on Ω
satisfying

1 < ri(x) <
pi(x)q(x)s(x)

s(x) + 1 + γ(x)
, ∀x ∈ Ω, i = 1, . . . , N. (27)

Remark 7. Observe that the conditions (24), (25), and (16) guarantee that

s(x) > (1 + γ(x))(pi(x)− 1), ∀x ∈ Ω, i = 1, . . . , N.
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Remark 8. In Theorem 2, the conditions (24) and (16) imply that the
assumption (26) is not empty since we have

1

q(x)− 1
> pi(x)− 1, ∀x ∈ Ω, i = 1, . . . , N. (28)

3.1 Approximate solutions

• We must first prove the following Lemma

Lemma 6. Let f in
(
W̊ 1,−→p (·)(Ω;Rm)

)∗
. Assume that pi(·), i = 1, . . . , N ,

s(·) ≥ pi(·) are continuous functions on Ω such that (2), (3)-(6), (7),(8),
(10) and (16) holds. Then the system

−
N∑
i=1

Di

(
ai(x, Tn(un))σi(x,Diun)

)
+ g(x, un) = f in Ω,

un = 0 on ∂Ω,

(29)

has at least one solution in the sense that

N∑
i=1

∫
Ω
ai(x, Tn(un))σi(x,Diun).Diϕdx+

∫
Ω
g(x, un).ϕ dx = 〈f, ϕ〉, (30)

for every ϕ ∈ W̊ 1,~p(·)(Ω;Rm) ∩ Ls(·)(Ω;Rm).

Proof. Let f in
(
W̊ 1,−→p (·)(Ω;Rm)

)∗
, and consider the approximate system :

−
N∑
i=1

Di

(
ai(x, Tn(unk))σi

(
x,Diunk

))
+ gk(x, unk) = f, in Ω,

unk = 0, on ∂Ω,

(31)

where, gk(x, ξ) = g(x,ξ)
1+|g(x,ξ)|/k , ∀k ∈ N∗.

Note that
∣∣gk(x, ξ)∣∣ ≤| g(x, ξ) |, and

∣∣gk(x, ξ)∣∣ ≤ k .
Let’s prove that the system (31) has at least one solution unk in
W̊ 1,−→p (·)(Ω;Rm) in the following sense, ∀ϕ ∈ W̊ 1,~p(·)(Ω;Rm)

N∑
i=1

∫
Ω
ai(x, Tn(unk))σi(x,Diunk).Diϕdx+

∫
Ω
gk(x, unk).ϕ dx = 〈f, ϕ〉 (32)

For unk , v ∈ W̊ 1,−→p (·)(Ω;Rm), we denote by Ak the operator

Ak : unk 7→
(
v 7→

∫
Ω

N∑
i=1

ai(x, Tn(unk))σi
(
x,Diunk

)
·Div+

∫
Ω
gk(x, unk) ·v

)
.
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We consider

bk(unk , v) =

∫
Ω

N∑
i=1

ai(x, Tn(unk))σi
(
x,Diunk

)
·Div,

ck(unk , v) =

∫
Ω
gk(x, unk) · v dx,

and we seek unk ∈ W̊ 1,−→p (·)(Ω;Rm) such that

bk(unk , v) + ck(unk , v) = 〈f, v〉, ∀v ∈ W̊ 1,−→p (·)(Ω;Rm). (33)

The generalized problem (33) corresponding to (31) is equivalent to

Ak(unk)(v) = 〈f, v〉, ∀v ∈ W̊ 1,−→p (·)(Ω;Rm),

where, Ak := Bk + Ck, with
Bk,Ck : W̊ 1,−→p (·)(Ω;Rm) −→

(
W̊ 1,−→p (·)(Ω;Rm)

)∗
characterized by

〈Bk(unk), v〉 = bk(unk , v), 〈Ck(unk), v〉 = ck(unk , v).
Here 〈·, ·〉 denotes the duality pairing between W̊ 1,−→p (·)(Ω;Rm) and
(W̊ 1,−→p (·)(Ω;Rm))∗. We put in the following∥∥.∥∥−→p (·) =

∥∥.∥∥
W̊ 1,−→p (·)(Ω;Rm)

,
∥∥.∥∥

p(·) =
∥∥.∥∥

Lp(·)(Ω)

∗ From (2), (4), and Hölder inequality we have

∣∣〈Bk(unk), v〉
∣∣ ≤ N∑

i=1

∫
Ω
|ai(x, Tn(unk))||σi

(
x,Diunk

)
|
∣∣Div

∣∣ dx
≤c

N∑
i=1

∫
Ω

 N∑
j=1

|Diunk |
pj(x) + |h(x)|

1− 1
pi(x) ∣∣Div

∣∣ dx
≤2c

N∑
i=1

∥∥∥∥∥∥∥
 N∑
j=1

|Diunk |
pj(x) + |h(x)|

1− 1
pi(x)

∥∥∥∥∥∥∥
p′i(·)

∥∥∣∣Div
∣∣∥∥
pi(·)

≤2c

N∑
i=1

1 +

∫
Ω

 N∑
j=1

|Diunk |
pj(x) + |h(x)|

 dx

1− 1

p−− N∑
i=1

∥∥∣∣Div
∣∣∥∥
pi(·)

≤2c

N∑
i=1

1 +

∫
Ω

N N∑
j=1

|Djunk |
pj(x) + |h(x)|

 dx

1− 1

p−− ∥∥v∥∥−→p (·)

≤2cN

(
N
∥∥unk∥∥p++−→p (·) + C

)1− 1

p−−
∥∥v∥∥−→p (·).
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Which implies the boundedness of Bk.
On the other hand, thanks to the Hölder inequality, we have for all unk , v ∈
W̊ 1,−→p (·)(Ω;Rm)∣∣〈Ck(unk), v〉

∣∣ =
∣∣ ∫

Ω
gk(x, unk) · v dx

∣∣
≤
( 1

p−+
+

1

(p′+)−
)∥∥∣∣gk(x, unk)

∣∣∥∥
L
p′+(·)

(Ω)

∥∥∣∣v∣∣∥∥
Lp+(·)(Ω)

≤
( 1

p−+
+

1

(p′+)−
)(

1 +

∫
Ω
kp
′
+(x)

)1/(p′+)−∥∥v∥∥−→p (·)

≤
( 1

p−+
+

1

(p′+)−
)(

1 + k(p′+)+
∣∣Ω∣∣)1/(p′+)−∥∥v∥∥−→p (·).

Which implies the boundedness of Cn.
∗ Through (2) and (3), observe that

〈Ak(unk), unk〉∥∥unk∥∥−→p (·)
≥
∑N

i=1

∫
Ω ai(x, Tn(unk))σi(x,Diunk) ·Diunk dx∥∥unk∥∥−→p (·)

≥
c
(∑N

i=1

∫
Ω

∣∣Diunk
∣∣pi(x))− c′∥∥unk∥∥−→p (·)

≥
c
(∑N

i=1 min{
∥∥Diunk

∥∥p−i
pi(·)

,
∥∥Diunk

∥∥p+i
pi(·)
}
)
− c′∥∥un∥∥−→p (·)

≥
c
(∑N

i=1

∥∥Diunk
∥∥p−−
pi(·) −N

)
− c′∥∥unk∥∥−→p (·)

≥
c
(

1
N

∑N
i=1

∥∥Diunk
∥∥
pi(·)
)p−− − (cN + c′)∥∥unk∥∥−→p (·)

=
c

Np−−

∥∥unk∥∥p−−−1
−→p (·) −

Nc+ c′∥∥unk∥∥−→p (·)
.

This implies that Ak is coercive.
∗ Let us prove the pseudo-monotonicity of the operator Ak,
Let (unk)k be a sequence in W̊ 1,−→p (·)(Ω;Rm) such thatunk ⇀ un in W̊ 1,−→p (·)(Ω;Rm),

lim sup
k→∞

〈An(unk), unk − un〉 ≤ 0.
(34)
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We have to prove that,

lim inf
k→∞

〈Ak(unk), unk−v〉 ≥ 〈Ak(un), un−v〉, ∀ v ∈ W̊ 1,−→p (·)(Ω;Rm). (35)

We remark that

〈Ak(unk), unk − v〉 =

∫
Ω

N∑
i=1

ai(x, Tn(unk))σi
(
x,Diunk

)
· (Diunk −Div) dx

+

∫
Ω
gk(x, unk) · (unk − v) dx.

(36)

We will separately study the two terms of the right-hand side.
First, let’s prove that

lim
k→+∞

∫
Ω

N∑
i=1

Ji(x) dx = 0, (37)

where,

Ji(x) = ai(x, Tn(unk))
(
σi
(
x,Diunk

)
− σi

(
x,Diun

))
· (Diunk −Diun).

Note that,

〈Ak(unk), unk − un〉 =

∫
Ω

N∑
i=1

ai(x, Tn(unk))σi
(
x,Diunk

)
· (Diunk −Diun)

+

∫
Ω
gk(x, unk) · (unk − un).

We observe that
∫

Ω gk(x, unk).(unk − un) −→ 0, since unk −→ un in

L%(·)(Ω;Rm) where %(·) defined in Lemma 2, and the sequence (gk(x, unk))
is bounded in Lp

′
i(·)(Ω;Rm) due to the hypotheses on gk. By (34) and that

Diunk ⇀ Diun inLpi(·) this implies that

lim sup
k→+∞

∫
Ω

N∑
i=1

Ji(x) dx ≤ 0.

Through this and using hypothesis (2) and (5), we get the desired result
(37).
Right Now, let’s prove the following, for all i = 1, . . . , N,

lim
k→+∞

∫
Ω
|Diunk −Diun|pi(x) = 0. (38)
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For that we put

Ω1
i = {x ∈ Ω, pi(x) ≥ 2}, and Ω2

i = {x ∈ Ω, 1 < pi(x) < 2},

then, by hypothesis (2) and (5) we have∫
Ω
Ji(x) dx ≥ c4

∫
Ω1
i

|Diunk −Diun|pi(x). (39)

On the other hand, we have∫
Ω2
i

|Diunk −Diun|pi(x) dx

≤
∫

Ω2
i

|Diunk −Diun|pi(x)

(|Diunk |+ |Diun|)
pi(x)(2−pi(x))

2

(|Diunk |+ |Diun|)
pi(x)(2−pi(x))

2 dx

≤ 2

∥∥∥∥∥∥ |Diunk −Diun|pi(x)

(|Diunk |+ |Diun|)
pi(x)(2−pi(x))

2

∥∥∥∥∥∥
L

2
pi(·) (Ω2

i )

×
∥∥∥∥(|Diunk |+ |Diun|)

pi(x)(2−pi(x))
2

∥∥∥∥
L

2
2−pi(·) (Ω2

i )

≤ 2 max
{(∫

Ω2
i

|Diunk −Diun|2(
|Diunk |+ |Diun|

)2−pi(x)
dx
) p−i

2
,

(∫
Ω2
i

|Diunk −Diun|2

(|Diunk |+ |Diun|)2−pi(x)
dx
) p+i

2
}

×max
{(∫

Ω

(
|Diunk |+ |Diun|

)pi(x)
dx
) 2−p+

i
2
,

(∫
Ω

(
|Diunk |+ |Diun|

)pi(x)
dx
) 2−p−

i
2
}
.

(40)
By hypothesis (5), boundedness of (unk)k in W̊ 1,−→p (·)(Ω;Rm),
un ∈ W̊ 1,−→p (·)(Ω;Rm) , and (37), after letting k −→ +∞ in (39) and in (40),
we find (38),
which implies, for all i = 1, . . . , N ,

Diunk −→ Diun strongly inLpi(·)(Ω;Rm) and a.e. in Ω. (41)

By (41) and (34), we have

ai(x, Tn(unk))σi
(
x,Diunk

)
⇀ ai(x, Tn(un))σi

(
x,Diun

)
inLp

′
i(·)(Ω;Rm),
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then we have, for every v ∈ W̊ 1,−→p (·)(Ω;Rm), i = 1, . . . , N∫
Ω
ai(x, Tn(unk))σi

(
x,Diunk

)
·Div −→

∫
Ω
ai(x, Tn(un))σi

(
x,Diun

)
·Div

(42)
On the other hand,
as ai(x, Tn(unk))σi

(
x,Diunk

)
−→ ai(x, Tn(un))σi

(
x,Diun

)
and Diunk −→ Diun a.e. in Ω, Fatou’s Lemma implies that

lim inf
k→+∞

∫
Ω

N∑
i=1

ai(x, Tn(unk))σi
(
x,Diunk

)
·Diunk

≥
∫

Ω

N∑
i=1

ai(x, Tn(un))σi
(
x,Diun

)
·Diun.

(43)

From (42) and (43), we deduce that

lim inf
k→+∞

∫
Ω

N∑
i=1

ai(x, Tn(unk))σi
(
x,Diunk

)
· (Diunk −Div)

≥
∫

Ω

N∑
i=1

ai(x, Tn(un))σi
(
x,Diun

)
· (Diun −Div).

Since unk −→ un in L%(·)(Ω;Rm) where %(·) defined in Lemma (2), then
gk(x, unk) ⇀ gk(x, un) weakly in Lp

′
i(·)(Ω;Rm), and this implies that

lim inf
k→+∞

∫
Ω
gk
(
x, unk

)
· (unk − v) ≥

∫
Ω
gk(x, un) · (un − v).

We thus have obtained (35).
Therefore Ak is pseudo-monotone.
∗ Moreover, the operator Ak is bounded, pseudomonotone , and coercive
then, the main Theorem on pseudo-monotone operators applies and ensures
existence of least one weak solution unk ∈ W̊ 1,−→p (·)(Ω;Rm) to (31) in the
sense that, ∀ϕ ∈ W̊ 1,−→p (·)(Ω;Rm)∫

Ω

N∑
i=1

ai(x, Tn(unk))σi
(
x,Diunk

)
·Diϕdx+

∫
Ω
gk(x, unk) · ϕdx = 〈f, ϕ〉.

(44)
Passage to the limit: Put X = W̊ 1,−→p (·)(Ω;Rm).

Choosing ϕ = unk in (44), by (2), (3), and (9) , we have

α(1 + n)−γ
+

(
c1

∫
Ω

N∑
i=1

| Diunk |
pi(x) dx− c′

)
≤
∥∥f∥∥

X∗

∥∥unk∥∥X ,
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where, c′ = N
∣∣Ω∣∣c2.

Using Young’s inequality, (iii) of Lemma 1, and the fact that,
for all i = 1, . . . , N

| Diunk |
pi(x) +1 ≥| Diunk |

p−− ,

we get, for all ε > 0

αc1

Np−−

∥∥unk∥∥p−−X ≤ (1 + n)γ
+

(
C(ε)

∥∥f∥∥(p−−)′

X∗ + ε
∥∥unk∥∥p−−X )+ α(N

∣∣Ω∣∣c1 + c′).

After taking ε = αc1(1+n)−γ
+

2N
p−−

it follows that the sequence (unk)k is bounded

in W̊ 1,−→p (·)(Ω;Rm).
So, there exists a function un ∈ W̊ 1,−→p (·)(Ω;Rm) and a subsequence (still
denoted by (unk)k), such that

unk ⇀ un weakly in W̊ 1,−→p (·)(Ω;Rm) and a.e in Ω. (45)

Now, choosing ϕ = unk − un in (44) as a test function, we get∫
Ω

N∑
i=1

(
ai(x, Tnunk)σi(x,Diunk)− ai(x, Tn(un))σi(x,Diun)

)
· (Diunk−Diun)dx

+

∫
Ω

N∑
i=1

ai(x, Tn(un))σi(x,Di(un)) · (Diunk −Diun)dx

+

∫
Ω
gk(x, unk) · (unk−un)dx

= 〈f, unk − un〉.

We observe that
∫

Ω gk(x, unk).(unk − un) −→ 0, since unk −→ un in

L%(·)(Ω;Rm) where %(·) defined in Lemma 2, and the hypotheses on gk
give us that (gk(x, unk))k is bounded in Lp

′
i(·)(Ω;Rm), and that Diunk ⇀

Diun in Lpi(·) , this implies that

lim
k→+∞

∫
Ω

N∑
i=1

Ii(x) dx −→ 0.

where,
Ii(x) =

(
ai(x, Tn(unk))σi

(
x,Diunk

)
− ai(x, Tn(un))σi

(
x,Diun

))
· (Diunk −

Diun) In the same way as proving (41) we can get, for all i = 1, . . . , N ,

Diunk −→ Diun strongly inLpi(·)(Ω;Rm) and a.e. in Ω. (46)
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Now, by (4), (2), and (45), we have

∫
Ω
|ai(x, Tn(unk))σi(x,Diunk)|p′i(·) dx ≤C

∫
Ω

 N∑
j=1

|Diunk |
pj(x) + |h|

 dx

≤C
∫

Ω

N N∑
j=1

|Djunk |
pj(x) + |h|

 dx

≤CN
∥∥unk∥∥p++−→p (·) + C ′ ≤ C ′′.

And therefore

ai(x, Tn(unk))σi(x,Diunk) is bounded in Lp
′
i(·)(Ω;Rm). (47)

From (46) and (47), we have

ai(x, Tn(unk))σi
(
x,Diunk

)
⇀ ai(x, Tn(un))σi

(
x,Diun

)
inLp

′
i(·)(Ω;Rm).

From this, we obtain, for every ϕ ∈ W̊ 1,−→p (·)(Ω;Rm), i = 1, . . . , N

ai(x, Tn(unk))σi
(
x,Diunk

)
·Diϕ −→ ai(x, Tn(un))σi

(
x,Diun

)
·Diϕ. (48)

Now, we have to prove that

gk(x, unk) −→ g(x, un) strongly in L1(Ω;Rm). (49)

From (45), we have

gk(x, unk) −→ g(x, un) a.e. in Ω. (50)

Let E ⊂ Ω be any measurable set, we write for all t > 0∫
E
|gk(x, unk)| dx =

∫
E1

|gk(x, unk)| dx+

∫
E2

|gk(x, unk)| dx,

where, E1 = E ∩ {|unk | ≤ t}, E2 = E ∩ {|unk | > t
Let 0 < M < t, and observe that∣∣Tt(unk)

∣∣ ≤ ∣∣Tt(unk)
∣∣1{|un|≤M} +

∣∣Tt(unk)
∣∣1{|unk |>M} ≤M + t1{|unk |>M}.

Using this decomposition in (44) after taking ϕ = Tt(unk), and by (8),
we conclude the equi-integrability of gk(x, unk) in
L1(Ω;Rm), and since (50), Vitalis theorem implies (49).
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Therefore, we can obtain (30) by passing to the limit in (44). Thus the proof
of Lemma 6 was concluded.

• Let (fn) be a sequence in
(
W̊ 1,−→p (·)(Ω;Rm)

)∗∩Lq(·)(Ω;Rm) of bounded

functions which converges to f in Lq(·)(Ω;Rm), and which verifies the in-
equality

‖fn‖q(·) ≤ ‖f‖q(·), ∀n ≥ 1.

Thanks to Lemma 6, there exists at least one solution in the sense of distri-
butions for the approximate problem

−
N∑
i=1

Di

(
ai(x, Tn(un))σi(x,Diun)

)
+ g(x, un) = fn, in Ω,

un = 0 in ∂Ω,

satisfies the weak formulation∫
Ω

N∑
i=1

ai(x, Tn(un))σi
(
x,Dun

)
·Diϕdx+

∫
Ω
g(x, un) · ϕdx =

∫
Ω
fn.ϕ dx,

(51)
for every ϕ ∈ W̊ 1,~p(·)(Ω;Rm) ∩ Ls(·)(Ω;Rm).

3.2 A priori estimates

In this section, we state and prove an uniform estimates for the approximate
solutions un of the problem (30). Throughout the paper, we will denote by
Cn (or C) the positive constants depending only on the data of the problem,
but not on n.

Lemma 7. There exists a constant C > 0 such that

‖un‖W̊ 1,−→p (·)(Ω;Rm) ≤ C. (52)

Proof. Put X = W̊ 1,−→p (·)(Ω;Rm).
Choosing ϕ = un in (51), by (2), (3), and (9) , we have

α(1 + n)−γ
+

(
c1

∫
Ω

N∑
i=1

| Diun |pi(x) dx− c′
)
≤
∥∥fn∥∥X∗∥∥un∥∥X ,

where, c′ = N
∣∣Ω∣∣c2.

Using Young’s inequality, (iii) of Lemma 1, and the fact that,
for all i = 1, . . . , N

| Diun |pi(x) +1 ≥| Diun |p
−
− ,



126 N. Mokhtar

we get, for all ε > 0

αc1

Np−−

∥∥un∥∥p−−X ≤ (1 + n)γ
+

(
C(ε)

∥∥fn∥∥(p−−)′

X∗ + ε
∥∥un∥∥p−−X )+ α(N

∣∣Ω∣∣c1 + c′).

After taking ε = αc1(1+n)−γ
+

2N
p−−

it follows that the sequence (un)n is bounded

in W̊ 1,−→p (·)(Ω;Rm).

Lemma 8. Let q, s, pi and γ be restricted as in Theorem 2. Then, there
exists a constant C > 0 such that

N∑
i=1

∫
{|un|≤t}

|Diun|pi(x)

(1 + |un|)γ(x)−(q(x)−1)s(x)
dx ≤ C(1 + t). (53)

∫
Ω
|g(x, un)| dx ≤ C. (54)∫

Ω
|un|s(x)q(x) dx ≤ C. (55)

N∑
i=1

∫
{|un|≤t}

t(q(x)−1)s(x)−1−γ(x)|Diun|pi(x) dx ≤ C, ∀t ≥ 1. (56)

Proof. Taking ψ(x, un) =
(
(1 + |un|)(q(x)−1)s(x)

)
Tt(un) in (51)

as a test function, by the fact that for a.e. x ∈ Ω and for all i = 1, . . . , N

Diψ(x, un) = Di ((q(x)− 1)s(x))
Tt(un) ln(1 + |un|)

(1 + |un|)(1−q(x))s(x)

+ (q(x)− 1)s(x)
Tt(un)Di|un|

(1 + |un|)(1−q(x))s(x)+1

+
DiunDTt(un)

(1 + |un|)(1−q(x))s(x)
,

we have, ∫
Ω

N∑
i=1

σi
(
x,Diun

)
·Diψ(x, un) dx

+

∫
Ω
g(x, un) · ψ(x, un) dx

=

∫
Ω
fn · ψ(x, un) dx.

(57)
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And this is equivalent to what follows after compensation

∫
Ω

N∑
i=1

ai(x, Tn(un)σi
(
x,Diun

)
·DTt(un)Diun

(1 + |un|)(1−q(x))s(x)
dx

+

∫
Ω

g(x, un) · Tt(un)

(1 + |un|)(1−q(x))s(x)
dx

+

∫
Ω

N∑
i=1

(q(x)− 1)s(x)
ai(x, Tn(un)σi

(
x,Diun

)
· Tt(un)Di|un|

(1 + |un|)(1−q(x))s(x)+1
dx

=

∫
Ω

fn · Tt(un)

(1 + |un|)(1−q(x))s(x)
dx

−
∫

Ω

N∑
i=1

Di((q(x)− 1)s(x))
ai(x, Tn(un)σi

(
x,Diun

)
· Tt(un) ln(1 + |un|)

(1 + |un|)(1−q(x))s(x)
dx.

(58)

Using (23), (2) and (3), we obtain

∫
Ω

N∑
i=1

ai(x, Tn(un)σi
(
x,Diun

)
·DTt(un)Diun

(1 + |un|)(1−q(x))s(x)

≥
∫

Ω

N∑
i=1

ai(x, Tn(un)σi(x,Diun) ·Diun χ|un|<t

(1 + |un|)(1−q(x))s(x)

≥ c
N∑
i=1

∫
{|un|≤t}

(1 + |un|)(q(x)−1)s(x)−γ(x)
(
c1|Diun|pi(x) − c2

)
dx.

(59)

By the observation that (q(x)− 1)s(x)− 1− γ(x) < 0, we get

N∑
i=1

∫
{|un|≤t}

(1 + |un|)(q(x)−1)s(x)−γ(x)dx

≤
N∑
i=1

∫
{|un|≤t}

(1 + |un|)(1 + |un|)(q(x)−1)s(x)−1−γ(x)dx

≤ (1 + t)
N∑
i=1

∫
{|un|≤t}

dx

≤ N |Ω|(1 + t).



128 N. Mokhtar

We find that, (59) give us

∫
Ω

N∑
i=1

ai(x, Tn(un)σi
(
x,Diun

)
·DTt(un)Diun

(1 + |un|)(1−q(x))s(x)
dx

≥ c′
N∑
i=1

∫
{|un|≤t}

|Diun|pi(x)

(1 + |un|)γ(x)+(1−q(x))s(x)
dx− c′′′(1 + t)

(60)

And after using (7), we have

∫
Ω

g(x, un) · Tt(un)

(1 + |un|)(1−q(x))s(x)
dx ≥ t

∫
{|un|>t}

(1 + |un|)(q(x)−1)s(x) un
|un|

.g(x, un) dx.

(61)
Using the fact that

(1 + |un|)(q(x)−1)s(x)−1−γ(x) un
|un|

.g(x, un) ≥ |g(x, un)|, |un| > 0, (62)

it is produced through the following:
By (7) with the observation that (q(x) − 1)s(x) − 1 − γ(x) < 0 since (26),
we get

1∣∣un∣∣g(x, un).

(
(1 + |un|)(q(x)−1)s(x)−1−γ(x)un −

∣∣un∣∣ g(x, un)∣∣g(x, un)
∣∣
)
≥ 0,

we get

∫
Ω

g(x, un) · Tt(un)

(1 + |un|)(1−q(x))s(x)
dx ≥ t(1 + t)1+γ+

∫
{|un|>t}

|g(x, un)| dx. (63)

On the other hand by (2) we have it as well

∫
Ω

N∑
i=1

(q(x)− 1)s(x)
ai(x, Tn(un)σi

(
x,Diun

)
· Tt(un)Di|un|

(1 + |un|)(1−q(x))s(x)+1
dx

≥ α(q− − 1)s−
∫

Ω

N∑
i=1

σi
(
x,Diun

)
· Tt(un)Di|un|

(1 + |un|)(1−q(x))s(x)+1+γ(x)
dx.

(64)
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Through all this we find that (58) give us

c′
N∑
i=1

∫
{|un|≤t}

|Diun|pi(x)

(1 + |un|)γ(x)+(1−q(x))s(x)
dx

+ t(1 + t)1+γ+
∫
{|un|>t}

|g(x, un)| dx

≤
∫

Ω

fn · Tt(un)

(1 + |un|)(1−q(x))s(x)
dx

− α(q− − 1)s−
∫

Ω

N∑
i=1

σi
(
x,Diun

)
· Tt(un)Di|un|

(1 + |un|)(1−q(x))s(x)+1+γ(x)
dx

−
∫

Ω

N∑
i=1

Di((q(x)− 1)s(x))
ai(x, Tn(un)σi

(
x,Diun

)
· Tt(un) ln(1 + |un|)

(1 + |un|)(1−q(x))s(x)
dx

+ c′′′(1 + t).

(65)

So, from (65) with using (2), we get

c′
N∑
i=1

∫
{|un|≤t}

|Diun|pi(x)

(1 + |un|)γ(x)+(1−q(x))s(x)
dx

+ t(1 + t)1+γ+
∫
{|un|>t}

|g(x, un)| dx

≤ t
∫

Ω
|fn|(1 + |un|)(q(x)−1)s(x) dx

+ α(q− − 1)s−t

∫
Ω

N∑
i=1

|σi
(
x,Diun

)
||Di|un||

(1 + |un|)(1−q(x))s(x)+1+γ(x)
dx

+ c′′t

∫
Ω

N∑
i=1

(1 + |un|)(q(x)−1)s(x)|σi
(
x,Diun

)
| ln(1 + |un|) dx

+ c′′′(1 + t).

(66)

Now, from Hölder inequality, (4), (52), and the fact that

|Di|un|| ≤ |Diun|, |un| > 0

(Which is a direct result of equality Di|un| = un·Diun
|un| for the Euclidean norm
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on Rm for example), we have

∫
Ω

N∑
i=1

|σi
(
x,Diun

)
||Di|un||

(1 + |un|)(1−q(x))s(x)+1+γ(x)
dx

≤
N∑
i=1

∫
Ω
|σi
(
x,Diun

)
|
∣∣Diun

∣∣ dx
≤ c3

N∑
i=1

∫
Ω

 N∑
j=1

|Diun|pj(x) + |h|

1− 1
pi(x) ∣∣Diun

∣∣ dx
≤ c

N∑
i=1

∥∥∥∥∥∥∥
 N∑
j=1

|Diun|pj(x) + |h|

1− 1
pi(x)

∥∥∥∥∥∥∥
p′i(·)

∥∥∣∣Diun
∣∣∥∥
pi(·)

≤ c
N∑
i=1

1 +

∫
Ω

 N∑
j=1

|Diun|pj(x) + |h|

 dx

1− 1

p−− N∑
i=1

∥∥∣∣Diun
∣∣∥∥
pi(·)

≤ c
N∑
i=1

1 +

∫
Ω

N N∑
j=1

|Djun|pj(x) + |h|

 dx

1− 1

p−− ∥∥un∥∥−→p (·)

≤ Nc
(
N
∥∥un∥∥p++−→p (·) + C

)1− 1

p−−
∥∥un∥∥−→p (·) ≤ C

′.

(67)

By Young enequality, we have ∀ε > 0∫
Ω

(
(1 + |un|)(q(x)−1)s(x)

)
|fn| dx ≤

1

ε

∫
Ω
|f |q(x) dx+ ε

∫
Ω

(1 + |un|)q(x)s(x) dx.

Using that 1 + |un|q(x)s(x) ≥ min{1; 21−q+s+}(1 + |un|)q(x)s(x), (8), and (9),
we have∫

Ω

(
(1 + |un|)(q(x)−1)s(x)

)
|fn| dx ≤

1

ε
ρq(·)(|f |) + cε(c′+

∫
|un|>t

|g(x, un)| dx).

In order to choose ε = 1/(2c), we get∫
Ω

(
(1 + |un|)(q(x)−1)s(x)

)
|fn| dx ≤

1

2

∫
|un|>t

|g(x, un)| dx+ C. (68)
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Now, by Young’s inequality, and remark that
(q(x)− 1)s(x)− γ(x)− 1 ≤ 0, we have∫

Ω
(1 + |un|)(q(x)−1)s(x)|σi(x,Diun)| ln(1 + |un|)dx

=

∫
Ω

[
(1 + |un|)

(q(x)−1)s(x)+(pi(x)−1)(γ(x)+1)

pi(x) (ln(1 + |un|))
]

× |σi(x,Diun)|(1 + |un|)
(q(x)−1)s(x)−γ(x)−1

p′
i
(x) dx

≤ ε
∫

Ω
(1 + |un|)(q(x)−1)s(x)+(pi(x)−1)(γ(x)+1)(ln(1 + |un|))pi(x)dx

+ c(ε)

∫
Ω
|σi(x,Diun)|p′i(x)(1 + |un|)(q(x)−1)s(x)−γ(x)−1dx

≤ ε
∫

Ω
(1 + |un|)(q(x)−1)s(x)+(pi(x)−1)(γ(x)+1)(ln(1 + |un|))pi(x)dx

+ c(ε)

∫
Ω
|σi(x,Diun)|p′i(x) dx (69)

Thanks to Remark 7 we have s(x) > (pi(x)− 1)(γ(x) + 1), so

(pi(x)− 1)(γ(x) + 1)− s(x) < 0,

and therefore (1+ |t|)(pi(x)−1)(γ(x)+1)−s(x) ln(1+ |t|)pi(x) is bounded by C > 0
for all x ∈ Ω and t ∈ R.
So, through this, (4), (8), (9), (52), and after choosing ε = 1

2cc′′C we have∫
Ω

(1 + |un|)(q(x)−1)s(x)|σi
(
x,Diun

)
| ln(1 + |un|) dx

≤ 1

2c′′

∫
|un|>t

|g(x, un)| dx+ C ′′. (70)

Now, by using (67), (68), (70) in (66) we get

c′
N∑
i=1

∫
{|un|<t}

|Diun|pi(x)

(1 + |un|)γ(x)+(1−q(x))s(x)
dx

+ t((1 + t)1+γ+ − 1)

∫
|un|>t

|g(x, un)|dx

≤ c(1 + t). (71)

After dropping the nonnegative term in (71) we get (53), and from this we
get, for any choice of t > 0 in (71), we have∫

{|un|>t}
|g(x, un)| dx ≤ C. (72)
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Then, by (8) and (72), we derive (54). Finally we combine (9) and (54) to
obtain (55).

Now let’s prove (56), by (53), (26), and the observation that

(q(x)− 1)s(x)− 1− γ(x) ≤ 0 in Ω,

we have for all t ≥ 1∫
{|un|≤t}

t(q(x)−1)s(x)−1−γ(x)|Diun|pi(x) dx

≤
∫
{|un|≤t}

(
1 + t

2
)(q(x)−1)s(x)−1−γ(x)|Diun|pi(x) dx

≤ c(1 + t)−1

∫
{|un|≤t}

(1 + |un|)(q(x)−1)s(x)−γ(x)|Diun|pi(x) dx

≤ C.

Lemma 9. Let q, s, and pi be restricted as in Theorem 2. Then, (Diun) is
bounded in Lri(Ω;Rm) for all (r1(·), . . . , rN (·)) ∈ (C(Ω))N such that

1 < ri(x) <
pi(x)q(x)s(x)

s(x) + 1 + γ(x)
, ∀x ∈ Ω, i = 1, . . . , N.

Proof. For all i = 1, . . . , N setting αi(·) = pi(·)
s(·)+1+γ(·) , then we have

∗ For 0 < t < 1, we have trivially that∫
{|Diun|αi(x)>t}

ts(x)q(x) dx ≤ |Ω|.

∗ For t ≥ 1, using (55), and (26), we have∫
{|Diun|αi(x)>t}

tq(x)s(x) dx

≤
∫
{|Diun|αi(x)>t}∩{|un|≤t}

tq(x)s(x) dx+

∫
{|un|>t}

tq(x)s(x) dx

≤
∫
{|un|≤t}

tq(x)s(x)

(
|Diun|αi(x)

t

) pi(x)

αi(x)

dx+

∫
Ω
|un|q(x)s(x) dx

≤
∫
{|un|≤t}

t(q(x)−1)s(x)−1−γ(x)|Diun|pi(x) dx+ c.
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With (56), we have ∫
{|Diun|αi(x)>t}

tq(x)s(x) dx ≤ C ′.

This shows that, for all i = 1, . . . , N , |Diun|αi(·) is bounded in Mq(·)s(·)(Ω),
and hence we conclude from Lemma 5 that |Diun| is bounded in Lri(·)(Ω)
for all ri(·) in C(Ω) satisfying

1 < ri(x) <
pi(x)q(x)s(x)

s(x) + 1 + γ(x)
in Ω.

This completes the proof of Lemma 9.

Lemma 10. Let m, s, pi, and γ be restricted as in Theorem 1. Then,
there exists a constant C > 0 such that∫

Ω
|un|s(x)q(x) dx ≤ C. (73)

∫
Ω
|g(x, un)| dx ≤ C. (74)

Proof. After choosing ϕ = un in (30), by (2), (3), and (9) , we have

c1

∫
Ω

N∑
i=1

| Diun |pi(x) dx+

∫
Ω
|un|s(x)q(x)+1 dx ≤

∥∥fn∥∥X∗∥∥un∥∥X + c′.

Then, by (52) we get ∫
Ω
|un|s(x)q(x)+1 dx ≤ C. (75)

By the fact, 1 + |un|s(x)q(x)+1 ≥ |un|s(x)q(x), we conclud (73).
Now, choosing ϕ = Tt(un), t > 0 in (30), by (2), (3), and (9) , we have

∫
Ω

N∑
i=1

ai(x, Tn(un))σi
(
x,Diun

)
·DTt(un)Diun dx

+ t

∫
{|un|>t}

un
|un|
· g(x, un) dx

≤t
∫

Ω
|fn| dx.

(76)
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Using (23), (2), and (3), we obtain∫
Ω

N∑
i=1

ai(x, Tn(un))σi
(
x,Diun

)
·DTt(un)Diun

≥
∫

Ω

N∑
i=1

ai(x, Tn(un))σi(x,Diun) ·Diunχ|un|<t

≥ c1

(1 + n)γ+
( N∑
i=1

∫
{|un|≤t}

|Diun|pi(x) dx− c′
)
.

By this equation, the fact un
|un| .g(x, un) ≥ |g(x, un)|, |un| > 0 (Which

results from (7)), and after dropping the nonnegative term, we find that
(76) give us

t

∫
{|un|>t}

|g(x, un)| dx ≤ ct
(
1 +

∫
Ω
|f |q(·) dx) + c′. (77)

Then, for any choice to t > 0, we have∫
{|un|>t}

|g(x, un)| dx ≤ C. (78)

Then, by (8) and (78), we derive (74).

3.3 Proofs for Theorem 1 and Theorem 2:

The Proof of Theorem 1: by (52), the sequence (un) is bounded in
W̊ 1,~p(·)(Ω;Rm). This implies that we can extract a subsequence (denote
again by (un)), such that

un ⇀ u weakly in W̊ 1,~p(·)(Ω;Rm),

un → u strongly in Lp0(Ω;Rm), p0 = min
1≤i≤N

min
x∈Ω

pi(x),

un → u a.e. in Ω.

(79)

This implies that

g(x, un)→ g(x, u) a.e. in Ω (80)

Let E ⊂ Ω be any measurable set, we write∫
E
|g(x, un)| dx =

∫
E∩{|un|≤t}

|g(x, un)| dx+

∫
E∩{|un|>t}

|g(x, un)| dx.
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Let 0 < M < t, and observe that∣∣Tt(un)
∣∣ ≤ ∣∣Tt(un)

∣∣1{|un|≤M} +
∣∣Tt(un)

∣∣1{|un|>M} ≤M + t1{|un|>M},

Using this decomposition in (51) after taking ϕ = Tt(un), yields

t

∫
{|un|>t}

∣∣g(x, un)
∣∣ dx ≤M ∫

Ω

∣∣fn∣∣ dx+ t

∫
{|un|>M}

∣∣fn∣∣ dx. (81)

From (81) and (8) , we conclude the equi-integrability of g(x, un) in L1(Ω;Rm),
and since (80), Vitali’s theorem implies that

g(x, un) −→ g(x, u) strongly in L1(Ω;Rm). (82)

Now, choosing ϕ = un − u in (51) as a test function, we get

∫
Ω

N∑
i=1

ai(x, Tn(un))
(
σi
(
x,Diun

)
− σi

(
x,Diu

))
· (Diun −Diu) dx+

∫
Ω

N∑
i=1

ai(x, Tn(un))σi
(
x,Diu

)
· (Diun −Diu) dx

+

∫
Ω
g(x, un) · (un − u) dx

=

∫
Ω
fn · (un − u) dx.

We observe that
∫

Ω g(x, un) · (un − u) −→ 0, since un −→ u in L%(·)(Ω;Rm)

where %(·) is defined in lemma 2, and (g(x, un)) is bounded in Lp
′
i(·)(Ω;Rm),

and that Diun ⇀ Diu in Lpi(·), this implies that

lim
n→+∞

∫
Ω

N∑
i=1

ai(x, Tn(un))
(
σi
(
x,Diun

)
−σi

(
x,Diu

))
·(Diun−Diu) dx −→ 0,

and this convergence gives us, for all i = 1, . . . , N

ai(x, Tn(un))
(
σi
(
x,Diun

)
− σi

(
x,Diu

))
· (Diun −Diu) −→ 0 a.e. in Ω.

(83)
From (83) and (2), we have∣∣(σi(x,Diun

)
− σi

(
x,Diu

))
· (Diun −Diu)

∣∣ ≤ C(x),
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for some function C(x). Up to a Lebesgue measure zero set Z, the above
inequality holds pointwise. Let us prove that there exists a function c such
that ∣∣Diun(x)

∣∣ ≤ c(x). (84)

By hypothese (5), we have

C(x) ≥

c4

(
(|Diun| − |Diu|)p

−
− − 1

)
, if pi(x) ≥ 2

c5

(
|Diun|−|Diu|

1+|Diun|+|Diu|

)2
, if 1 < pi(x) < 2

and this implies (84).
We are going to prove that

Diun(x) −→ Diu(x) in Ω\Z. (85)

Assume by contradiction that there exists x0 ∈ Ω\Z such that Diun(x0)
does not converge to Diu(x0). The Bolzano Weierstrass theorem implies
that Diun(x0) −→ b, for some b ∈ RN , up to a subsequence. Passing to the
limit in(

σi
(
x0, Diun(x0)

)
− σi

(
x0, Diu(x0)

))
· (Diun(x0)−Diu(x0)),

we get (
σi
(
x0, b

)
− σi

(
x0, Diu(x0)

))
· (b−Diu(x0)) = 0,

which yields b = Diu(x0) by hypothesis (5).
Through this we get, for all i = 1, . . . , N ,

Diun −→ Diu a.e. in Ω. (86)

From (86),(52), Vitali’s theorem gives , for all i = 1, . . . , N

Diun −→ Diu in L1(Ω;Rm) and a.e. in Ω. (87)

So we have

σi
(
x,Diun

)
−→ σi

(
x,Diu

)
a.e. in Ω. (88)

Now, we prove that,(
σi
(
x,Diun

))
n

is uniformly bounded in Lpi(·)(Ω;Rm).
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Using the assumption (4), we get for all i = 1, . . . , N ,

|σi(x,Diun)|pi(x) ≤ C

 N∑
j=1

|Diun|pj(x) + |h|

pi(x)−1

≤ C ′

(
N∑
i=1

|Diun|pi(x) + |h|

)pi(x)−1

. (89)

Then, by (52), we conclude that, for all i = 1, . . . , N ,(
σi
(
x,Diun

))
n

is uniformly bounded in Lpi(·)(Ω;Rm),

So, by (88) and Vitali’s theorem, we derive, , for all i = 1, . . . , N ,

σi
(
x,Diun

)
−→ σi

(
x,Diu

)
strongly in L1(Ω;Rm). (90)

So, we can easily pass to the limit in (51) for all ϕ ∈ C∞c (Ω;Rm).
This proves Theorem (1).
The Proof of Theorem 2: By Lemma 9 the sequence (un) is bounded in
W̊ 1,~r(·)(Ω) where ri(·) is defined as (27). Without loss of generality, we can
therefore assume that

un ⇀ u weakly in W̊ 1,~r(·)(Ω),

un → u strongly in Lr0(Ω), r0 = min
1≤i≤N

min
x∈Ω

ri(x),

un → u a.e. in Ω.

(91)

This implies that
g(x, un)→ g(x, u) a.e. in Ω. (92)

By proceeding as in Theorem 1, we have

g(x, un)→ g(x, u) in L1(Ω;Rm), (93)

and
Diun −→ Diu a.e. in Ω. (94)

By (94) we have

σi
(
x,Diun

)
−→ σi

(
x,Diu

)
a.e. in Ω. (95)

Now, we prove that,(
σi
(
x,Diun

))
n

uniformly bounded in L
ri(·)
pi(·)−1 (Ω;Rm),
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where ri(·) is a continuous function on Ω satisfying (27) in Ω.
Then, we have, for all x ∈ Ω

1 <
ri(x)

pi(x)− 1
<

pi(x)q(x)s(x)

(s(x) + 1 + γ(x))(pi(x)− 1)
, i = 1, . . . , N. (96)

The choice of ri(x)
pi(x)−1 > 1 is possible since we have (26).

Now, let ψ(·) : Ω→ (0, 1) be a continuous function such that, for all x ∈ Ω

ri(x)

pi(x)
< ψ(x) <

q(x)s(x)

s(x) + 1 + γ(x)
< 1, i = 1, . . . , N. (97)

Therefore, we derive for all x ∈ Ω

0 < ψ(x)pi(x) <
pi(x)q(x)s(x)

s(x) + 1 + γ(x)
,

and
ri(x)

pi(x)ψ(x)
< 1, i = 1, . . . , N.

(98)

Using the assumption (4), we get for all i = 1, . . . , N ,

|σi(x,Diun)|
ri(x)

pi(x)−1 ≤ C

(
N∑
i=1

|Diun|ψ(x)pj(x) + |h|ψ(x)(x)

) ri(x)

pi(x)ψ(x)

(99)

then, by Lemma 9, and (98), we conclude that, for all i = 1, . . . , N ,(
σi
(
x,Diun

))
n

uniformly bounded in L
ri(·)
pi(·)−1 (Ω;Rm), (100)

where ri(·) is a continuous function on Ω satisfying (27).
So, by (95) and Vitali’s theorem, we derive, , for all i = 1, . . . , N ,

σi
(
x,Diun

)
−→ σi

(
x,Diu

)
strongly in L1(Ω;Rm) (101)

From (2), (91) and (101) , we derive

ai(x, Tn(un))σi
(
x,Diun

)
−→ ai(x, u)σi

(
x,Diu

)
strongly in L1(Ω;Rm).

(102)
So, we can easily pass to the limit in (30) for all ϕ ∈ C∞c (Ω;Rm).
Now, from (55), and since |un|s(x)q(x) ≥ 0, by using Fatous Lemma, we
deduce that

0 ≤
∫

Ω
|u|s(x)q(x) dx ≤ C.

Then |u|s(x)q(x) ∈ L1(Ω), which completes the proof of Theorem 2.
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