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LACUNARY IDEAL SEQUENCE
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Abstract

In the present article, we introduce and study some Lacunary I−conver
gent and Lacunary I−bounded triple difference sequence spaces de-
fined by Orlicz function over n−normed spaces. We shall investigate
some algebraic and topological properties of newly formed sequence
spaces. We also make an effort to obtain some inclusion results be-
tween these spaces.
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1 Introduction and Preliminaries

Let N, R and C denote a set of natural, real and complex numbers respec-
tively. A triple sequence x = (xm,n,k) is a function x : N×N×N→ R( or C).
Initially triple sequence spaces were introduced and studied by Sahiner et
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al. [13], Sahiner and Tripathy [14], Tripathy and Goswami [18], Esi and
Catalbas [3] and many others. Since then this concept has been studied by
several authors. Recently many mathematicians have generalized the con-
cept of triple sequences by introducing triple gai sequences, triple analytic
sequences and triple entire sequences associated with statistical convergence,
Orlicz function and fuzzy number (see [1], [10], [17]).
A triple sequence x = (xm,n,k) is said to convergent to L in the Pringsheim’s
sense if for every ε > 0, there exists Nε ∈ N such that |xm,n,k − L| < ε
whenever m ≥ Nε, n ≥ Nε, k ≥ Nε. A triple sequence convergent in Pring-
sheim’s sense is not necessarily bounded. For example: A triple sequence
x = (xm,n,k) defined by

xm,n,k =

{
m, for all m ∈ N, n = 1 = k,

1
m+n+k , otherwise.

Then xm,n,k → 0 in Pringsheim’s sense but is unbounded.
A triple sequence x = (xm,n,k) is said to be Cauchy sequence if for ev-
ery ε > 0, there exists Nε ∈ N such that |xm,n,k − xp,q,l| < ε, whenever
m ≥ p ≥ Nε, n ≥ q ≥ Nε, k ≥ l ≥ Nε.
Ideal convergence is a generalisation of statistical convergence and was first
introduced and studied by Kostyrko et al. [7] in metric spaces. Later on
Lahiri and Das [8] extended the idea to an arbitrary topological space. A
class I ⊆ P (X)(power set of X) is said to be an ideal if it satisfies the
following conditions:
(i)∅ ∈ I
(ii) A,B ∈ I ⇒ A ∪B ∈ I
(iii) A ∈ I and B ⊆ A⇒ B ∈ I.
I is called a non-trivial ideal if X /∈ I. A non-trivial ideal I ∈ X is called
admissible if I contains every finite subset of X.
A triple sequence x = (xm,n,k) is said to be I−bounded if there exists D > 0
such that {(m,n, k) ∈ N× N× N : |xm,n,k| > D} ∈ I.
A triple sequence x = (xm,n,k) is said to be I−convergent to L, if for every
ε > 0 the set {(m,n, k) ∈ N × N × N : |xm,n,k − L| ≥ ε} ∈ I and we write
I − limxm,n,k = L.
A triple sequence x = (xm,n,k) is said to be I−null, if L = 0 and we write
I − limxm,n,k = 0.
If I is the ideal of all finite subsets of N, then the ideal convergence coincides
with usual convergence.
A triple sequence x = (xm,n,k) is said to be I−Cauchy if for every ε > 0,
there exists p = p0, q = q0 and l = l0 such that {(m,n, k) ∈ N × N × N :
|xm,n,k − xp,q,l| ≥ ε} ∈ I.
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A triple sequence spaceX is said to be solid if form,n, k ∈ N, (αm,n,kxm,n,k) ∈
X whenever (xm,n,k) ∈ X and for all sequences (αm,n,k) of scalars with
|αm,n,k| ≤ 1.
A triple sequence space X is said to be monotone if it contains the canonical
pre-image of all its step spaces.

Remark 1 [6] A sequence space is solid implies that it is monotone.

A triple sequence space X is said to be sequence algebra if (xm,n,k×ym,n,k) ∈
X, whenever (xm,n,k) ∈ X and (ym,n,k) ∈ X.
In the mid of 1960’s Gähler [4] introduced the concept of 2−normed spaces.
Later on Misiak [11] extended the concept to n−normed spaces. Let X be
a linear space over the field K of real or complex numbers of dimension d,
where d ≥ n ≥ 2. A n−norm on X is a real valued function ‖., · · · , .‖ on Xn

that satisfies following conditions:
(i) ‖x1, x2, · · · , xn‖ = 0 if and only if x1, x2, · · · , xn are linearly dependent
in X;
(ii) ‖x1, x2, · · · , xn‖ is invariant under permutation;
(iii) ‖αx1, x2, · · · , xn‖ = |α|‖x1, x2, · · · , xn‖ for any α ∈ K and
(iv) ‖x+ x′, x2, · · · , xn‖ ≤ ‖x, x2, · · · , xn‖+ ‖x′, x2, · · · , xn‖.
The pair (X, ‖., · · · , .‖) is called n−normed space over the field K. A se-
quence (xk) in a n-normed space (X, ‖·, · · · , ·‖) is said to converge to some
L ∈ X if

lim
k→∞

‖xk − L, z1, · · · , zn−1‖ = 0 for every z1, · · · , zn−1 ∈ X.

A sequence (xk) in a n-normed space (X, ‖·, · · · , ·‖) is said to be Cauchy if

lim
k,p→∞

‖xk − xp, z1, · · · , zn−1‖ = 0 for every z1, · · · , zn−1 ∈ X.

If every Cauchy sequence in X converges to some L ∈ X, then X is said to
be complete with respect to the n-norm. Any complete n-normed space is
said to be n-Banach space.
For more details about sequence spaces (see [12], [15], [16]).
Let ω, ω2 and ω3 denotes the set of all single, double and triple sequences
respectively of real or complex numbers. Kizmaz [5] introduced the notion
of difference sequence spaces as follows:

Z(∆) = {x = (xm) ∈ ω : (∆xm) ∈ Z}

for Z = c, c0 and `∞, the spaces of convergent, null and bounded sequences
respectively, where ∆(xk) = xk − xk+1 for all k ∈ N. Later on Tripathy
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and Sarma [19] introduced and studied difference double sequence spaces as
follows:

Z(∆) = {x = (xm,n) ∈ ω2 : (∆xm,n) ∈ Z}

for Z = c2, c2
0 and `2∞, the space of convergent, null and bounded double

sequences respectively, where ∆xm,n = xm,n − xm,n+1 − xm+1,n + xm+1,n+1,
for all m,n ∈ N.
The difference triple sequence space was introduced by Debnath et al. [2] and
∆xm,n,k = xm,n,k−xm,n+1,k−xm,n,k+1+xm,n+1,k+1−xm+1,n,k+xm+1,n+1,k+
xm+1,n,k+1 − xm+1,n+1,k+1 and ∆0xm,n,k = (xm,n,k).
The triple sequence θr,s,t = {(mr, ns, kt)} is called triple lacunary if there
exist three increasing sequences of integers such that

m0 = 0, hr = mr −mr−1 →∞ as r →∞,

n0 = 0, hs = ns − ns−1 →∞ as s→∞ and

k0 = 0, ht = kt − kt−1 →∞ as t→∞.

Let mr,s,t = mr, ns, kt, hr,s,t = hrhsht and θr,s,t is determined by Ir,s,t =
{(m,n, k) : mr−1 < m < mr, ns−1 < n < ns, kt−1 < k < kt}, qr =
mr
mr−1

, qs = ns
ns−1

, qt = kt
kt−1

.

A function M : [0,∞)→ [0,∞) is said to be an Orlicz function, if it satisfies
the following conditions:
(i) M is convex,
(ii) M is continuous,
(iii) M is non-decreasing with M(0) = 0, M(x) > 0 for x > 0 and M(x)→
∞ as x→∞.
Lindenstrauss and Tzafriri [9] used the idea of Orlicz function to define the
following sequence space.

lM =

{
x ∈ ω :

∞∑
k=1

M

(
|xk|
ρ

)
<∞, for some ρ > 0

}
which is called as an Orlicz sequence space.
An Orlicz function M is said to satisfy ∆2 condition for all values of v, if
there exist a constant R > 0, such that M(2v) ≤ RM(v), v ≥ 0. Note that
if 0 < λ < 1, then M(λx) ≤ λM(x), for all x ≥ 0.
Let M be an Orlicz function, u = (um,n,k) be a triple sequence of strictly
positive real numbers, p = (pm,n,k) be a triple sequence of bounded real
numbers, θr,s,t = {(mr, ns, kt)} be a triple lacunary sequence. In the present
paper, we define the following sequence spaces:
[M,u,∆, c3

0I , p, ‖., · · · , .‖, θr,s,t] =
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x∈ω
3:I− lim

r,s,t

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1‖]pm,n,k

= 0, for some ρ > 0

}
∈ I.

[M,u,∆, c3
I , p, ‖., · · · , .‖, θr,s,t] ={

x∈ω3:I− lim
r,s,t

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(xm,n,k)− L

ρ
, z1, · · · , zn−1‖]pm,n,k

= 0, for some L and ρ > 0

}
∈ I.

[M,u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t] ={
x ∈ ω3 :

(
1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1‖]pm,n,k

)

is I− bounded for some ρ > 0

}
∈ I.

[M,u,∆,m3
I , p, ‖., · · · , .‖, θr,s,t] =

[M,u,∆, c3
I , p, ‖., · · · , .‖, θr,s,t] ∩ [M,u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t].

[M,u,∆,m3
0I , p, ‖., · · · , .‖, θr,s,t] =

[M,u,∆, c3
0I , p, ‖., · · · , .‖, θr,s,t] ∩ [M,u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t].

The following inequality will be used throughout the paper. If 0 ≤ pm,n,k ≤
sup pm,n,k = H,K = max (1, 2H−1), then

|am,n,k + bm,n,k|pm,n,k ≤ K{|am,n,k|pm,n,k + |bm,n,k|pm,n,k}. (1)

for all m,n, k and am,n,k, bm,n,k ∈ C. Also

|a|pm,n,k ≤ max(1, |a|H) for all a ∈ C. (2)

The main purpose of this paper is to introduce the idea of Lacunary I−con-
vergence in triple difference sequence spaces by means of Orlicz function
over n−normed spaces. We discuss some algebraic properties, topological
properties and inclusion relations between the concerning spaces.
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2 Main Results

Theorem 1 Let M be an Orlicz function, p = (pm,n,k) be a bounded triple
sequence of positive real numbers, θr,s,t = {(mr, ns, kt)} be a triple lacunary
sequence and u = (um,n,k) be a triple sequence of positive real numbers. Then
the sequence spaces [M,u,∆, c3

0I , p, ‖., · · · , .‖, θr,s,t], [M,u,∆, c3
I , p, ‖., · · · , .‖,

θr,s,t], [M,u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t], [M,u,∆,m3
I , p, ‖., · · · , .‖, θr,s,t] and

[M,u,∆,m3
0I , p, ‖., · · · , .‖, θr,s,t] are linear spaces over the complex field C.

Proof 1 Here, we only prove for the sequence space [M,u,∆, c3
0I , p, ‖., · · · , .‖,

θr,s,t]. For other spaces it follows in the same manner.
Let (xm,n,k) and (ym,n,k) ∈ [M,u,∆, c3

0I , p, ‖., · · · , .‖, θr,s,t]. Then for ρ1, ρ2 >
0, we have

I− lim
r,s,t

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(xm,n,k)

ρ1
, z1, · · · , zn−1‖]pm,n,k = 0

and

I− lim
r,s,t

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(ym,n,k)

ρ2
, z1, · · · , zn−1‖]pm,n,k = 0.

Now, for every ε > 0, consider

T1 =

{
(r, s, t) ∈ N× N× N : 1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(xm,n,k)

ρ1
,

z1, · · · , zn−1‖]pm,n,k ≥
ε

2K

}
∈ I

and

T2 =

{
(r, s, t) ∈ N× N× N : 1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(ym,n,k)

ρ2
,

z1, · · · , zn−1‖]pm,n,k ≥
ε

2K

}
∈ I.

Define ρ3 = max(2|α|ρ1, 2|β|ρ2). Suppose (r, s, t) /∈ T1 ∪ T2 and α, β be
scalars such that |α| ≤ 1 and |β| ≤ 1. Then by using inequality (1), we have
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1
hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(αxm,n,k + βym,n,k)

ρ3
, z1, · · · , zn−1‖]pm,n,k

≤ K
{

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(xm,n,k)

ρ1
, z1, · · · , zn−1‖]pm,n,k

+
1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(ym,n,k)

ρ2
, z1, · · · , zn−1‖]pm,n,k

}

< K

{
ε

2K
+

ε

2K

}
= ε.

Since M is non-decreasing and convex function. Hence,

(r, s, t) /∈ T0 =

{
(r, s, t) ∈ N× N× N : 1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

×

[
M

∥∥∥∥um,n,k∆(αxm,n,k + βym,n,k)

ρ3
, z1, · · · , zn−1

∥∥∥∥]pm,n,k ≥ ε}.
Hence T0 ⊂ T1 ∪ T2. By additivity and heritability of I, we have T0 ∈ I.
Therefore, [M,u,∆, c3

0I , p, ‖., · · · , .‖, θr,s,t] is a linear space.

Theorem 2 Let M be an Orlicz function, p = (pm,n,k) be a bounded triple
sequence of positive real numbers, θr,s,t = {(mr, ns, kt)} be a triple lacunary
sequence and u = (um,n,k) be a triple sequence of positive real numbers.Then
the inclusion [M,u,∆, c3

0I , p, ‖., · · · , .‖, θr,s,t] ⊂ [M,u,∆, c3
I , p, ‖., · · · , .‖,

θr,s,t] ⊂ [M,u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t] holds.

Proof 2 The inclusion

[M,u,∆, c3
0I , p, ‖., · · · , .‖, θr,s,t] ⊂ [M,u,∆, c3

I , p, ‖., · · · , .‖, θr,s,t]

is obvious. We shall prove the inclusion

[M,u,∆, c3
I , p, ‖., · · · , .‖, θr,s,t] ⊂ [M,u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t].

For this consider a sequence (xm,n,k) ∈ [M,u,∆, c3
I , p, ‖., · · · , .‖, θr,s,t]. Then

there exists ρ1 > 0, such that for every ε > 0

T=

{
(r,s,t)∈N×N×N: 1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥um,n,k∆(xm,n,k)− L
ρ1

,

z1, · · · , zn−1

∥∥∥∥]pm,n,k ≥ ε, for some L and ρ > 0

}
∈ I.
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Since M is non-decreasing and convex, so for ρ = 2ρ1, we have

M

∥∥∥∥um,n,k∆(xm,n,k)
ρ , z1, · · · , zn−1

∥∥∥∥
≤ M

∥∥∥∥um,n,k∆(xm,n,k)− L
ρ1

, z1, · · · , zn−1

∥∥∥∥+M

∥∥∥∥ Lρ1
, z1, · · · , zn−1

∥∥∥∥.
Suppose that (r, s, t) /∈ T. Then by using (1), we have

1
hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥]pm,n,k

≤ K
{

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥um,n,k∆(xm,n,k)− L
ρ1

, z1, · · · , zn−1

∥∥∥∥]pm,n,k
+

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥ Lρ1
, z1, · · · , zn−1

∥∥∥∥]pm,n,k}

< K

{
ε+

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥ Lρ1
, z1, · · · , zn−1

∥∥∥∥]pm,n,k}.
Since

[
M

∥∥∥∥ Lρ1 , z1, · · · , zn−1

∥∥∥∥]pm,n,k ≤ max

{
1,

[
M

∥∥∥∥ Lρ1 , z1, · · · , zn−1

∥∥∥∥]H}.
Thus,

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥ Lρ1
, z1, · · · , zn−1

∥∥∥∥]pm,n,k <∞.
Let us take

D = K

{
ε+

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥ Lρ1
, z1, · · · , zn−1

∥∥∥∥]pm,n,k}.
Hence,{

(r, s, t) ∈ N×N×N :
1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · ,

zn−1

∥∥∥∥]pm,n,k > D

}
∈ I which implies x ∈

[
M,u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t

]
.

Hence the proof.
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Theorem 3 Let M and M ′ be two Orlicz functions which satisfies ∆2−condition.
Then the following inclusion relations hold:
(1)

[M,u,∆, c3
0I , p, ‖., · · · , .‖, θr,s,t]

⊆ [M ′ ◦M,u,∆, c3
0I , p, ‖., · · · , .‖, θr,s,t], [M,u,∆, c3

I , p, ‖., · · · , .‖, θr,s,t]
⊆ [M ′ ◦M,u,∆, c3

I , p, ‖., · · · , .‖, θr,s,t]

and

[M,u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t] ⊆ [M ′ ◦M,u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t].

(2) [M,u,∆, c3
0I , p, ‖., · · · , .‖, θr,s,t]∩[M ′, u,∆, c3

0I , p, ‖., · · · , .‖, θr,s,t] ⊆ [M+
M ′, u,∆, c3

0I , p, ‖., · · · , .‖, θr,s,t], [M,u,∆, c3
I , p, ‖., · · · , .‖, θr,s,t]∩[M ′, u,∆, c3

I ,
p, ‖., · · · , .‖, θr,s,t] ⊆ [M+M ′, u,∆, c3

I , p, ‖., · · · , .‖, θr,s,t] and [M,u,∆, `3∞I , p,
‖., · · · , .‖, θr,s,t] ∩ [M ′, u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t] ⊆ [M +M ′, u,∆, `3∞I , p,
‖., · · · , .‖, θr,s,t].

Proof 3 We prove the result for third inclusion.
(1) Let x = (xm,n,k) ∈ [M,u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t], then for ρ > 0, there
exists D1 > 0, such that

T0=

{
(r,s,t)∈N×N×N: 1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · ,

zn−1

∥∥∥∥]pm,n,k > D1

}
∈ I.

Let
∑

1

denotes the sum over m ∈ Ir,s,t and M‖um,n,k∆(xm,n,k)
ρ , z1, · · · , zn−1‖ >

δ,
∑

2

denotes the sum over n ∈ Ir,s,t and M‖um,n,k∆(xm,n,k)
ρ , z1, · · · , zn−1‖ >

δ,
∑

3

denotes the sum over k ∈ Ir,s,t and M‖um,n,k∆(xm,n,k)
ρ , z1, · · · , zn−1‖ >

δ,
∑

4

denotes the sum over m ∈ Ir,s,t and M‖um,n,k∆(xm,n,k)
ρ , z1, · · · , zn−1‖ ≤

δ,
∑

5

denotes the sum over n ∈ Ir,s,t and M‖um,n,k∆(xm,n,k)
ρ , z1, · · · , zn−1‖ ≤

δ,
∑

6

denotes the sum over k ∈ Ir,s,t and M‖um,n,k∆(xm,n,k)
ρ , z1, · · · , zn−1‖ ≤

δ.
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Since M ′ is non-decreasing and convex and also satisfies ∆2−condition, so
for D ≥ 1, we obtain the inequality

1

hr,s,t

∑
1

∑
2

∑
3

[
M ′
(
M

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥)]pm,n,k (3)

≤max

{
1,

(
D 1
δ
M′(2)

)H}
1

hr,s,t

∑
1

∑
2

∑
3

[M‖
um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1‖]pm,n,k .

And by continuity of M ′, we have

1

hr,s,t

∑
4

∑
5

∑
6

[
M ′
(
M

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥)]pm,n,k (4)

≤ 1

hr,s,t

∑
4

∑
5

∑
6

εpm,n,k ≤ 1

hr,s,t

∑
4

∑
5

∑
6

max

{
εh, εH

}
.

Suppose that (r, s, t) /∈ T0. Then by using (3) and (4), we have

1
hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M ′
(
M

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥)]pm,n,k

=
1

hr,s,t

∑
1

∑
2

∑
3

[
M ′
(
M

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥)]pm,n,k
+

1

hr,s,t

∑
4

∑
5

∑
6

[
M ′
(
M

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥)]pm,n,k
≤ max

{
1,

(
D

1

δ
M ′(2)

)H}
D1 + max{εh, εH}

= D2.

Hence,

(r, s, t) /∈ U =

{
(r, s, t) ∈ N× N× N : 1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M ′
(

M

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥)]pm,n,k > D2

}
and thus U ⊂ T0. This implies U ∈ I and consequently x ∈ [M ′ ◦M,u,∆,
`3∞I , p, ‖., · · · , .‖, θr,s,t].
(2) Let x = (xm,n,k) ∈ [M,u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t] ∩ [M ′, u,∆, `3∞I , p,
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‖., · · · , .‖, θr,s,t]. Then for ρ > 0, there exist D1 > 0 and D2 > 0 such that

T1 =

{
(r, s, t) ∈ N×N×N : 1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥um,n,k∆(xm,n,k)

ρ
,

z1, · · · , zn−1

∥∥∥∥]pm,n,k > D1

}
∈ I

and

T2 =

{
(r, s, t) ∈ N×N×N : 1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M ′
∥∥∥∥um,n,k∆(xm,n,k)

ρ
,

z1, · · · , zn−1

∥∥∥∥]pm,n,k > D2

}
∈ I.

Let (r, s, t) /∈ T1 ∪ T2. Then we have

1
hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
(M +M ′)

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥]pm,n,k

≤ K

{
1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥]pm,n,k
+

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M ′
∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥]pm,n,k}
< K{D1 +D2}
= D.

Thus, (r, s, t) /∈ U =

{
(r, s, t) ∈ N×N×N : 1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
(M +

M ′)

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥]pm,n,k > D

}
.

Hence, we have T1∪T2 ∈ I and U ⊂ T1∪T2. This implies U ∈ I. Therefore,
x ∈ [M + M ′, u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t]. Other inclusions can be proved
similarly.

Corollary 1 Let M be an Orlicz function which satisfies ∆2 condition,
p = (pm,n,k) be a bounded triple sequence of positive real numbers, θr,s,t =
{(mr, ns, kt)} be a triple lacunary sequence and u = (um,n,k) be a triple se-
quence of positive real numbers. Then the inclusion [u,∆, c3

0I , p, ‖., · · · , .‖, θr,s,t]
⊂ [M,u,∆, c3

0I , p, ‖., · · · , .‖, θr,s,t], [u,∆, c3
I , p, ‖., · · · , .‖, θr,s,t] ⊂ [M,u,∆, c3

I , p,
‖., · · · , .‖, θr,s,t] and [u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t] ⊂

[
M,u,∆, `3∞I , p, ‖., · · · , .‖,

θr,s,t].
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Proof 4 One can easily proof by using M(x) = x and M ′(x) = M(x), ∀ x ∈
[0,∞) in the first part of the Theorem 3

Theorem 4 Let pm,n,k and qm,n,k be two bounded triple sequences of positive

real numbers such that 0 < pm,n,k ≤ qm,n,k < ∞ and

(
qm,n,k
pm,n,k

)
be bounded.

Then the following inclusions hold:
(i) [M,u,∆, c3

0I , q, ‖., · · · , .‖, θr,s,t] ⊂ [M,u,∆, c3
0I , p, ‖., · · · , .‖, θr,s,t].

(ii) [M,u,∆, c3
I , q, ‖., · · · , .‖, θr,s,t] ⊂ [M,u,∆, c3

I , p, ‖., · · · , .‖, θr,s,t].

Proof 5 Suppose x = (xm,n,k) ∈ [M,u,∆, c3
0I , q, ‖., · · · , .‖, θr,s,t]. Write

dm,n,k =

[
M

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥]qm,n,k
and ξm,n,k =

pm,n,k
qm,n,k

, so that 0 < ξ ≤ ξm,n,k ≤ 1. By using Hölder inequality,

we obtain
1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

(dm,n,k)
ξm,n,k

=
1

hr,s,t

∑
m∈Ir,s,t,
dm,n,k≥1

∑
n∈Ir,s,t,
dm,n,k≥1

∑
k∈Ir,s,t,
dm,n,k≥1

(dm,n,k)
ξm,n,k +

1

hr,s,t

∑
m∈Ir,s,t,
dm,n,k<1

∑
n∈Ir,s,t,
dm,n,k<1

∑
k∈Ir,s,t,
dm,n,k<1

(dm,n,k)
ξm,n,k

≤ 1

hr,s,t

∑
m∈Ir,s,t,
dm,n,k≥1

∑
n∈Ir,s,t,
dm,n,k≥1

∑
k∈Ir,s,t,
dm,n,k≥1

dm,n,k +
1

hr,s,t

∑
m∈Ir,s,t,
dm,n,k<1

∑
n∈Ir,s,t,
dm,n,k<1

∑
k∈Ir,s,t,
dm,n,k<1

(dm,n,k)
ξ

=
1

hr,s,t

∑
m∈Ir,s,t,
dm,n,k≥1

∑
n∈Ir,s,t,
dm,n,k≥1

∑
k∈Ir,s,t,
dm,n,k≥1

dm,n,k

+
∑

m∈Ir,s,t,
dm,n,k<1

∑
n∈Ir,s,t,
dm,n,k<1

∑
k∈Ir,s,t,
dm,n,k<1

(
1

hr,s,t
dm,n,k

)ξ( 1

hr,s,t

)1−ξ

≤ 1

hr,s,t

∑
m∈Ir,s,t,
dm,n,k≥1

∑
n∈Ir,s,t,
dm,n,k≥1

∑
k∈Ir,s,t,
dm,n,k≥1

dm,n,k +

( ∑
m∈Ir,s,t,
dm,n,k<1

∑
n∈Ir,s,t,
dm,n,k<1

∑
k∈Ir,s,t,
dm,n,k<1
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[(
1

hr,s,t
dm,n,k

)ξ] 1
ξ
)ξ( ∑

m∈Ir,s,t,
dm,n,k<1

∑
n∈Ir,s,t,
dm,n,k<1

∑
k∈Ir,s,t,
dm,n,k<1

[(
1

hr,s,t

)1−ξ] 1
1−ξ
)1−ξ

≤ 1

hr,s,t

∑
m∈Ir,s,t,
dm,n,k≥1

∑
n∈Ir,s,t,
dm,n,k≥1

∑
k∈Ir,s,t,
dm,n,k≥1

dm,n,k +

(
1

hr,s,t

∑
m∈Ir,s,t,
dm,n,k<1

∑
n∈Ir,s,t,
dm,n,k<1

∑
k∈Ir,s,t,
dm,n,k<1

dm,n,k

)ξ
.

Hence for every ε > 0, we have{
(r,s,t)∈N×N×N: 1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1‖]pm,n,k

≥ ε
}
⊂
{

(r, s, t) ∈ N×N×N : 1
hr,s,t

∑
m∈Ir,s,t,
dm,n,k≥1

∑
n∈Ir,s,t,
dm,n,k≥1

∑
k∈Ir,s,t,
dm,n,k≥1

[M‖
um,n,k∆(xm,n,k)

ρ
, z1,

· · · , zn−1‖]qm,n,k ≥ ε
2

}
∪
{

(r, s, t) ∈ N×N×N : 1
hr,s,t

∑
m∈Ir,s,t,
dm,n,k<1

∑
n∈Ir,s,t,
dm,n,k<1

∑
k∈Ir,s,t,
dm,n,k<1

[M

‖um,n,k∆(xm,n,k)
ρ , z1, · · · , zn−1‖]qm,n,k ≥

(
ε
2

) 1
ξ
}
. Hence,

{
(r, s, t) ∈ N× N×

N :
1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥]pm,n,k ≥ ε} ∈ I.
Therefore, x ∈ [M,u,∆, c3

0I , p, ‖., · · · , .‖, θr,s,t].

Theorem 5 If lim
m,n,k→∞

pm,n,k > 0 and xm,n,k → L
([
M,u,∆, c3

I , p, ‖., · · · , .‖, θr,s,t
])
,

then L is unique.

Proof 6 Let lim
m,n,k→∞

pm,n,k = p′ > 0, xm,n,k → L
([
M,u,∆, c3

I , p, ‖., · · · , .‖, θr,s,t
])

and x → L′
([
M,u,∆, c3

I , p, ‖., · · · , .‖, θr,s,t
])
. Then for L 6= L′, there exist

ρ1, ρ2 > 0 such that{
(r, s, t) ∈ N×N×N : 1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥um,n,k∆(xm,n,k)− L
ρ1

, z1, · · · ,

zn−1

∥∥∥∥]pm,n,k ≥ ε

2K

}
∈ I

and
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{
(r, s, t) ∈ N×N×N : 1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥um,n,k∆(xm,n,k)− L′

ρ2
, z1, · · · ,

zn−1

∥∥∥∥]pm,n,k ≥ ε

2K

}
∈ I.

Then for ρ = max{2ρ1, 2ρ2}, we have

1
hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥L− L′ρ
, z1, · · · , zn−1

∥∥∥∥]pm,n,k

≤ K
{

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥um,n,k∆(xm,n,k)− L
ρ1

, z1, · · · , zn−1

∥∥∥∥]pm,n,k
+

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥um,n,k∆(xm,n,k)− L′

ρ2
, z1, · · · , zn−1

∥∥∥∥]pm,n,k}.
Thus,{

(r,s,t)∈N×N×N: 1
hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖L− L
′

ρ
, z1, · · · , zn−1‖]pm,n,k ≥ ε

}
∈ I.

Also,[
M

∥∥∥∥L− L′ρ
, z1, · · · , zn−1

∥∥∥∥]pm,n,k → [
M

∥∥∥∥L− L′ρ
, z1, · · · , zn−1

∥∥∥∥]p′

as m,n, k → ∞ and hence,

[
M

∥∥∥∥L−L′ρ , z1, · · · , zn−1

∥∥∥∥]p′ = 0, which implies

L = L′. Hence, the proof.

Theorem 6 Let M be an Orlicz function, p = (pm,n,k) be a bounded triple
sequence of positive real numbers, θr,s,t = {(mr, ns, kt)} be a triple lacunary
sequence and u = (um,n,k) be a triple sequence of positive real numbers. Then
the triple sequence [M,u,∆, c3

0I , p, ‖., · · · , .‖, θr,s,t] and [M,u,∆,m3
0I , p, ‖., · · · ,

.‖, θr,s,t] are solid.

Proof 7 We shall prove the result for [M,u,∆, c3
0I , p, ‖., · · · , .‖, θr,s,t], for

[M,u,∆,m3
0I , p, ‖., · · · , .‖, θr,s,t] it follows in the same manner. Let (xm,n,k) ∈

[M,u,∆, c3
0I , p, ‖., · · · , .‖, θr,s,t], then

I− lim
r,s,t

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1‖]pm,n,k = 0.
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Now consider a sequence of scalar (αm,n,k) such that |αm,n,k| ≤ 1, for all
m,n, k ∈ N. Then, we have

I− lim
r,s,t

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

∥∥∥∥um,n,k∆(|αm,n,kxm,n,k|)
ρ

, z1, · · · , zn−1

∥∥∥∥]pm,n,k

≤I− lim
r,s,t

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[
M

(∥∥∥∥um,n,k∆(xm,n,k)

ρ
, z1, · · · , zn−1

∥∥∥∥)]pm,n,k
= 0.

Hence,

I− lim
r,s,t

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(|αm,n,kxm,n,k|)

ρ
, z1, · · · , zn−1‖]pm,n,k

= 0,

for all m,n, k ∈ N. Thus,

αm,n,kxm,n,k ∈ [M,u,∆, c3
0I , p, ‖., · · · , .‖, θr,s,t].

Thus the sequence space [M,u,∆, c3
0I , p, ‖., · · · , .‖, θr,s,t] is solid.

Theorem 7 Let M be an Orlicz function, p = (pm,n,k) be a bounded triple
sequence of positive real numbers, θr,s,t = {(mr, ns, kt)} be a triple lacunary
sequence and u = (um,n,k) be a triple sequence of positive real numbers. Then
the triple sequence spaces [M,u,∆, c3

0I , p, ‖., · · · , .‖, θr,s,t], [M,u,∆, c3
I , p, ‖., · · · ,

.‖, θr,s,t], [M,u,∆, `3∞I , p, ‖., · · · , .‖, θr,s,t], [M,u,∆,m3
0I , p, ‖., · · · , .‖, θr,s,t] and

[M,u,∆,m3
I , p, ‖., · · · , .‖, θr,s,t] are sequence algebras.

Proof 8 Let (xm,n,k), (ym,n,k) ∈ [M,u,∆, c3
0I , p, ‖., · · · , .‖, θr,s,t]. Then,

I− lim
r,s,t

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(|xm,n,k|)

ρ1
, z1, · · · , zn−1‖]pm,n,k = 0

and

I− lim
r,s,t

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(|ym,n,k|)

ρ2
, z1, · · · , zn−1‖]pm,n,k = 0.

Now, for ρ = ρ1ρ2 > 0, we have

I− lim
r,s,t

1

hr,s,t

∑
m∈Ir,s,t

∑
n∈Ir,s,t

∑
k∈Ir,s,t

[M‖
um,n,k∆(|xm,n,kym,n,k|)

ρ
, z1, · · · , zn−1‖]pm,n,k

= 0.
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This implies (xm,n,kym,n,k) ∈ [M,u,∆, c3
0I , p, ‖., · · · , .‖, θr,s,t].

Hence, [M,u,∆, c3
0I , p,

‖., · · · , .‖, θr,s,t] is a sequence algebra.
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