Ann. Acad. Rom. Sci.
Ser. Math. Appl.
ISSN 2066-6594 Vol. 14, No. 1-2/2022

ORLICZ DIFFERENCE TRIPLE
LACUNARY IDEAL SEQUENCE
SPACES OVER n-NORMED SPACES*

Kuldip Rajf Sandeep Sharmat Anu Choudhary?

DOl https://doi.org/10.56082/annalsarscimath.2022.1-2.90

Abstract

In the present article, we introduce and study some Lacunary Z—conver
gent and Lacunary Z—bounded triple difference sequence spaces de-
fined by Orlicz function over n—normed spaces. We shall investigate
some algebraic and topological properties of newly formed sequence
spaces. We also make an effort to obtain some inclusion results be-
tween these spaces.
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1 Introduction and Preliminaries

Let N, R and C denote a set of natural, real and complex numbers respec-
tively. A triple sequence = (zy, 1) is a function  : NxNxN — R(or C).
Initially triple sequence spaces were introduced and studied by Sahiner et
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al. [13], Sahiner and Tripathy [14], Tripathy and Goswami [18], Esi and
Catalbas [3] and many others. Since then this concept has been studied by
several authors. Recently many mathematicians have generalized the con-
cept of triple sequences by introducing triple gai sequences, triple analytic
sequences and triple entire sequences associated with statistical convergence,
Orlicz function and fuzzy number (see [1], [10], [17]).

A triple sequence & = (T, k) is said to convergent to L in the Pringsheim’s
sense if for every € > 0, there exists N. € N such that |z, 1 — L] < €
whenever m > N.,n > N, k > N.. A triple sequence convergent in Pring-
sheim’s sense is not necessarily bounded. For example: A triple sequence
& = (L k) defined by

{m, forallme Nyn=1=kF,
Tmn,k =

1 .
prowe otherwise.

Then z,, , 1 — 0 in Pringsheim’s sense but is unbounded.

A triple sequence & = (%, ) is said to be Cauchy sequence if for ev-
ery € > 0, there exists Ne € N such that |z, nx — 2pgi| < €, whenever
m2>p> Nen>q2> Ne,k>12> Ne.

Ideal convergence is a generalisation of statistical convergence and was first
introduced and studied by Kostyrko et al. [7] in metric spaces. Later on
Lahiri and Das [8] extended the idea to an arbitrary topological space. A
class Z C P(X)(power set of X) is said to be an ideal if it satisfies the
following conditions:

i)ez

(i) A,BeZ=AuUBeZ

(ili) AcZand BC A= BeT.

7 is called a non-trivial ideal if X ¢ Z. A non-trivial ideal Z € X is called
admissible if Z contains every finite subset of X.

A triple sequence & = (2, k) is said to be Z—bounded if there exists D > 0
such that {(m,n,k) € Nx NxN: |z, > D} €T

A triple sequence & = (&, n 1) is said to be Z—convergent to L, if for every
€ > 0 the set {(m,n,k) € NXx N x N : |2, — L| > €} € Z and we write
Z—limxy,,, = L.

A triple sequence x = (Zy, 1) is said to be Z—null, if L = 0 and we write
Z — limxy, % = 0.

If 7 is the ideal of all finite subsets of N, then the ideal convergence coincides
with usual convergence.

A triple sequence x = (Zp, ) is said to be Z—Cauchy if for every e > 0,
there exists p = pg,q = qo and | = [y such that {(m,n,k) € Nx N x N :
| T e — Tpgil > € €L
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A triple sequence space X is said to be solid if for m,n, k € N, (ot n kTmnk) €
X whenever (2,,,%) € X and for all sequences (o, i) of scalars with
‘am,n,k’ <L

A triple sequence space X is said to be monotone if it contains the canonical
pre-image of all its step spaces.

Remark 1 [6] A sequence space is solid implies that it is monotone.

A triple sequence space X is said to be sequence algebra if (2, 5.k X Ym.n k) €
X, whenever (2, %) € X and (ymni) € X.

In the mid of 1960’s Gahler [4] introduced the concept of 2—normed spaces.
Later on Misiak [11] extended the concept to n—normed spaces. Let X be
a linear space over the field K of real or complex numbers of dimension d,

where d > n > 2. A n—norm on X is a real valued function |[|.,--- ,.|| on X"
that satisfies following conditions:
(i) ||x1, 22, ,xy|| = 0 if and only if z1,z9,- - ,z, are linearly dependent
in X;
(ii) |1, z2,- -+ , || is invariant under permutation;
(ili) |lax1,z2, -, zn|| = |a|||z1, 22, -+ , 2y || for any a € K and
(iV) ||$ + x,a L2y ,:L'nH < ||$a L2y ,an + ||:C/,:L'2, T 7$TZH
The pair (X, |.,---,.]|) is called n—normed space over the field K. A se-
quence (xg) in a n-normed space (X, ||-,---,-||) is said to converge to some
LeXif

lim ||xg — L, 21, - ,2p—1|| =0 for every z1,---,z,-1 € X.

k—o00
A sequence (zy) in a n-normed space (X, |-,--- ,-||) is said to be Cauchy if

lim |jzg —zp, 21, ,2p—1]| =0 for every z1,---,2,1 € X.

k,p—o0

If every Cauchy sequence in X converges to some L € X, then X is said to
be complete with respect to the n-norm. Any complete n-normed space is
said to be n-Banach space.

For more details about sequence spaces (see [12], [15], [16]).

Let w,w? and w? denotes the set of all single, double and triple sequences
respectively of real or complex numbers. Kizmaz [5] introduced the notion
of difference sequence spaces as follows:

Z(A) ={z = (zm) €w: (Azxy,) € Z}

for Z = ¢, cy and £, the spaces of convergent, null and bounded sequences
respectively, where A(xg) = xz — xy1 for all & € N. Later on Tripathy
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and Sarma [19] introduced and studied difference double sequence spaces as
follows:
Z(A) ={z = (zmn) €EW*: (Azpn) € Z}

for Z = c% ¢ and (2, the space of convergent, null and bounded double
sequences respectively, where Azy, , = Ty — Tmont+1 — Tmt1,n + Tm+1n+1,
for all m,n € N.

The difference triple sequence space was introduced by Debnath et al. [2] and
Axm,n,k = Tmnk—Tmnt+lk — Tmnk+1 +xm,n+1,k+l —Tm+1n,k +$m+1,n+1,k +
Im+1mn,k+1 = Tm+1n+1k+1 and onm,n,k = (xm,n,k)‘

The triple sequence 6, = {(m,,ns, kt)} is called triple lacunary if there
exist three increasing sequences of integers such that

mo =0,h, =m, —m,_1 — 00 asr — oo,

no=0,hs =ng —Ns_1 — 00 as s — oo and

T

ki —ki_1 — oo ast — oo.

0:07 t

Let my, st = mp,ng, ki, hest = hrhshy and 0,5, is determined by I, ; =

{tmn,k) = mpqy < m < mpns 1 < n < ng k1 < k< ki), qp =
my qf: Ns qf: ky

mp_17 48 ne—1 1t kt—1°

A function M : [0,00) — [0, 00) is said to be an Orlicz function, if it satisfies

the following conditions:

(i) M is convex,

(ii) M is continuous,

(iii) M is non-decreasing with M (0) =0, M (z) > 0 for x > 0 and M(z) —

00 as & — 00.

Lindenstrauss and Tzafriri [9] used the idea of Orlicz function to define the

following sequence space.

lM:{xGw:ZM<|xk|><oo, forsomep>0}

k=1 P

which is called as an Orlicz sequence space.

An Orlicz function M is said to satisfy Ay condition for all values of v, if
there exist a constant R > 0, such that M (2v) < RM(v),v > 0. Note that
if 0 < A <1, then M(A\x) < AM(x), for all z > 0.

Let M be an Orlicz function, v = (U, n %) be a triple sequence of strictly
positive real numbers, p = (ppm k) be a triple sequence of bounded real
numbers, 0, s+ = {(m,,ns, kt)} be a triple lacunary sequence. In the present
paper, we define the following sequence spaces:

[M,u, A, ngapa H: T Ha er,s,t] =
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me[r s,t ne[r s,t kfe[r s,t

A
{zéw - lim E E E M||um”k (@) 2L Znt ][]
7,85t hrst

=0, for some p > 0} eT.

[M,U,A,C%,p, H7 1'”797“,8,75] =

Z Z Z MHumnkA(I‘mnk) 2y, 7zn—1H]pm’n’k

mel; ,8, tnel'rs t ke]rs t

rewd:T— lim
TSthrst

=0, for some L and p > O} el

[M u, Aa£m17p7|"7"' 7'”7‘97",8715] =

{x Ew3: < rst Z Z Z MHUmnkA(ﬁmnk) 2, ,Zn_lmpm’”’k>

mEIr s,t ne[r s,t ke[’r s,t

is Z— bounded for some p > 0} eT.

[Myu, A;m3p, ||yl Orst] =

(M, A, ||y sl Orst) OV M us A 2p sl Orsit]-
(M, Ay miz, p, [l ol O] =

[M,u,A,c%I,p, [ o]l Orst] O [ M, Aﬂeoo17p7 el Orst]

The following inequality will be used throughout the paper. If 0 < py, 1 <
SUP Pk = H, K = max (1,2771), then

|@m,nk + b ol < K@ ol F A+ by g [Pk T (1)
for all m,n,k and @y, k, bk € C. Also
|a|Pmnk < max(1, |a|f) for all a € C. (2)

The main purpose of this paper is to introduce the idea of Lacunary Z—con-
vergence in triple difference sequence spaces by means of Orlicz function
over n—normed spaces. We discuss some algebraic properties, topological
properties and inclusion relations between the concerning spaces.
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2 Main Results

Theorem 1 Let M be an Orlicz function, p = (pmnk) be a bounded triple
sequence of positive real numbers, 0, s+ = {(m,,ns, kt)} be a triple lacunary
sequence and u = (U, n k) be a triple sequence of positive real numbers. Then

the sequence spaces [M,u, A, cgz,p, .ol Orst]s [M,u, A, c%,p, | PR N
HT,S,t]J [M,'LL, Aagioj[7p7 ||7 Ty H7 97’,8,15]7 [Mauv Aa m%vpv ||7 Ty H7 97’,5,15] O,Tld
[M,u, Aymdz,p, ||+, .||, 0r5¢) are linear spaces over the complex field C.

Proof 1 Here, we only prove for the sequence space [M,u, A, ch,p, ey sl
Oy s.t). For other spaces it follows in the same manner.

Let (xm,n,k) and (ym,n,k) € [M7 U, A7 ng[vpa ||7 ) 'Haer,s,t]‘ Th@nfOT pP1, P2 >
0, we have

Z Z Z MHUmnkA(l‘mnk) P ,Zn—l”]pm’n’k —0

zflin%
TS,
TStmEIrstnGIrstkEI'rst
and
Z Z Z u k;A k
z- lim MH e (ymn ) y 21yt 7Zn—1‘|]pm’n’k:0.
r,8,t hrst

mEIT s,t ne[r s,t k?e[r s,t

Now, for every € > 0, consider

le{(?”,S,t)GNXNXN h'rst Z Z Z MHumnkA(xmnk)

me[r s,t nelr s,t ke[r s,t

€
TP | QK} 1

and

TQZ{(T,S,t)GNXNXN h'rst Z Z Z MHumnkA(ymnk)

melr s,t ’I’LEIT s,t ke[r s,t

€
21, ’Zn_l”]pm,n,k: Z 2}(} c I

Define p3 = max(2|alp1,2|B|p2). Suppose (r,s,t) ¢ Th UTy and o, be
scalars such that |a| <1 and || < 1. Then by using inequality (1), we have
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u kA(Cw k+ﬁy k)
Tst Z Z Z M” m,n m,n m,n, 217,.. ’Zn_IH]pm,n,k

mGI'r s,t ne[r s,t ke[r s,t

u Az
{ D D B e s
rst

mGIr s,t ne]r s,t ke[’r s,t

) SED MH“m"’“A(ym"’“) ||1m}

melr st n€lyr st k€Il st

€
K — 4 =
‘ {2K+2K}

= €.

rst

Since M is non-decreasing and convex function. Hence,

(r,s,t)¢T0:{(r,s,zﬁ)ENXNXN:h1 Z Z Z X

melyr st n€lr st ke[r,s,t
Pm,n,k
um,n,kA(Oé.Tm,n,k + /Bym,n,k) :| o > 6}
p3 N

Hence Ty C Th U T5. By additivity and heritability of Z, we have Ty € 1.
Therefore, M, u, A, c3z,p, ||, ,.|l,0r,54] is a linear space.

|:M 321y 5y Rn—1

Theorem 2 Let M be an Orlicz function, p = (pmn k) be a bounded triple
sequence of positive real numbers, Oy s+ = {(my,ns, kt)} be a triple lacunary
sequence and u = (um n k) be a triple sequence of positive real numbers. Then
the inclusion [M,u, A, cgz,p, .oyl Orst] C [M,u, A, c%,p, PRI R
Or.st] C [M,u,A,K‘zOI,p, I, ,.l, Or.s.¢] holds.

Proof 2 The inclusion

(M, 1w, A, iz, ps 1l O] © IMu, A ps ||l Orsit]
1s obvious. We shall prove the inclusion

(M, A3, ||+l Orst) © [Mouy A ez, [y ol O]

For this consider a sequence (Tmn k) € [M,u, A, 3, p, ., .|, 0rst]. Then
there exists p1 > 0, such that for every e > 0

D DD DD SR

mGIr st NELlr st K€L s ¢t

um,n,kA(xm,mk) — L
p1 ’

21y 5y 2n—1

Pm,n,k
] > €, for some L andp>0}€I.
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Since M is non-decreasing and convex, so for p = 2p1, we have

M

um,n,kA(xm,n,k)

P y 21y, An—1

um,n,kA(xm,mk) — L
P1

< M

y 21yt An—1

L
+MH7217'” y Zn—1
P1

:|pm,n,k

y 2Lyt An—1

:|pm,n,k}
:|pm,n,k:}

21,000 Zn—1

Suppose that (r,s,t) ¢ T. Then by using (1), we have

ﬁ Z Z Z I:M um,n,kA(xm,n,k)

me[r,s,t ne[r,s,t ke[r,s,t p

wlim Y X X v

mEIT,S,t ne[ns,z kelr’s’t

1 L
+hr,s,t Z Z Z |:MHP17217”'7Z7L—1

me[’r,s,t nEIT,s,t kelr,s,t

<K{€+h:&t Z Z Z [MH/)Ll,zl,---,zn_l

melr st n€ly st kelr,s,t

Pm,n,k
] < max {1, [M

y 21yt 5 An—1

umm,kA (:L'm,n,k’) —L
P1

:|pm,n,k

L

Since [M 21,0 Zno1 o

I}

Pm,n,k
] < o0.

L
p1’
hus,

) U

mEL«’s’t TlEIns’t ke]r,s,t

Let us take

1 L
D:K{e—khm’t Z Z Z |:MHp1,21,"'wzn—l

mEIT,S,t nGL«,S,t kelr,s,t

:|pm,n,k}

Hence,

{(r,s,t)eNxNxN:h;t DY [M

me[r,s,t nG]r,S,g kefrysyt

um,n,kzA (wm,n,k)
P

yRLy Tt

Pm,n,k
zn_lH] > D} € T which implies x € [M, Uy ALy |y ,.H,G,«,s,t].
Hence the proof.
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Theorem 3 Let M and M’ be two Orlicz functions which satisfies Ay— condition.
Then the following inclusion relations hold:

(1)

[M7U7A768I7p7 H’ 7'||797’757t]
c [M/OM,U,A,Cgl—,p, H7 7'”767‘78715]a [M7U7A76%7p7 H’ ,-H,er,s,t]
c [M/OM,U,A,C%,]?, ||7 a'||797"75,t]
and
[M7U7A7€20I7p7 H7 7'||707",8,t] - [MIOM7U7A7EgoI7p7 ”7 7"‘797’,5775]'
(2) [M,U,A,C%I,p, ”a : 7'HaGT,S,t]m[M/)uvAvchapa ||7 "”797“75775] < [M+
MI,’U,,A,C:SI,]), H7 7-H79r,s,t}7 [Ma u,A,C%,p, H: a'Hyer,s,t]m[M/au7Aac%a
D, ||7 c 7-”,97“787t] g [M+M/7U7Auc%7p7 ”a T 7"|50T,5,t] G/I'ld [M)u7A7€gofupu
||7 7'”797"75715] N [M/7U7A7€§OI?p7 Ha t >'Ha07’,87t] g [M+M/7U7A7€§OI7P’
||7 7""97‘75775]'

Proof 3 We prove the result for third inclusion.
(1) Let x = (Timmi) € [M,u, A3 2., ||+, .||, 0r.54], then for p > 0, there
exists D1 > 0, such that

{<> DD [M

um,n,kA(xm,n,k)

P yRLy Tt
me]r,s,t nelr,s,t ke[’r,s,t
Pm,n,k
Zn—1 :| > Dl} el
L d h I d M || bk B Emn )
et enotes the sum overm € I, 5, an ||f,z1, cee Zpet]| >
1
Um,n, kA (T, k)
J, g denotes the sum overn € I, s+ and MH%, 21,y 21| >
2
u Az
J, E denotes the sum over k € I s, and MHM, 21,y Zn—1|| >
3
U Az
J, g denotes the sum overm € I, 5, and MHM, 21,y 21| <
4
U, n, kA (T, n k)
0, g denotes the sum overn € I, 44 and MH%, 21,y zn—1| <
5
U Az
J, E denotes the sum over k € I, s, and MHM, 21,y zn—1| <
6

0.
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Since M' is non-decreasing and convexr and also satisfies Ag— condition, so
for D > 1, we obtain the inequality
Pm,n,k
e

S
, " um,n,kA(xm,n,k) Dok
s (Phe ) Pl DD D IMIEEEEE IS e,
1 2 3

And by continuity of M', we have
Pm,n,k
@

SEEN

um,n,kA (xm,n,k)
p

y A1yt An—1
Tst

um,n,kA (xm,n,k)
p

321y 5 Zn—1
rst

T8,

1 1
< Epm,n,k <
o e 2
Suppose that (r,s,t) ¢ Ty. Then by using (3) and (4), we have
)

m Z Z Z M’(M UmnkA(xmnk e

melr,s,t ne[r,s,t ke[’r,s,t - p

7 Pm,n,k

|
)

= i ST [ (e, )T
)

r st 1Y ]
1 A 1 Pm,n.k
T h Z Z Z M/ <M Sk (xm’njk) y 21,0y An—1
met T4 s 6 L p -
1o\ ho_H
< max\{ 1, DgM (2) D; + max{e", e}
= Ds.
Hence,

(r,s,t)géU:{(r,s,t)eNxNxN:hhlw DI [M’(

melr st n€lr st ke[’r,s,t

Pm,n,k
) e

um,n,kA(xm,mk)

M y 2Lyt An—1
p
and thus U C Ty. This implies U € T and consequently = € [M' o M, u, A,
OOI)p7 H )'||707’8t}
(2) Let z = (wmm,k’) [M u A,fooz,p, Hv T ,-H,Hr,s,t] [ , U A,EOOI, b,
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I, ,.|l,Orst]. Then for p >0, there exist D1 > 0 and Dy > 0 such that

T = {(r, 5,t) ENxNxN: ; 1 Z Z Z [M U kA (T k)

)
me]r,s,t ne[r,s,t kJEI'r,s,t P

Pm,n,k
:| > Dl} el

21,0y Zn—1

and

TQ—{(rst) € NxNxN: 1o DI [M’

mEIr s,t 7’L€Ir s,t ke[r s,t

Pm,n,k
:| > DQ} el

Let (r s,t) ¢ T1 UTs. Then we have

D IED VD D (UESTY

mel tnelrstkelrst

21y y2n—1

um,n,kA (xm,n,k)
p

y 21y An—1

:|pm,n,k

< um,n,kA(xm,n,k) Prm,n.k
> § § E y 21yt 5 2n—1
TStmEIrstnEIr.stkEI'rst p
Pm,n,k
u kA(x &) "
/ m,n m,n
+ E g E [M 2Lyt Zn—1
rst

mEL s,t TZEIT s,t ke[’r s,t
< K{Di+ Dy}
= D.

Thus, (r,s,t)¢U={(ﬁsat)eNXNXN:hr,ls,t Z Z Z

mEI'r,s,t ne[’r,s,t ke]r,s,t

A Pm,n,k
)| e kB k) >D
p
Hence, we have Ty UTs € T and U C Ty UT5. This implies U € Z. Therefore,
z € [M+ M u,AN B 2 p ., .ll,00s¢). Other inclusions can be proved
similarly.

Corollary 1 Let M be an Orlicz function which satisfies Ao condition,
P = (Pmnk) be a bounded triple sequence of positive real numbers, 0y, =
{(my,ns, ki) } be a triple lacunary sequence and u = (U, i) be a triple se-

quence of positive real numbers. Then the inclusion [u, A, ¢z, p, ||., -+ .||, Or.s.4]
C [Ma u7A708I7p7 ”7 Ty 'H,HT,s,t]a [’LL, Aac%apv ”7 Ty 'H,HT,s,t] - [Ma U, A7C]3:7p7
I, sl Orst) and [u, A,Egoz,p, .ol Orst) C [M,u, A,Egoz,p, (PRI

Qr,s,t]-
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Proof 4 One can easily proof by using M (x) = x and M'(z) = M(z),V x €
[0,00) in the first part of the Theorem 3

Theorem 4 Let py, i and gp pn i be two bounded triple sequences of positive

m,n,

real numbers such that 0 < ppni < @k < 00 and <Zm‘"’k> be bounded.

Then the following inclusions hold:

(Z) [M,’LL, Aa C(%I’(L ||a T Ha 07‘,8,25] C [Maua Aa ng>p7 Hv R ||7 QT,S,t]-
(7’7’) [M,U, Aa cj3[7 q, ||7 Tty H7 97’,5,15] C [Ma u, A,C%,p, ||7 Tty H7 97“,8,15]‘
Proof 5 Suppose © = (k) € [M,u, A, c37,q, |, ,.||,0n54]. Write
A Am,n,k
dm,n,k - |:M e (:L‘mﬂmk) y 21yt 5 Rn—1 :|
p
and Emp k= pmi’i:, s0 that 0 < § < &k < 1. By using Holder inequality,
we obtain -

£m,n,k
e 2 2. 2 (dnaa)

melr,s,t ne]r,s,t kelr,s,t

YT Y s

2. 2 2

T7S’t me[r s,ty ne]r s,ty ke[r s,t, T 8¢ me[r s,ts nEI'r‘ s,ts ke[’r s,ts
dm,n,kzl dm,n,kzl dm,n,kzl dm,n,k<1 dm,n,k<1 dm,n,k<1
(dm n k)gm,n,k
XY Y dtie XYY
r,s,t 7,8,t
mGI'r s,ts ne[r s, ke]r ER2) me[’r,s,ty ne[’r,s,t: kelr,s,tv
dm,n,kzl dm,n,kzl dm,n,kzl dm,n,k<1 dm,n,k<1 dm,n,k<l
(dm n k)g
2 2 2 dmas
r,s,t

meElr s, n€lrst, k€lr s,
dm,n,kzldm,n,kzl dm,n,kzl

(228 () (65)

mEL« s,ty ne[’r s,ty k?EI'r s,t,
dim,n, k<1 dmn, k<1 dm,n, k<1

_hrstz > denk+<z >

me&lrst, n€lr s, kK€l s ¢, me&lr s, n€lr s, k€I,
dm,n,kzl dm,n,kzl dm,n,kzl dm,n,k<1 dm,'n,k <1 dm,n,k<1




102 K. Raj, S. Sharma, A. Choudhary

I

mel, ,8,tH ne[’rst ke[v‘st
dm,n,k<1 dm,n,k<1 dm, n, <1

G Y Y Y et (5 XY Y )

me[rst: ne[’rsh ke]rsh melrsh ne]rsta ke[rsh
dm,n,kzl dm,n,kzl dm n, kzl dm,n,k:<1 d'm,n,k<1 dm,n,k<1

r,s,t

Hence for every e > 0, we have

Z Z Z MH’LLmnkA(xmnk) P 7Zn—1H]pm’n’k

me]r s,t TLGIT s,t kelr s,t

2 6} - {(T,s,t) € NxNxN : Z Z Z MHum"kA(xmnk) .

melr ERD) 716]7« s,t ke]’r s,ty
dm,n,kzl dm,n,kzl dm,n,kzl

2t |[] Tk > ;}U{(r,s,t) € NxNxN : hr,ls,t Z Z Z

mGI’r‘,s,t7 ne[’r,s,ty ke[’r‘,s,t:
dm,n,k<1 dm,n,k <1 dm,n,k<1

(r,s,t)

1
g
Hum,n,kA(xm,n,k) 21, ;Zn—lmqm’n’k > <§) } Hence, {(7“, S,t) € N x Nx

)
Uk A (T, k) rm’"yk > e} €T

SY Y Y |

yR1y "t 3 2n—1
rStmEIrstnEI’rstkelrst p
Therefore, x € [M,u,A,c%I,p, o=yl Oros )
Theorem 5 If lim pppi > 0 and xp, pp — L([M, u,A,c%,p, Il., - ,.H,ijt]),
m,n,k—o00
then L is unique.
Proof 6 Let lm punk =0 > 0,2Zmnr — L([M,u, A, p, ||, Orst])
m,n,k—00
and x — L'([M,u, A, p, ||, - ,.||,0rsz]). Then for L # L', there exist

p1,p2 > 0 such that

{(r,s,t)GNXNXN‘hfs,t Z Z Z [M

mEIT,s,t ne[r,s,t k‘elr,s,t

Pm,n,k €
> — z
|

um,n,k’A (xm,n,k?) — L
Pl

yRLy T,

Zn—1

and
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Um,n,kA ($m,n,k) -

{(r,s,t)eNxNxN:h:S,t Z Z Z

y 215
mEIr,s,t ne]’r,s,t ke[r,s,t p2
Pm,n,k €
Zn—1 :| > — s cT.
2K
Then for p = max{2p1,2p2}, we have
L L/ Pm,n,k
1

I I D VLY LS

melr,s,t ne[v‘,s,t kGIr,s,t

um,n,k:A(-rm,n,k:) —L Prm,n,k
E E E y 21y "y Zn—1
T7S7t mEIT‘ s,t ne]r s,t ke]r ,t pl
/ p k
um,n,kA('mm,n,k) —L A
§ : § : E y 21y, An—1 .
T,s,t P2

meElr st n€lr st k€L st

Thus,

fememsct, ¥ 5 ¥ sl zef <7
m617 s,t ne[7 s,t ke]’r s,t

Also,

L-I
[MH 21,0 5 Zn—1

f

p/
] = 0, which implies

Pm,n,k L L/
} [MH 215 5 Zn—1

L-L'
p

y Ryt 5 Rn—1

as m,n,k — oo and hence, [M

L = L'. Hence, the proof.

Theorem 6 Let M be an Orlicz function, p = (pmnk) be a bounded triple
sequence of positive real numbers, 0, ¢ = {(m,,ns, kt)} be a triple lacunary
sequence and u = (U k) be a triple sequence of positive real numbers. Then
the triple sequence [M,u, A, C%I7p7 .-, Orst] and [M,u, A, mgl,p, Iy,
Al 6r.s.t] are solid.

Proof 7 We shall prove the result for [M,U,A,ng,p, .o, Orstl, for

(M, u, A;mr,p, | sy Orst] it follows in the same manner. Let (Xpn i) €

[M7u7 A, ngapa H7 Tty ”7 9T787t]7 then

lm Y Y Y MHum”kA(xm”k) A
r,8,t hr st ’ e

mGIr s,t ne]r s,t ke[r s,t



104 K. Raj, S. Sharma, A. Choudhary

Now consider a sequence of scalar (0 p ) such that |, n k| < 1, for all
m,n, k € N. Then, we have

YO Y |u || s AUt n .k ) prmnl
7- lim y#Ls " s Rn—1
T8t hr st P
mEI s,t TZEIT s,t ke[’r ,t
. um,n,kA(xm,n,k) Prm.n.k
<I- lim E E § yR1s " s Rn—1
r,st r,s,t P
me]r s,t TLGL« s,t k’GI
=0.
Hence,
u kA (0% kT k
Z- lim E E E [M]|—= (‘ L LU L D e 2 |[]Pom
T8t hr st
melr s,t ne[r s,t ke[’r s,t
= ()7
for all m,n, k € N. Thus,
3
Um . kTmn,k € [M7 u, Aa oz, D, H7 ) H7 HT‘,S,L‘]'
Thus the sequence space [M,u, N, ciz,p, ||.,- -+ .||, Ors4] is solid.

Theorem 7 Let M be an Orlicz function, p = (pm k) be a bounded triple
sequence of positive real numbers, O, s+ = {(m,,ns, kt)} be a triple lacunary
sequence and u = (Umn k) be a triple sequence of positive real numbers. Then

the triple sequence spaces [M,u, N, ¢z, D, ||, 5|l Or sl [IMyu, A 2 p, ||y
H7 97“78715] [M u, Aufoojapy H Ty ||7 07‘,8,?5]7 [M,U, Aa m(3)j[7p7 ||) R} 'H)er,sﬂf] and
(M, u, A,m3,p, ||, .||, 0r.s4) are sequence algebras.

Proof 8 Let (imnk)s Ummk) € [M,u, A 3z p, |l .|, Ors]. Then,

Um,n,k (‘xmnk’) Pmynk —
- }}E%hm > > M| 21z [Pk = 0

melr s,t TLGIT s,t ke[’r s,t
and

A
Z- lim E E E M||um"k (‘ym"’“D e Zp ||JPrmE =0,
TSthrst

mGIr s,t TZEIT s,t ke[’r s,t

Now, for p = p1p2 > 0, we have

U A(|x
Z Z Z MH m,n,k (‘ mnkymnk‘) ,Zn,1|‘]pmv"ak

mGIr st TZGIT s,t ke]’r s,t

I— lim

st h r,s,t

=0.
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This implies (-fm,n,kym,n,k) € [Ma u, A, 0(3]1'7]97 H? T Hﬂ eﬁsvt]'
Hence, [M,U,A,ngapa

H)

.|, Orst] is a sequence algebra.
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